GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES FOR TWO-PHASE FLOW IN POROUS MEDIA

S. SCHECTER AND D. MARCHESIN

Abstract. When air or oxygen is injected into a petroleum reservoir, and oxidation or combustion is induced, a combustion front forms if heat loss to the surrounding rock formation is negligible. Here, we employ a simple model for combustion, which takes into account oil viscosity reduction, but neglects gas density dependence on temperature and uses a simplified oxidation reaction. We show that for small heat loss, this combustion front is actually the lead part of a pulse, while the trailing part of the pulse is a slow cooling process. If the heat loss is too large, we show that such a pulse does not exist. The proofs use geometric singular perturbation theory and center manifold reduction.

1. Introduction

In situ combustion is a method of oil recovery that uses a chemical reaction to cause a temperature increase; among other effects, oil viscosity is reduced and the oil flows more readily. It has been successfully used in many oil fields in many countries, especially in the former Soviet Union, and has been the subject of a number of papers in the petroleum engineering literature [2],[3],[5],[7], [14],[18] and a few papers in the mathematical literature [8],[10],[12]. The mathematical theory of in situ combustion is an aspect of the theory of combustion in multiphase flow in a porous medium. The latter subject is little developed, especially by comparison to the theory of combustion in gases.

In this work, we study a very simplified model, which is more representative of low temperature oxidation than in situ combustion [17]. We find conditions under which there exists a traveling exothermic oxidation pulse. These conditions are strict inequalities. We show that such a pulse has a triangular shape. Its lead part is a steep front where the reaction takes place and the temperature quickly increases. Its trailing part has a mild slope; the main process in this part of the wave is cooling by heat loss to the overburden rock formation. Such a pulse was observed numerically in the work of Crookston et al.; see Fig. 1 in [7].

We have simplified substantially the equations used in petroleum engineering [7], [5]. We assume that the only component in the gaseous phase present initially is oxygen, and that the only gaseous product of the chemical reaction is carbon dioxide. We assume chemical reactions with a single reaction rate for the several hydrocarbons contained in the oil, instead of the multiple reaction rates that actually occur during in situ combustion.

Most significantly, we neglect mass transfer from the oleic to the gaseous phase due to the reaction, and we neglect the effect of temperature change on the gaseous phase density. These simplifications greatly facilitate the analysis: the total seepage velocity becomes constant

Date: August 9, 2001.

This work was supported in part by: CNPq under Grant 300204/83-3; CNPq/NSF under Grant 91.0011/99-0; MCT under Grant PCI 650009/97-5; FINEP under Grant 77.97.0315.00; FAPERJ under Grant E-26/150.936/99; NSF under Grant DMS-9973105. 1

2 SCHECTER AND MARCHESIN

(just as in the classical Buckley-Leverett treatment) and can be factored out of the flow solutions.

We also make simplifications that are more justifiable. First, we do not allow the presence of liquid water, which is reasonable if the temperature is relatively high, and if there was no liquid water initially. Thus we treat a two-phase flow (oleic and gaseous), and avoid difficulties associated with the analysis of steam production and condensation in the reservoir, as well as those associated with three-phase flow. These difficulties should be irrelevant to the key aspect of both low temperature oxidation and in situ combustion, the reduction of oil viscosity by temperature increase. In work on oil recovery by steam injection, for example, similar effects occur in both two-phase and three-phase models [4].

Second, we neglect the solubility of the reaction product carbon dioxide in oil, which occurs on a slow time scale. This is valid if the seepage velocity is large enough.

Our analysis is motivated by the following physical situation. Initially, there is a uniform distribution of oleic and gaseous phases in a porous rock. The fluids are being displaced as a whole by proper injection at the left end. At a certain time and location, ignition starts. Is it possible that an oxidation pulse forms and propagates as a traveling wave?

We find that if the heat loss to the overburden is too large, no such oxidation pulse can exist. On the other hand, if the heat loss is small enough, a traveling oxidation pulse indeed exists as a solution to the equations. Proving the existence of such a pulse is an important step toward solving the ignition problem for flow in a porous medium.

A more realistic, and more complicated, model is considered in [17]. Much of the analysis is similar to the analysis in the present paper, and analogous results hold.

We now preview the rest of the paper. In Secs. 2 and 3, we explain the system of conservation laws that we shall study. The system contains source terms due to the chemical reaction. The model has two phases, oleic and gaseous, and three components: the gaseous phase is divided into oxygen and carbon dioxide. A more detailed explanation of the model can be found in [9]. We have added to the model of [9] a term that represents heat loss to the overburden rock.

In Sec. 4, we derive the ordinary differential equations for traveling waves. Then, motivated by geometric singular perturbation theory, which is frequently used in the study of traveling waves [15], we first study the reduced system of equations in which heat loss vanishes. This system is the one studied in [9]. We focus our attention on two curves of equilibria of the reduced system, one consisting of equilibria at which the temperature is that of the surrounding rock and the percentage of gas that has burned varies, the other consisting of equilibria at which the temperature is above that of the surrounding rock and none of the gas has burned. These curves of equilibria of the reduced system are studied in Sec. 5, and the associated invariant manifolds are found in Sec. 6. The curve of high-temperature equilibria is normally hyperbolic; the curve of low-temperature equilibria is not. For small heat loss, the low-temperature equilibria remain equilibria; the high-temperature equilibria do not.

In Sec. 7, we state precisely the main result of this paper, which asserts the existence of certain connecting orbits for the ordinary differential equation with small heat loss. The speed of the traveling wave is approximately the speed for which the reduced system has a connection with a special structure between certain high- and low-temperature equilibria: it is a connection between the unstable manifold of a hyperbolic equilibrium and the stable manifold of a nonhyperbolic equilibrium, rather than a connection that arrives at the nonhyperbolic equilibrium tangent to its center direction. The traveling wave with small heat loss

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 3

is approximately this connection followed by slow drift along the curve of high-temperature equilibria of the reduced system. The temperature gradually falls along this curve of equilibria until it meets the curve of low-temperature equilibria. The traveling wave terminates near this point of intersection, which is a further degeneracy.

In Sec. 8 we reinterpret the results of Secs. 5 and Sec. 6 to make them more useful in studying the ordinary differential equation with small heat loss, which is treated as a perturbation term. For small heat loss, the front end of the traveling pulse, which is dominated by heat generation, is studied in Sec. 9, and the back end, which is dominated by heat loss, in Secs. 10 and 11. The latter section treats the termination of the traveling wave using center manifold reduction at the intersection of the two curves of equilibria of the reduced system.

The proof of the existence result is completed in Sec. 12. In Sec. 13, we show that large heat loss prevents the existence of a traveling pulse. In Section 14, conclusions and discussion are presented. An appendix summarizes nomenclature used throughout the paper.

2. The oxidation model with heat loss

We will study a system of reaction-convection-diffusion equations, which models oxidation in a one-dimensional petroleum reservoir [9]:

s_t + f(s, θ)_x = ( h(s, θ)s_x )_x , (2.1) ( (α − s)θ − ηϵs )_t + (( β − f(s, θ) ) θ − ηϵf(s, θ) ) x = − ( (θ + ηϵ)h(s, θ)s_x )_x + γθ_{xx} − δ(θ − θ_0), (2.2)

(ϵs)_t + ( ϵf(s, θ) )_x = ( ϵh(s, θ)s_x )_x + ζsq(θ, ϵ). (2.3) The reservoir contains a gaseous phase, consisting of a mixture of oxygen and carbon dioxide, and an oleic phase in the pores of a rock matrix: s is the gaseous phase saturation, so that 1 − s is oil saturation. The temperature is θ. The fraction of initial oxygen that has burnt (converted to carbon dioxide) is ϵ, so that 1 − ϵ is the fraction that has not burnt. It is assumed that the oil mass loss is negligible. The variables in (2.1)–(2.3) are s, θ, and ϵ; δ is a parameter; θ_0, α, β, γ, η, and ζ are positive constants. The functions f and h are discussed in the next section. Eq. (2.1) expresses conservation of mass of the gaseous and oleic phases, combined with Darcy’s law of force. Eq. (2.2) expresses conservation of energy. Eq. (2.3) describes the chemical reaction.

The temperature of the surrounding rock formation is θ_0. The last term in Eq. (2.2) represents heat loss from the multiphase fluid to the rock formation according to Newton’s Law of Cooling.

The result of this paper is that, under certain assumptions, the system (2.1)–(2.3) admits, for small δ > 0, a traveling wave solution ( s(z), θ(z), ϵ(z) ) , z = x − σt, that represents a oxidation front followed by a slow cooling process. As stated in the Introduction, the oxidation front is a solution of the system (2.1)–(2.3) with δ = 0 and was studied in [9]. The slow cooling behind the oxidation front is due to the inclusion of the last term in Eq. (2.2). The speed σ of the traveling wave is σ(δ) = σ_0 + O(δ), where σ_0 > 0 is the speed for which the oxidation front when δ = 0 corresponds to a connection between the unstable manifold of a certain hyperbolic equilibrium and the stable manifold of a certain nonhyperbolic equilibrium, rather than a connection that arrives at the nonhyperbolic equilibrium tangent to its center direction. When δ = 0, the latter connections exist for an open interval of σ.

4 SCHECTER AND MARCHESIN

However, they do not persist when δ > 0, because the 0 eigenvalue at the nonhyperbolic equilibrium becomes positive. One assumption that we make is that, when δ = 0, the connection between the unstable manifold of the hyperbolic equilibrium and the stable manifold of the nonhyperbolic equilibrium that exists when σ = σ_0 breaks in a nondegenerate manner as σ varies.

A numerically computed oxidation pulse for our model with δ > 0 is shown in Fig. 2.1. The wave is shown for fixed t. Since σ > 0, the wave moves to the right. At the oxidation front, ϵ falls rapidly from near 1 (burnt) to 0 (unburnt). Also at the oxidation front, the values of s and θ change rapidly from values associated with the oxidation process to their values s_0 and θ_0 in the surrounding rock formation. Behind the oxidation front, s and θ return more slowly to s_0 and θ_0. The limiting value of ϵ at the left is ϵ^− = 1 − O(e^{− k}δ ) for some positive constant k. Thus the loss of heat to the surrounding rock formation prevents the oxygen from being completely consumed, a fact with important practical consequences. However, this effect is not visible in the simulations we have done.

3. Explanation of Equations

In this section we explain the terms in Eqs. (2.1)–(2.3) in more detail. The relative permeabilities of the gaseous and oleic phases, k_g and k_o, are dimensionless functions of gaseous phase saturation s and oleic phase saturation 1 − s respectively. The viscosities μ_g and μ_o of the gaseous and oleic phases are functions of the temperature θ. The relative mobilities of the gaseous and oleic phases, λ_g and λ_o, are functions of the saturations s of the gaseous phase and 1 − s of the oleic phase respectively, and of the temperature θ: λ_g(s, θ) = k_g(s) μ_g(θ) and λ_o(1 − s, θ) = k_o(1 − s) μ_o(θ) . (3.1)

The “fractional flow function” of the gaseous phase f(s, θ) is then f(s, θ) = λ_g(s, θ) λ_g(s, θ) + λ_o(1 − s, θ) . (3.2)

The pressures in the gaseous and oleic phases, p_g and p_o, are functions of s and 1 − s respectively. The capillary pressure p_c is a decreasing function of s measured in the laboratory and defined by p_c(s) = p_o(1 − s) − p_g(s). (3.3)

Then we define the function h(s, θ) = −λ_o(s, θ)f(s, θ)p^′_c(s). (3.4) We assume p^′_c(s) < 0 for 0 < s < 1. Thus

h(s, θ) > 0 for 0 < s < 1. (3.5)

Let ρ_g, ρ_o, and ρ_r denote the densities of gaseous, oleic, and rock phases; let C_g, C_o, and C_r denote the heat capacities of gaseous, oleic, and rock phases; let ϕ denote the rock porosity, the fraction of total volume occupied by the fluid phases; and let K denote the absolute permeability of the rock, the porous medium’s capability of allowing fluid flow. Let Q denote the heat released by the oxidation per unit mass. We will assume that these are all constants.

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 5

(a) x vs. s (b) x vs. θ

(c) x vs. ϵ

Figure 2.1. The traveling wave at a fixed time: s, θ, and ϵ are shown as functions of x. An interval of length 750 on the x-axis is shown, scaled to the interval [0,1]. The flux function is f(s, θ) =^{s2}_{s2+(1+0.1θ)(1−s)2} , and h(s, θ) = −1. Parameter values are α = 3.0, β = 1.2, γ = 1.0, η = 5.0, and ζ = 1.0. The value of δ is .003334541, for which the corresponding wave speed is σ = .5105858. The traveling wave was computed using AUTO [11].

The thermal conductivities of the gaseous, oleic, and rock phases in the x-direction are all assumed to equal a constant κ; we make this unphysical assumption to facilitate the analysis. Thermal conductivity transverse to the x-direction is assumed to be a constant κ_l.

We assume that there is incompressible flow of the gaseous and oleic phases. The total seepage flow of both gaseous and oleic phases v is then a function of time only, determined by the boundary conditions. For simplicity we assume that v is constant.

6 SCHECTER AND MARCHESIN

The quantities α, β, γ, η, ζ, and δ are defined by α = ρ_oC_o + ρ_rC_r/ϕ ρ_oC_o − ρ_gC_g , β = ρ_oC_o ρ_oC_o − ρ_gC_g , γ = ϕκ K(ρ_oC_o − ρ_gC_g) , η = ρ_gQ ρ_oC_o − ρ_gC_g , ζ = ϕK v^2 , δ = κ_l v . (3.6)

The first five are positive constants; the last will be regarded as a nonnegative parameter.

The function q(θ, ϵ) denotes the volumetric fraction of burnt gaseous phase generated per unit time.

All these terms were defined, and the equations derived, in [8] and [9], except that κ_l was not defined there, and the last term in Eq. (2.2) was omitted.

The function q(θ, ϵ) will be assumed to have the following form (see Eq. 95.02 of [6]), a version of Arrhenius’s law: q(θ, ϵ) = { K_∞(1 − ϵ)e^{− Lθ−θ}0 if θ > θ_0, 0 if θ ≤ θ_0.

(3.7)

For simplicity we shall take K_∞ = L = 1.

We assume that f(s, θ) is C^2 and S-shaped in s for each θ. See Figure 3.1. More precisely, we assume that f(0, θ) = 0, f(1, θ) = 1, and, for each θ, f_{ss}(s, θ) is first positive and then negative for 0 < s < 1. We further assume that f_θ < 0. These assumptions are used to model two-phase thermal flow in a porous medium, for which oil viscosity is a decreasing function of temperature. They hold, for example, for k_g(s) = s^2 and k_o(1 − s) = (1 − s)^2, which were used in the computation that produced Figure 2.1.

Figure 3.1. Graphs of y = f(s, θ_0) and y = f(s_0, θ_0) + σ(s − s_0).

4. The Traveling Wave System

We shall look for traveling wave solutions ( s(z), θ(z), ϵ(z) ) of the system (2.1)–(2.3), with z = x − σt.

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 7

The traveling wave solutions will be required to approach constant limits as z → ±∞. Thus we define

X = {g : Re → Re : g is C^1, lim_{z→±∞} g(z) exists, and lim_{z→±∞} dg dz = 0}. Let X^n = X × · · · × X (n times).

Given (s, θ, ϵ) in X^3, let s^± = lim_{z→±∞} s(z), θ^± = lim_{z→±∞} θ(z), ϵ^± = lim_{z→±∞} ϵ(z). Recall that s_0 and θ_0 are the gaseous saturation and temperature of the surrounding reservoir. We assume 0 < s_0 < 1. We shall look for solutions ( s(z), θ(z), ϵ(z) ) of the system (2.1)–(2.3) in X^3 with s^+ = s_0, θ^± = θ_0, ϵ^+ = 0. (4.2) The values of s^− and ϵ^− must be determined. On physical grounds it is natural to expect that s^− = s_0 and ϵ^− ≈ 1.

We define a(σ) = σs_0 − f(s_0, θ_0), (4.3) b(σ) = −β + σα − a(σ). (4.4) We shall sometimes suppress the dependence of a and b on the parameter σ.

In Eqs. (2.1)–(2.3) we let (s, θ, ϵ) = ( s(z), θ(z), ϵ(z) ) , z = x − σt. Eq. (2.1) can then be integrated. Using the boundary conditions s(∞) = s_0, s^′(∞) = 0, and θ(∞) = θ_0 yields ds dz = a − σs + f(s, θ) h(s, θ) . (4.5)

Substitution of Eq. (4.5) into Eq. (2.2) and Eq. (2.3) yields d^2θ dz^2 = 1 γ d dz (−bθ + ηϵa) + δ γ (θ − θ_0) (4.6) and dϵ dz = − ζ a sq(θ, ϵ). (4.7) Proposition 4.1. Let ( s(z), θ(z), ϵ(z) ) ∈ X^3 with s^+ = s_0, θ^+ = θ_0, ϵ^+ = 0. Then the following are equivalent. (1) ( s(z), θ(z), ϵ(z) ) satisfies Eqs. (4.5)–(4.7).

(2) There is a function Ψ(z) ∈ X , with lim_{z→∞} Ψ(z) = 0, such that ( s(z), θ(z), ϵ(z), Ψ(z) ) satisfies the system consisting of Eq. (4.5), dθ dz = 1 γ ( − b(θ − θ_0) + ηϵa + Ψ ) , (4.8)

Eq. (4.7), and dΨ dz = δ(θ − θ_0). (4.9)

Proof. To see that (2) implies (1), we only need to check that θ(z) satisfies Eq. (4.6). Just differentiate Eq. (4.8) and with respect to z and use Eq. (4.9).

8 SCHECTER AND MARCHESIN

To prove that (1) implies (2), let ( s(z), θ(z), ϵ(z) ) satisfy (1). We multiply Eq. (4.6) by −1 and integrate from z to ∞. We obtain dθ dz = 1 γ ( − b(θ(z) − θ_0) + ηϵ(z)a − δ ∫_∞ z (θ(τ) − θ_0) dτ ) . (4.10)

For δ ≠ 0, the integral is finite because the other terms are. Hence we can define Ψ(z) = −δ ∫_∞ z (θ(τ) − θ_0)dτ. (4.11)

(For δ = 0 we just set Ψ(z) = 0 for all z.) Then ( s(z), θ(z), ϵ(z), Ψ(z) ) satisfies (2). □ Motivated by Proposition 4.1, we shall study the first-order system consisting of Eqs.

(4.5), (4.8), (4.7), and (4.9), which we shall call the Traveling Wave System. We shall look for a solution ( s(z), θ(z), ϵ(z), Ψ(z) ) that is in X^4, and that satisfies the boundary conditions (4.2) and the additional boundary condition lim_{z→∞} Ψ(z) = 0. The values of s^−, ϵ^−, and Ψ^− must be determined.

The Traveling Wave System has σ and δ as parameters. Recall that a and b are functions of σ. The parameter δ appears only in the fourth equation. Moreover, when δ=0,^{dΨ}_{dz} = 0, so Ψ is constant.

To bring out this structure, let u = (s, θ, ϵ), w = (u, Ψ) = (s, θ, ϵ, Ψ). We write the Traveling Wave System as dw dz = F (w, σ, δ), (4.13) with parameters σ and δ. Eq. (4.13) can also be written du dz = G(u, Ψ, σ), (4.14) dΨ dz = δ(θ − θ_0). (4.15)

We can think of (4.14) as defining a system of ODEs on (s, θ, ϵ)-space with parameters Ψ and σ.

5. Equilibria of^{du}_{dz} = G(u, Ψ, σ) In this section we shall determine the equilibria of^{du}_{dz} = G(u, Ψ, σ). We first define three sets. The definitions use assumptions (I1)–(I4) to be given shortly. I = {σ : conditions (I1)–(I4) are satisfied}, J = {(Ψ, σ) : −ηa(σ) ≤ Ψ ≤ 0, σ ∈ I}, S = {(s, θ, ϵ, Ψ, σ) : 0 < s < 1, θ_0 ≤ θ, 0 ≤ ϵ ≤ 1, (Ψ, σ) ∈ J}. We shall restrict our attention to equilibria in S.

Equilibria of^{du}_{dz} = G(u, Ψ, σ) in S satisfy a − σs + f(s, θ) = 0, (5.1) −b(θ − θ_0) + ηϵa + Ψ = 0. (5.2) q(θ, ϵ) = 0, (5.3)

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 9

From Eq. (5.3), θ = θ_0 or ϵ = 1.

1. Equilibria with θ = θ_0. Substituting θ = θ_0 in Eq. (5.2) yields ϵ = − Ψ ηa . (5.4)

Substituting θ = θ_0 and a = σs_0 − f(s_0, θ_0) in Eq. (5.1) yields f(s, θ_0) − f(s_0, θ_0) = σ(s − s_0).

Figure 3.1 shows the curve y = f(s, θ_0) and the line y = f(s_0, θ_0) + σ(s − s_0). The line meets the y-axis at y = −a(σ).

Since by definition the particle speed in a conservation law s_t + f_x = 0 is^f_s , the positive or negative sign of a(σ) corresponds to wave speeds σ larger or smaller than particle speed. In this work, we will consider forward-moving oxidation waves, which move faster than gas particle velocity. They are the waves of interest when the oxidation starts at the well where oxygen is injected. More precisely, we assume

(I1) a(σ) > 0.

The curve and the line meet at s = s_0 and possibly at other points. We shall assume (I2) σ − f_s(s_0, θ_0) > 0.

This assumption implies that σ > 0. It says that the saturation wave characteristic speed ahead of the oxidation wave is slower than the oxidation wave itself. This is Lax’s classical condition for the traveling wave to give rise to a shock [19] in the zero diffusion limit.

We define the following equilibria of^{du}_{dz} = G(u, Ψ, σ) with (Ψ, σ) ∈ J:

m(Ψ, σ) = (s, θ, ϵ) where s = s_0, θ = θ_0, and ϵ = − Ψ ηa(σ) . As Ψ increases from −ηa(σ) to 0, the ϵ-coordinate of m(Ψ, σ) decreases linearly from 1 to 0.

2. Equilibria with ϵ = 1.

We assume that the thermal wave characteristic speed ahead of the oxidation wave is slower than the oxidation wave itself. That is:

(I3) b(σ) > 0.

Together with (I2), condition (I3) is part of the Lax condition for the oxidation wave to become a 2-shock in the zero diffusion limit.

Substituting ϵ = 1 in Eq. (5.2) and using the definition of b, we obtain

θ = θ_0 + 1 b (Ψ + ηa). (5.7)

From Eq. (5.1), f(s, θ) − f(s_0, θ_0) = σ(s − s_0). (5.8) By (I2) and the Implicit Function Theorem, Eq. (5.8) can be solved for s in terms of θ and σ near any point (s_0, θ_0, σ), σ ∈ I. More precisely, we shall need the following: there is a number θ^∗ and a function s_0(θ, σ), defined for θ near θ_0 and σ ∈ I, such that s_0(θ_0, σ) = s_0, and for θ_0 ≤ θ < θ^∗, f ( s_0(θ, σ), θ ) − f(s_0, θ_0) = σ ( s_0(θ, σ) − s_0 ) and σ − f_s(s_0(θ, σ), θ) > 0.

Let θ_1(σ) = θ_0 +^{ηa(σ)}_{b(σ)} ; notice that if θ = θ_1(σ) in Eq. (5.7), then Ψ = 0. We shall assume:

10 SCHECTER AND MARCHESIN

(I4) θ_1(σ) < θ^∗.

Then for (Ψ, σ) ∈ J, there is an equilibrium of^{du}_{dz} = G(u, Ψ, σ) with ϵ = 1 at the point

n(Ψ, σ) = (s, θ, ϵ) where s = s_0(θ, σ), θ = θ_0 + 1 b(σ) ( Ψ + ηa(σ) ) , ϵ = 1. As Ψ increases from −ηa(σ) to 0, the θ-coordinate of n(Ψ, σ) increases linearly from θ_0 to θ_1(σ).

The equilibria m(Ψ, σ) and n(Ψ, σ) are sketched in Figure 5.1. Notice that m(Ψ, σ) = n(Ψ, σ) at Ψ = −ηa(σ).

Figure 5.1. Equilibria of^{du}_{dz} = G(u, Ψ, σ) for fixed σ. The picture has been projected onto θϵΨ-space.

For fixed Ψ and σ, the linearization of^{du}_{dz} = G(u, Ψ, σ) at an equilibrium is given by the matrix M = f_s−σ h f_θ h 0 0 −^b_γ^{ηa}_γ −^ζ_a q −^ζ_a sq_θ −^ζ_a sq_ϵ . (See Eq. 5.6 of [8].) At the equilibria m(Ψ, σ), where θ = θ_0, we have q = q_θ = q_ϵ = 0, so the eigenvalues are^{fs−σ}_h , −^b_γ , and 0. The first two of these eigenvalues are negative. At the equilibria n(Ψ, σ), where ϵ = 1, we have q = q_θ = 0, so the the eigenvalues are^{fs−σ}_h , −^b_γ , and −^ζ_a sq_ϵ. The first two are negative. The last is positive for Ψ > −ηa(σ). When Ψ = −ηa(σ), m(Ψ, σ) and n(Ψ, σ) coincide, and the positive eigenvalue at n(Ψ, σ) becomes 0.

6. Invariant manifolds of^{du}_{dz} = G(u, Ψ, σ)

We now consider invariant manifolds of^{du}_{dz} = G(u, Ψ, σ) in three-dimensional u-space for fixed Ψ and fixed σ ∈ I.

We first note that the plane ϵ = 1 is invariant for each (Ψ, σ).

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 11

The point m(Ψ, σ) has a two-dimensional stable manifold tangent at m(Ψ, σ) to the plane ϵ = constant given by Eq. (5.4); in fact, the stable manifold is contained in this plane for θ ≤ θ_0. The point m(Ψ, σ) also has a (nonunique) one-dimensional center manifold. The flow of^{du}_{dz} = G(u, Ψ, σ) near m(Ψ, σ) is determined by the flow on its center manifold.

An eigenvector for the eigenvalue 0 at m(Ψ, σ) is ( X(σ), Y (σ), 1 ) with X(σ) = f_θηa (σ − f_s)b < 0, Y (σ) = ηa b > 0. (6.1)

Here f_s and f_θ are evaluated at (s_0, θ_0). We shall often suppress the dependence of X and Y on σ.

Since, from Eq. (4.7) and (I1),^{dϵ}_{dz} < 0 for θ_0 < θ, the flow on the branch of the center manifold of m(Ψ, σ) in the region θ_0 < θ is toward m(Ψ, σ). Thus m(Ψ, σ) attracts nearby points that are on or above its stable manifold. See Figure 6.1.

Figure 6.1. Flow of^{du}_{dz} = G(u, Ψ, σ) for (Ψ, σ) fixed.

Each point n(Ψ, σ) has a two-dimensional stable manifold, which is an open subset of the invariant plane ϵ = 1.

For Ψ > −ηa(σ), the point n(Ψ, σ) has a one-dimensional unstable manifold. Whether the unstable manifold of n(Ψ, σ) arrives at m(Ψ, σ), and how it does so, depends on Ψ and σ. For Ψ = 0 this question is studied in [8]. We shall assume

(A1) There exists σ_0 in I such that the lower branch of the unstable manifold of n(0, σ_0) lies in the stable manifold of m(0, σ_0).

See [8] for a discussion of the generality with which this assumption holds.

We shall further assume:

(A2) The connection of u̇ = G(u, Ψ, σ_0) between the unstable manifold of n(0, σ) and the stable manifold of m(0, σ) breaks in a nondegenerate manner as σ varies.

12 SCHECTER AND MARCHESIN

In order to explain assumption (A2) more precisely, let u(z) = ( s(z), θ(z), ϵ(z) ) be the connection of^{du}_{dz} = G(u, 0, σ_0) from n(0, σ_0) to m(0, σ_0), and let Σ be the two-dimensional plane through u(0) that is perpendicular there to the connection. Let y_0 and y_1 be unit vectors in Σ, based at u(0), that are respectively tangent and perpendicular to the stable manifold of m(0, σ_0). See Figure 6.2. Write u ∈ Σ as

u = u(0) + αy_0 + βy_1,

and use (α, β) as coordinates on Σ. For (Ψ, σ) near (0, σ_0), the unstable manifold of n(Ψ, σ) meets Σ in a point ( α_n(Ψ, σ), β_n(Ψ, σ) ) , with ( α_n(0, σ_0), β_n(0, σ_0) ) = (0, 0) The stable manifold of m(0, σ) meets Σ in a curve parameterized by, say, ξ: ( α_m(ξ, σ), β_m(ξ, σ) ) . We may assume that ( (α_m(0, σ_0), β_m(0, σ_0) ) = (0, 0). We must have ∂α_m ∂ξ (0, σ_0) = 0, (6.3)

and we may assume that ∂β_m ∂ξ (0, σ_0) ≠ 0. (6.4)

The unstable manifold of n(0, σ) meets the stable manifold of m(0, σ) provided there is a solution of the following system of two equations in the variables ξ and σ:

α_n(0, σ) − α_m(ξ, σ) = 0, (6.5) β_n(0, σ) − β_m(ξ, σ) = 0. (6.6)

Figure 6.2. Breaking the connection: (a) (Ψ, σ) = (0, σ_0), (b) Ψ = 0, σ near σ_0.

Proposition 6.1. The system (6.5)–(6.6) has the regular solution (ξ, σ) = (0, σ_0) if and only if ∂α_n ∂σ (0, σ_0) − ∂α_m ∂σ (0, σ_0) ≠ 0. (6.7)

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 13

Proof. The linearization of the system of equations in (ξ, σ) (6.5)–(6.6) at a point is given by the matrix P = ( −^{∂αm}_{∂ξ}^{∂αn}_{∂σ} −^{∂αm}_{∂σ} −^{∂βm}_{∂ξ}^{∂βn}_{∂σ} −^{∂βm}_{∂σ} ) . At (ξ, σ) = (0, σ_0), Eqs. (6.5)–(6.6) are satisfied, and by Eqs. (6.3)–(6.4), the matrix P is invertible if and only if (6.7) holds. □

The inequality (6.7) is a more precise statement of assumption (A2). Remark . Let Δ(Ψ, σ) denote the oriented distance from the point ( α_n(Ψ, σ), β_n(Ψ, σ) ) to the stable manifold of m(Ψ, σ), where the distance is measured parallel to the vector y_1. It is easy to check that ∂Δ ∂σ (0, σ_0) = ∂α_n ∂σ (0, σ_0) − ∂α_m ∂σ (0, σ_0).

In principle,^{∂Δ}_{∂σ} (0, σ_0) can be computed as follows. The linear differential equation dv dz = D_uG ( u(z), 0, σ_0 ) v has a one-dimensional space of bounded solutions, which is spanned by u̇(z). The adjoint equation^{dy}_{dz} = −D_uG ( u(z), 0, σ_0 )_T y has a one-dimensional space of bounded solutions, which is spanned by a solution y(z) with y(0) = y_1. Then ∂Δ ∂σ (0, σ_0) = ∫_∞ −∞ y(z) · ∂G ∂σ ( u(z), 0, σ_0 ) dz. (6.10)

Thus (A2) is also equivalent to assuming that the Melnikov integral (6.10) is not zero. For more details, see [16].

7. Main Result

At this point we can state precisely the main result of this paper.

Theorem 7.1. Let I be a σ-interval on which (I1)–(I4) are satisfied, and assume there is a speed σ_0 ∈ I that satisfies (A1)–(A2). Then for small δ > 0, the Traveling Wave System has a solution in X^4 with speed σ = σ_0 + O(δ) that satisfies the boundary conditions (4.2) and the additional boundary condition lim_{z→∞}Ψ(z) = 0. As z → −∞, the solution approaches ( m ( Ψ^−(δ), σ(δ) ) , Ψ^−(δ) ) with Ψ^−(δ) = −ηa ( σ(δ) ) +O(e^{− k}δ ). In particular, ϵ^− = 1−O(e^{− k}δ ).

As z → ∞, the solution approaches (s_0, θ_0, 0, 0) exponentially at a rate that is independent of δ. As z → −∞, the solution approaches ( m ( Ψ^−(δ), σ(δ) ) , Ψ^−(δ) ) exponentially at a rate that is O(δ).

Remark . The expression for ϵ^− shows that not all the oxygen is burned. The remaining oxygen may be significant for larger δ.

The next five sections are devoted to completing the proof of this result.

14 SCHECTER AND MARCHESIN

8. Flow of^{dw}_{dz} = F (w, σ, δ) for δ = 0

In this section we analyze the flow of^{dw}_{dz} = F (w, σ, δ), w = (u, Ψ) = (s, θ, ϵ, Ψ), for σ near σ_0 and δ = 0. The Traveling Wave System reduces to du dz = G(u, Ψ, σ), dΨ dz = 0.

Thus the flow is that described in the Secs. 5 and 6, except that Ψ is regarded as a state variable rather than a parameter.

We have the following structures: (1) Let m̃(Ψ, σ) = ( m(Ψ, σ), Ψ ) and ñ(Ψ, σ) = ( n(Ψ, σ), Ψ ) . We define the following curves of equilibria in w-space, each parameterized by Ψ: M(σ) = {m̃(Ψ, σ) : −ηa(σ) ≤ Ψ ≤ 0}, N(σ) = {ñ(Ψ, σ) : −ηa(σ) ≤ Ψ ≤ 0}. For small ν > 0, we also define N_ν (σ) to be the subset of N(σ) with −ηa(σ) + ν ≤ Ψ ≤ 0.

(2) The plane ϵ = 1 in w-space is invariant under^{dw}_{dz} = F (w, σ, δ) for each (σ, δ). For δ = 0, within this three-dimensional plane, the curve of equilibria N(σ) is a normally hyperbolic (in fact, attracting) manifold. For an exposition of the theory of normally hyperbolic invariant manifolds, see [15].

(3) For each m̃(Ψ, σ) in M(σ), define W^s ( m̃(Ψ, σ) ) to be the set of all (u, Ψ) such that u is in the stable manifold of m(Ψ, σ), and define W^c ( m̃(Ψ, σ) ) to be the set of all (u, Ψ) such that u is in the center manifold of m(Ψ, σ). The former is a two-dimensional manifold, and the latter is a one-dimensional manifold. Then the curve of equilibria M(σ), regarded as a one-dimensional invariant manifold of^{dv}_{dz} = F (v, σ, 0), σ fixed, has a three-dimensional stable manifold W^s ( M(σ) ) , which is the union of all W^s ( m̃(Ψ, σ) ) as Ψ varies, and a twodimensional center manifold W^c ( M(σ) ) , which is the union of all W^c ( m̃(Ψ, σ) ) as Ψ varies.

(4) For each ñ(Ψ, σ) in N(σ), define W^s ( ñ(Ψ, σ) ) to be the set of all (u, Ψ) such that u is in the stable manifold of n(Ψ, σ). W^s ( ñ(Ψ, σ) ) is an open subset of the two-dimensional plane ϵ = 1, Ψ fixed. Thus the curve of equilibria N(σ), regarded as a one-dimensional invariant manifold of^{dv}_{dz} = F (v, σ, 0), σ fixed, is normally attracting within the plane ϵ = 1.

(5)For each ñ(Ψ, σ) in N(σ) with −ηa(σ) < Ψ define W^u ( ñ(Ψ, σ) ) to be the set of all (u, Ψ) such that u is in the unstable manifold of n(Ψ, σ). This set is a one-dimensional manifold. Then for each small ν > 0, the curve of equilibria N_ν (σ), regarded as a onedimensional invariant manifold of^{dv}_{dz} = F (v, σ, 0), σ fixed, is normally hyperbolic. It has a three-dimensional stable manifold W^s ( N_ν (σ) ) , which is the union of all W^s ( ñ(Ψ, σ) ) with −ηa(σ) + ν ≤ Ψ ≤ 0, and a two-dimensional unstable manifold W^u ( N_ν (σ) ) , which is the union of all W^u ( ñ(Ψ, σ) ) with −ηa(σ) + ν ≤ Ψ ≤ 0.

We shall now study the intersection of the two-dimensional manifold W^u(N_ν (σ)) and the two-dimensional manifold W^s(m̃(0, σ)) in four-dimensional v-space. Notice that W^u(N_ν (σ_0)) and W^s(m̃(0, σ_0)) meet along the connecting orbit from ñ(0, σ_0) to m̃(0, σ_0). One can study how the intersection breaks as σ varies by considering the intersection of each manifold with the three-dimensional plane Σ̃ = Σ × Ψ-space. See Figure 8.1. We continue to use (α, β) as coordinates on Σ, so that (α, β, Ψ) are coordinates on Σ̃.

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 15

Figure 8.1. Intersection of invariant manifolds with three-dimensional Σ̃, which is pictured as αβ-space (Σ) crossed with Ψ-space.

The unstable manifold of ñ(Ψ, σ) meets Σ̃ in the point ( α_n(Ψ, σ), β_n(Ψ, σ), Ψ ) . As Ψ varies, the curve of intersection of W^u ( N_ν (σ) ) with Σ̃ is swept out. The stable manifold of m̃(0, σ) meets Σ̃ in the curve ( α_m(ξ, σ), β_m(ξ, σ), 0 ) . At (ξ, Ψ, σ) = (0, 0, σ_0), the two curves meet. Other intersections can be found by solving the following system of three equations in three unknowns:

α_n(Ψ, σ) − α_m(ξ, σ) = 0, (8.1) β_n(Ψ, σ) − β_m(ξ, σ) = 0, (8.2) Ψ = 0. (8.3)

The linearization of this system of equations at a point is given by the matrix

P̃ = −^{∂αm}_{∂ξ}^{∂αn}_{∂Ψ}^{∂αn}_{∂σ} −^{∂αm}_{∂σ} −^{∂βm}_{∂ξ}^{∂βn}_{∂Ψ}^{∂βn}_{∂σ} −^{∂βm}_{∂σ} 0 1 0 .

At (ξ, Ψ, σ) = (0, 0, σ_0), the matrix P̃ is invertible if and only if the matrix P defined in Section 6 is. This proves:

Proposition 8.1. Eqs. (8.1)–(8.3) have the regular solution (ξ, Ψ, σ) = (0, 0, σ_0) if and only if (A2) holds, i.e., if and only if (6.7) holds.

9. Flow of^{dw}_{dz} = F (w, σ, δ) for δ > 0: Fast Connection

We now begin to analyze the flow of^{dw}_{dz} = F (w, σ, δ) for σ near σ_0 and small δ > 0. (1) M(σ) remains as a curve of equilibria. Linearization shows that for δ > 0, M(σ) has a three-dimensional stable manifold and a two-dimensional unstable manifold. The former is close to the stable manifold of M(σ) for δ = 0; the latter is close to the center manifold of M(σ) for δ = 0. (These facts follow from the Center Manifold Theorem [20].)

16 SCHECTER AND MARCHESIN

(2) The plane ϵ = 1 remains invariant. Thus near N(σ) there is, in the plane ϵ = 1, an

invariant curve N(σ, δ) which is hyperbolically attracting within that plane.

(3) Near N_ν (σ) is a normally hyperbolic invariant curve N_ν (σ, δ), which can be taken to

be the set of points in N(σ, δ) with −ηa(σ) + ν ≤ Ψ. N_ν (σ, δ) has a three-dimensional stable

manifold W^s ( N_ν (σ, δ) ) and a two-dimensional unstable manifold W^u ( N_ν (σ, δ) ) . The former

is the closure of an open subset of the plane ϵ = 1. The latter is close to W^u ( N_ν (σ) ) . (This

fact follows from the theory of normally hyperbolic invariant manifolds [15].) From Eq. (4.9),

the flow along N_ν (σ) is in the direction of increasing Ψ.

Proposition 9.1. For each small δ ≥ 0 there is a unique speed σ(δ) near σ_0 such that W^u ( N_ν (σ(δ), δ) ) contains a solution w_δ(z) that approaches m ( 0, σ(δ) ) as z → ∞. The

function σ(δ) is smooth, and σ(0) = σ_0.

Proof. For each σ near σ_0 and small δ ≥ 0, the three-dimensional manifold W^u ( N_ν (σ, δ) ) meets Σ̃ in a curve ( α_n(Ψ, σ, δ), β_n(Ψ, σ, δ), Ψ ) . The functions α_n(Ψ, σ, δ) and β_n(Ψ, σ, δ)

are smooth, and for δ = 0 they coincide with the previously defined functions α_n(Ψ, σ) and

β_n(Ψ, σ).

The Center Manifold Theorem implies that for each σ near σ_0 and small δ ≥ 0, the

three-dimensional stable manifold of M(σ) is foliated by two-dimensional invariant surfaces W^s ( m̃(Ψ, σ), δ ) , consisting of points forward asymptotic to m̃(Ψ, σ). W^s ( m̃(Ψ, σ), 0 ) co- incides with W^s ( m̃(Ψ, σ) ) defined in Sec. 8. The two-dimensional surface W^s ( m̃(0, σ), δ ) meets Σ̃ in a curve ( α_m(ξ, σ, δ), β_m(ξ, σ, δ), Ψ(ξ, σ, δ) ) . The functions α_m(ξ, σ, 0) and β_m(ξ, σ, 0)

coincide with the functions α_m(ξ, σ) and β_m(ξ, σ) defined earlier, and Ψ(ξ, σ, 0) = 0. Inter-

sections of W^u ( N_ν (σ, δ) ) and W^s ( m̃(0, σ), δ ) can be found by solving the following system

of three equations in four unknowns: α_n(Ψ, σ, δ) − α_m(ξ, σ, δ) = 0, (9.1) β_n(Ψ, σ, δ) − β_m(ξ, σ, δ) = 0, (9.2) Ψ − Ψ(ξ, σ, δ) = 0. (9.3)

The linearization of Eqs. (9.1)–(9.3) at a point is given by the matrix

P̂ = −^{∂αm}_{∂ξ}^{∂αn}_{∂Ψ}^{∂αn}_{∂σ} −^{∂αm}_{∂σ}^{∂αn}_{∂δ} −^{∂αm}_{∂δ} −^{∂βm}_{∂ξ}^{∂βn}_{∂Ψ}^{∂βn}_{∂σ} −^{∂βm}_{∂σ}^{∂βn}_{∂δ} −^{∂βm}_{∂δ} −^{∂Ψ}_{∂ξ} 1 −^{∂Ψ}_{∂σ} −^{∂Ψ}_{∂δ} .

One solution of Eqs. (9.1)–(9.3) is (ξ, Ψ, σ, δ) = (0, 0, σ_0, 0). At this point,^{∂Ψ}_{∂ξ} = 0 and ∂Ψ ∂σ = 0, so the first 3 × 3 block of P̂ equals the invertible matrix P̃ . Therefore, by the

Implicit Function Theorem, Eqs. (9.1)–(9.3) can be solved for (ξ, Ψ, σ) in terms of δ near

(ξ, Ψ, σ, δ) = (0, 0, σ_0, 0); σ(δ) is the desired function. □

Notice that for fixed (σ, δ), the curves ( α_n(Ψ, σ, δ), β_n(Ψ, σ, δ), Ψ ) and ( α_m(ξ, σ, δ), β_m(ξ, σ, δ), Ψ(ξ, σ, δ) ) in Σ̃ are close to the corresponding curves pictured in Figure 6.2.

The solution w_δ(z) is shown in Figure 9.1. At Ψ ≈ 0, in backward time, the solution quickly

moves from the point m̃ ( 0, σ(δ) ) toward the invariant curve N_ν ( σ(δ), δ ) . The solution then

drifts slowly along N_ν ( σ(δ), δ ) in the direction of decreasing Ψ.

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 17

Figure 9.1. The solution w_δ(z).

10. Flow of^{dw}_{dz} = F (w, σ, δ) for δ > 0: Slow Drift

As the solution w_δ(z) drifts slowly along N_ν ( σ(δ), δ ) in backward time, it is attracted to this curve. The result of this attraction is described by the following proposition.

Proposition 10.1. There is a constant k > 0 such that for small δ > 0, the solution w_δ(z) arrives at Ψ = −ηa(σ) + ν within O(e^{− k}δ ) of N_ν ( σ(δ), δ ) . Proof. Let U be a small neighborhood of N_ν (σ) in which θ − θ_0 ≥ C_1 > 0. For small δ > 0, the solution w_δ(z), followed in backward time, enters U at a point with Ψ near 0. Let D be a number a little smaller that | − ηa(σ) + ν|. The solution w_δ(z) requires time at least^D_{C1δ} to pass along N_ν ( σ(δ), δ ) to Ψ = −ηa(σ) + ν. Once w_δ(z) is in U, there are positive constants C_2 and C_3 such that w_δ(z) approaches N_ν ( σ(δ), δ ) in backward time like C_2e^{C3t}. Thus w_δ(z)

arrives at Ψ = −ηa ( σ(δ) ) + ν within C_2e^{− C3DC}1^δ of N_ν ( σ(δ), δ ) . Notice that the constants C_i and D depend on the choice of ν and U, but are independent of δ for δ sufficiently small. Let k =^{C3D}_{C1} . □

11. Behavior of the connecting orbit as z → −∞

To see how the connecting orbit behaves as z → −∞, we shall use center manifold reduction.

18 SCHECTER AND MARCHESIN

We first make a parameter-dependent shift of coordinates in w-space. Let

r = s − s_0, (11.1) ω = θ − θ_0, (11.2)

ρ = ϵ + Ψ ηa(σ) , (11.3)

Φ = Ψ + ηa(σ). (11.4)

This transformation takes {(u, Ψ, σ, δ) : u = m(Ψ, σ)} (11.5) to the subspace r = ω = ρ = 0 in (r, ω, ρ, Φ, σ, δ)-space, and takes {(u, Ψ, σ, δ) : u = m(Ψ, σ), Ψ = −ηa(σ)} to the subspace r = ω = ρ = Φ = 0 .

Since we are studying the connecting orbits, we shall assume throughout this section that σ = σ(δ). For simplicity of presentation, we shall suppress the dependence of a and b on σ. Then in (r, ω, ρ, Φ, δ)-coordinates, the Traveling Wave System becomes dr dz = 1 h(s_0 + r, θ_0 + ω) ( a − σ(s_0 + r) + f(s_0 + r, θ_0 + ω) ) , (11.6) dω dz = 1 γ (−bω + ηaρ), (11.7) dρ dz = 1 a ( ζ(s_0 + r) ( ρ − Φ ηa ) e^{− 1ω} + δω η ) , (11.8) dΦ dz = δω. (11.9)

We add the equation dδ dz = 0, (11.10)

and we regard (11.6)–(11.10) as a five-dimensional system.

There are equilibria where r = ω = ρ = 0, Φ and δ arbitrary; these correspond to the set (11.5). The plane ρ =^Φ_{ηa} is invariant. This corresponds to invariance of the plane ϵ = 1 under^{dw}_{dz} = F (w, σ, δ).

Let us linearize around the equilibrium at the origin. We have

d dz r ω ρ Φ δ = f_s−σ h f_θ 0 0 0 0 −^b_γ^{ηa}_γ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 r ω ρ Φ δ , (11.11)

where f_s and f_θ are evaluated at (s_0, θ_0). Notice that the same linearization is obtained at any equilibrium with r = ω = ρ = δ = 0. The eigenvalues of this matrix are the negative numbers f_s−σ h and −^b_γ , each with multiplicity one, and 0 with algebraic and geometric multiplicity three. A basis for the eigenspace of the eigenvalue 0 is

{(X, Y, 1, 0, 0), (0, 0, 0, 1, 0), (0, 0, 0, 0, 1)}, (11.12)

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 19

where X < 0 and Y > 0 are given by (6.1). The three-dimensional center manifold of (11.6)–(11.10) at the origin is thus parameterized by (ρ, Φ, δ), and is given by r = ρX̃(ρ, Φ, δ) (11.13) ω = ρỸ (ρ, Φ, δ), (11.14)

with X̃(0, Φ, 0) = X and Ỹ (0, Φ, 0) = Y . The factor ρ in Eqs. (11.13)–(11.14) is due to the family of equilibria r = ω = ρ = 0, which must lie in the center manifold. We shall suppress the dependence of X̃ and Ỹ on (ρ, Ψ, δ).

Substitution of Eqs. (11.13)–(11.14) into Eqs. (11.8)–(11.10) yields the flow on the center manifold in ρΦδ-coordinates, which we shall refer to as center manifold coordinates: dρ dz = 1 a ( ζ(s_0 + ρX̃)(ρ − Φ ηa )e^{−1/ρỸ} + δρỸ η ) , (11.15) dΦ dz = δρỸ , (11.16) dδ dz = 0. (11.17)

The plane ρ = 0 consists of equilibria, and the plane ρ =^Φ_{ηa} is invariant.

If we restrict to the plane δ = 0, then the line ρ = 0 consists of equilibria with two zero eigenvalues, and the line ρ =^Φ_{ηa} also consists of equilibria. For Φ > 0 these equilibria have one zero eigenvalue and one positive eigenvalue. The lines Φ = c are invariant. The flow on the two-dimensional slice of the center manifold with δ = 0, near (ρ, Φ) = (0, 0), is shown in Figure 11.1(a).

Figure 11.1. Flow on the center manifold for (a) δ = 0 and (b) δ > 0.

The flow for fixed δ > 0 is shown in Figure 11.1(b). The line ρ = 0 still consists of equilibria, but now one eigenvalue is 0 and the other is^{δỸ}_{ηa} > 0. The line ρ =^Φ_{ηa} is now the unstable manifold of the origin. This line corresponds, under the coordinate changes, to part of the invariant manifold N ( σ(δ), δ ) for the Traveling Wave System. The portion of this line with Φ ≥ ν corresponds to part of N_ν ( σ(δ), δ ) . The region ρ > 0, Φ ≥ ν corresponds to part

20 SCHECTER AND MARCHESIN

of the unstable manifold of N_ν ( σ(δ), δ ) . Notice that for ρ > 0,^{dΦ}_{dz} is positive, so the flow in Figure 11.1(b) is upward.

In center manifold coordinates, the solution w_δ(z) of the Traveling Wave System that is given by Proposition 9.1 meets the plane Φ = ν at the point (ρ, Φ, δ) with

(ρ, Φ) = ( ν ηa − p(δ), ν ) . (11.18)

By Proposition 10.1, p(δ) is O(e^{− k}δ ).

Proposition 11.1. As z → −∞, w_δ(z) approaches, in center manifold coordinates, a point ( 0, Φ_0(δ) ) with 0 < Φ_0(δ) and Φ_0(δ) = O(e^{− k}δ ).

Proof. Since^{dΦ}_{dz} > 0 and the lines ρ = 0 and ρ =^Φ_{ηa} are invariant, Φ decreases in backward time to a limit. Since the only invariant sets with Φ constant are points on the Φ-axis, it follows that the solution converges in backward time to a point (0, Φ_0) with Φ_0 > 0.

From (11.13)–(11.14), in the region 0 < ρ <^Φ_{ηa} , 0 < Φ, dρ dΦ < 1 a δρỸ η δρỸ = 1 ηa . (11.19)

Now the solution of dρ dΦ = 1 ηa (11.20)

that passes through the point (11.18) is the line ρ = Φ ηa − p(δ), which meets the Φ-axis at Φ_1(δ) = ηap(δ).

Thus Φ_1(δ) is O(e^{− k}δ ). The inequality (11.19) implies that Φ_0(δ) ≤ Φ_1(δ). □

12. Completion of the Proof of the Main Result

In this section we complete the proof of Theorem 7.1. We have constructed a solution w_δ(z) = ( s(z), θ(z), ϵ(z), Ψ(z) ) of the Traveling Wave System with σ = σ(δ) = σ_0 + O(δ). Since w_δ(z) lies in W^s ( m̃ ( 0, σ(δ) ) , δ ) , which is close to W^s ( m̃(0, σ_0), 0 ) , w_δ(z) approaches (s, θ, ϵ, Ψ) = (s_0, θ_0, 0, 0) as z → ∞ at an exponential rate that is independent of δ.

As z → −∞, in center manifold coordinates, w_δ(z) approaches (ρ, Φ, δ) with (ρ, Φ) = (0, Φ_0(δ)). Using (11.1)–(11.4) and (11.13)–(11.14), we see that, as z → −∞, w_δ(z) approaches (s, θ, ϵ, Ψ) = ( s_0, θ_0, 1 −

Φ_0(δ) ηa , −ηa + Φ_0(δ) ) . Since the positive eigenvalue of the system (11.15)–(11.17) at an equilibrium (0, Φ) is^{δỸ}_{ηa} , the desired solution of the Traveling Wave System is just ( s(z), θ(z), ϵ(z), Ψ(z) ) .

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 21

13. Nonexistence of the traveling wave for large heat loss In this section we prove the following result. It states that if the rate of heat loss to the surrounding rock formation is sufficiently large, then traveling oxidation waves cannot occur. Theorem 13.1. For δ sufficiently large, any bounded solution of Eqs. (4.5)–(4.7) such that (1)^{dθ}_{dz} is bounded and (2) 0 < s(z) < 1 and 0 ≤ ϵ(z) ≤ 1 for all z must have θ(z) = θ_0 for all z and ϵ(z) also constant.

To prove this result, let ( s(z), θ(z), ϵ(z) ) be a bounded solution of Eqs. (4.5)–(4.7) that satisfies (1) and (2). We shall regard s(z) and ϵ(z) as given, and we shall show that it must be the case that θ(z) = θ_0 for all z. Then from Eq. (4.7) we see that ϵ(z) is also constant, so the theorem is proved.

Let ω = θ − θ_0. From Eqs. (4.6)–(4.7) and the definitions of b and q, we have d^2ω dz^2 = − b γ dω dz + δ γ ω + N(z, ω), (13.1)

where N(z, ω) = { −^{ηζ}_γ s(z) ( 1 − ϵ(z) ) e^{− 1}ω if ω > 0, 0 if ω ≤ 0.

(13.2)

(Recall that s(z) and ϵ(z) are given.)

The function^{e− 1ω}_{ω2} , which is the derivative of e^{− 1}ω , has, on the interval 0 < ω < ∞, a maximum value of M = 4 e^2 ≈ .54 at ω =^1_2 . Therefore |N(z, ω) − N(z, ω̃)| ≤ ηζM γ |ω − ω̃|. (13.4) Let y = (y_1, y_2) = (ω,^{dω}_{dz} ). Then Eq. (13.1) is equivalent to the system dy dz = Ay + ( 0, N(z, y_1) ) (13.5)

with A = ( 0 1 δ γ −^b_{γθ0} ) . (13.6)

The eigenvalues of A are λ_± = 1 2γ ( −b ± √ b^2 + 4γδ ) . (13.7)

We shall assume that b > 0, so that λ_+ > 0 and λ_− < 0; the cases b < 0 and b = 0 are similar. Corresponding eigenvectors are (1, λ_±). Let Λ = ( λ_− 0 0 λ_+ ) , U = ( 1 1 λ_− λ_+ ) , U^{−1} = 1 λ_+ − λ_− ( λ_+ −1 −λ_− 1 ) , (13.8)

so that U^{−1}AU = Λ. Notice that A, λ_±, Λ, and U are all functions of σ and δ. Let y = Ux. Then Eq. (13.5) becomes dx dz = Λx + P (z, x, σ, δ), (13.9)

22 SCHECTER AND MARCHESIN

where P (z, x_1, x_2, σ, δ) = U^{−1} ( 0, N(z, x_1 + x_2) ) = 1 λ_+ − λ_−

N(z, x_1 + x_2)(−1, 1).

Let C(Re, Re^ℓ) denote the Banach space of bounded continuous functions from Re to Re^ℓ, ℓ = 1, 2. In C(Re, Re) the norm is ‖k‖ = sup(|k(z)| : z ∈ Re). In Re^2 we use the norm ‖(x_1, x_2)‖ = max(|x_1|, |x_2|), and we use the corresponding norm in C(Re, Re^2):

‖x‖ = sup(‖x(z)‖ : z ∈ Re) = sup ( ‖(x_1(z), x_2(z)‖ ) : z ∈ Re) = max(‖x_1‖, ‖x_2‖).

The following lemma is an easy consequence of the Variation of Constants formula. Lemma 13.2. Let h(z) = ( h_1(z), h_2(z) ) ∈ C(Re, Re^2). Then the only bounded solution of dx dz = Λx + h is x(z) = ( x_1(z), x_2(z) ) with

x_1(z) = ∫_z −∞ e^{λ−(z−s)}h_1(s) ds, x_2(z) = ∫_z ∞ e^{λ+(z−s)}h_2(s) ds. In addition, |x_1| ≤ −^1_{λ−} |h_1| and |x_2| ≤^1_{λ+} |h_2|.

Using Lemma 13.2, we define a linear mapping L from C(Re, Re^2) to itself by Lh = x. We also define a mapping

P̂ : C(Re, Re^2) × Re × Re_+ → C(Re, Re^2) by P̂ (x, σ, δ)(z) = P ( z, x(z), σ, δ ) . From Eq. (13.9), if, for some (σ, δ), ( s(z), θ(z), ϵ(z) ) is a bounded solution of Eqs. (4.5)–(4.7) that satisfies (1) and (2), and x(z) is related to ( s(z), θ(z), ϵ(z) ) as described in this section, then we must have x = LP̂ (x, σ, δ), i.e., x must be a fixed point of the mapping LP̂ (·, σ, δ).

Let P_i(z, x, σ, δ) denote the ith component of P (z, x, σ, δ), i = 1, 2. We have, for each i = 1, 2, for each z, and for each x and x̃ in Re^2, |P_i(z, x, σ, δ) − P_i(z, x̃, σ, δ)| ≤ 1 λ_+ − λ_−

|N(z, x_1 + x_2) − N(z, x̃_1 + x̃_2)| ≤ ηζM γ(λ_+ − λ_−)

|x_1 + x_2 − x̃_1 − x̃_2| ≤ ηζM γ(λ_+ − λ_−)

(|x_1 − x̃_1| + |x_2 − x̃_2|) ≤ 2ηζM γ(λ_+ − λ_−) ‖x − x̃‖ = 2ηζM √ b^2 + 4γδ ‖x − x̃‖. Therefore, if x and x̃ are in C(Re, Re^2), ‖P̂ (x, σ, δ) − P̂ (x̃, σ, δ)‖ ≤ 2ηζM √ b^2 + 4γδ ‖x − x̃‖. Since 0 < λ_+ < −λ_−, Lemma 13.2 implies that ‖L‖ =^1_{λ+} . Therefore ‖LP̂ (x, σ, δ) − LP̂ (x̃, σ, δ)‖ ≤ 2ηζM λ_+ √ b^2 + 4γδ ‖x − x̃‖.

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 23 Now 2ηζM λ_+ √ b^2 + 4γδ = 4ηζγM ( − b + √ b^2 + 4γδ )√ b^2 + 4γδ = ηζM δ ( b √ b^2 + 4γδ + 1 ) ≤ 2ηζM δ . (13.12)

Therefore, if δ > 2ηζM, (13.13) then LP̂ (·, σ, δ) is a contraction of C(Re, Re^2) for each (σ, δ). Notice that the inequality (13.13) is independent of σ.

Now N(z, 0) = 0 for all z and σ, so P (z, 0, σ, δ) = 0 for all z, σ, and δ. Therefore x = 0 is a fixed point of LP̂ (·, σ, δ) for each (σ, δ). For δ sufficiently large, LP̂ (·, σ, δ) is a contraction, so x = 0 is the only fixed point. Since x(z) = 0 implies θ(z) = θ_0, the result follows. Remark . Figure 2.1 illustrates a traveling wave with δ = .003334541. Since η = 5 and ζ = 1 in that example, the estimate (13.13) implies that no traveling wave exists for δ > 10M ≈ 5.4. In fact, if we attempt to continue the traveling wave in δ, we find that σ decreases, and there is a turning point at δ about 0.0178.

14. Conclusions and Discussion

In this work we have considered the existence of oxidation heat pulses excited in a petroleum reservoir originally under oxygen or air injection, so that a uniform ratio of oil to oxygen is in place initially. We have shown (see the end of Sec. 10) that the width of the slow cooling part of the pulse increases unboundedly as the heat loss to the surrounding rock formation decreases. This is the case, for example, when the thickness of the petroleumbearing formation increases, or when the total seepage velocity of the fluid increases. When heat loss is very small, only the lead front of the pulse may fit between the injection and the producing wells. When the heat loss vanishes, the triangular oxidation pulse reduces to an oxidation bank, with no decay behind it.

On the other hand, in the case of excessive heat loss to the surroundings, we have shown that no oxidation pulses are supported by the medium. An important open problem is to understand how the pulse vanishes as the heat loss increases.

Our analysis implies that if simulations of combustion processes in petroleum engineering are to predict correctly the occurrence of combustion pulses, they must take into account heat loss to the rock formation.

We made very severe simplifications in this model to facilitate the analysis. In a companion paper [17] many of these simplifications have been removed. After an analysis that is perhaps not harder but more complicated, we obtain essentially the same results. Taken together, these works suggest that the simplified model analyzed in this work captures the essential features of combustion of fluids in porous media.

Appendix A. Nomenclature

ϕ - rock porosity ρ_g, ρ_o - densities of gaseous and oleic phase, assumed not to depend on pressure or temperature

ρ_r - density of rock

24 SCHECTER AND MARCHESIN

s_g, s_o - saturations of gaseous and oleic phase v_g, v_o - seepage velocities of gaseous and oleic phase C_g, C_o, C_r - heat capacities of gaseous, oleic and solid phase at constant pressure κ_g, κ_o, κ_r - heat conductivities of gaseous, oleic and solid phase θ - temperature (assumed to be the same in gaseous, oleic and solid phase) p_{ij} - capillary pressure-pressure difference between phase i and j λ_i - mobility of phase i k_i - relative permeability of phase i μ_i - viscosity of phase i p_i - pressure of phase i v_i - seepage velocity of phase i f_i - fractional flow of phase i E_i - massic energy density of phase i per unit volume K - absolute permeability of rock λ - total mobility of fluid v - total seepage velocity q - rate of oxygen consumption ϵ - burned volume fraction of the gaseous phase

References

[1] aziz, k. and a. settari, Petroleum reservoir simulation, Elsevier Applied Science, New York, 1990. [2] baibakov, n.k. and a.r. garushev, Thermal methods of petroleum production, Elsevier, Amsterdam, 1989.

[3] barkve, t., Riemann problem for a nonstrictly hyperbolic system modeling nonisothermal, two phase flow in a porous medium, SIAM J. Appl. Math., v.49, no.3, pp.784-798, 1989.

[4] bruining, j. and c.j. van duijn, Uniqueness conditions in a hyperbolic model for oil recovery by steamdrive, CWI (Centrum voor Wiskunde en Informatica) Report no. MAS-R-9803 - Modelling, Analysis and Simulation, February 1998, ISSN 1386-3703.

[5] coats, k. h., In-situ combustion model, Soc. Pet. Eng. J., Dec. 1980, 533–554. [6] courant, r. and k. o. friedrichs, Supersonic flow and shock waves, Wiley-Interscience, New York, 1948.

[7] crookston, r. b., w. e. culham, and w. h. chen, A numerical simulation model for thermal recovery processes, Soc. Pet. Eng. J., Feb. 1979, 37–58.

[8] da-mota, j.c., w. b. dantas and d. marchesin, Combustion fronts in porous media, submitted to SIAM J. Applied Mathematics, 1999.

[9] da-mota, j.c., w. b. dantas, m. e. gomes and d. marchesin, Combustion fronts in petroleum reservoirs, Mat. Contemp., v.8, pp.129-149, 1995. Hyperbolic Problems, [10] da-mota, j.c., The Riemann problem for a simple thermal model for two phase flow in porous media, Mat. Aplic. Comp., v.11, no.2, pp.117-145, 1992.

[11] doedel, e. and j. kernévez, AUTO: Software for continuation problems in ordinary differential equations with applications, technical report, California Institute of Technology, 1986. (http://indy.cs.concordia.ca/auto/doc/index.html) [12] fayers, f.j., Some theoretical results concerning the displacement of a viscous oil by a hot fluid in a porous medium, Fluid. Mech., v.13, 1962.

[13] fenichel, n., Geometric singular perturbation theory for ordinary differential equations, J. Differential Eqs. 31 (1979), 53–98.

[14] grabowski, j.w., p.k. vinsome, r.c. lin, a. behie and b. rubin, A fully implicit general purpose finite-difference thermal model for in situ combustion and steam, SPE 8396, 1-14, 1979.

GEOMETRIC SINGULAR PERTURBATION ANALYSIS OF OXIDATION HEAT PULSES 25

[15] jones, c.k.r.t., Geometric singular perturbation theory. In Dynamical systems (Montecatini Terme, 1994), 44–118, Lecture Notes in Math. 1609, Springer, Berlin, 1995.

[16] kokubu, h., Homoclinic and heteroclinic bifurcations of vector fields, Japan J. Appl. Math. 5 (1988), 455–501.

[17] marchesin, d. and s. schecter, Oxidation heat pulses in two-phase expansive flow in porous media, in preparation, 2001.

[18] prats, m., Thermal recovery, Henry L. Doherty Series, monograph vol. 7, SPE, 1986. [19] smoller, j., Shock waves and reaction-diffusion equations, Springer-Verlag, New York–Heidelberg– Berlin, 1982.

[20] vanderbauwhede, a., Centre manifolds, normal forms and elementary bifurcations. In Dynamics Reported, vol.2, pp.89–169, Dynam. Report. Ser. Dynam. Syst. Appl. 2, Wiley, Chichester, 1989.

Mathematics Department, North Carolina State University, Raleigh, NC 27695, USA E-mail address: schecter@math.ncsu.edu

Estrada Dona Castorina 110, 22460-320 Rio de Janeiro, RJ, Brazil E-mail address: marchesi@impa.br