TWO MORE THEOREMS ABOUT DIFFERENTIATION IN BANACH
SPACE

S. SCHECTER

Theorem 1. Let X1,..., Xy, Y be Banach spaces. For each i =1,...,k, let D; be an open
subset of X;. Let f: Dy X --+-x D —Y be a function. Assume:

(1) At each (x1,...,xx) € Dy X -+ X Dy, each partial derivative D, f(xy, ..., xy) erists.
(2) For each i, the mapping from Dy X --+ x Dy to L(X;,Y) given by (x1,...,x5) —
D;f(xy,...,xx) is continuous.

Then fis C', and Df(xq, ..., 2p)(ha, ... hy) = Dif(ze, .., xp)ha+- -+ Dy f(xy, ..., xn)hy.
Proof. We'll do the case k = 2 only. Differentiability:

f(l’l + hl,LL’Q + h2) - f(l’l,l’g) - (D1f<$(71,l’2)h1 + DQf(LL’l,LL’Q)hQ)
= f(l’1+h1, l’2+h2)—f(l’1+h1, 1'2)+f(l’1+h1, [L’g)—f(l’l, [L’g)—(le(l'l, l’g)hl—l-Dgf(lL'l, l'g)hg)

1
= (/ Dgf(l’l + hl,l’g + Shg) — Dgf(l’l,l’g) dS) hg
0

1
+ (/ Dy f(zy + shy, x2) — Dy f(21, 22) dS) hy.
0
Since each D;f(x1,xs) depends continuously on (z1,z5), for € > 0 we have

|f(z1 4+ hi, 20+ ho) — f(x1,22) — (D1 f (21, x2)hy + Dof (x4, 22)h2)|
< sup |D2f(123'1 + hl, To + 5h2) - D2f($1a 1’2)| |h2|

0<s<1

€ €
+ sup |Dyf(xy + shy,x2) — Dif(x1, 22)] |Pa] < <|he| + §|h1\ < ¢€|(h1, h)|

0<s<1
for |(hq, he)| sufficiently small. This shows that f is differentiable and the derivative is the
given formula.
Cct:
(Df(ay,25) — Df (21, 22)) (b1, ha)
= (Dvf (21, 25) — Dif (w1, 22)) ha + (Do f (27, 25) — Daf (21, 72)) ho.

Since each D;f(x1,22) depends continuously on (x1,z3), for € > 0 we have

[ (Df (a4, 2%) = Df (ar,22)) (hr, ho)]| < Sl + 5ol < el (. o)

for |(z}, 2}) — (21, x9)| sufficiently small. Hence for |(z},z}) — (21, x9)| sufficiently small,

IDf (2, 25) = Df (21, 22)|| < e O
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Theorem 2. Let Xy,..., X, Y be Banach spaces. Let M : X1 x---x X = Y be a bounded
k-multilinear map. Then M is C', and DM (zy, ..., x3)(h1,. .., hp) = M(hy,2o,. .., 28) +
M(l’l,hg,l'g,...,l’k)+---+M(l’1,...,l’k_1,hk).

Proof. The steps are:
(1) If we fix everything but z;, then M is linear in z;. Therefore
D,’M(l’l, R T B ZL'H_l, e ,le'k)hl = M(l’l, RN 7 I hi,l’i+1, e ,le'k).

This is a bounded linear map because

M (21, i1, by Tigay - @) | < M| - [l [z ] - - 2],
so a bound is ||M|||z1| - - - |wica||ziga] - - |2k
(2) Now we just need to show that for each i, the map (x1,...,2x) — D;f(x1,...,x) is

continuous. Then we can apply the previous theorem to get the result.

Let’s just look at the case k =i = 3. We want to show that the (x, 2, 23) —
Dsf(x1,x9,x3) is continuous. The map (z1,x2,x3) — Dsf(x1, 29, x3), from X; X
Xy X X3 to L(X3,Y), takes (1, %9, x3) to the linear map hy — M(xq,z9, h3). It is
the composition of two maps:

(a) (w1, 22,23) = (1, 22) from X x Xy x X3 to X7 x Xo.

(b) (z1,x2) — the linear map hy — M(x1, x2, h3), from X; x X5 to L(X3,Y).

The first is bounded linear, the second is bounded bilinear. Thus each is continuous,
so the composition is continuous.
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