THE ENTRY-EXIT FUNCTION AND GEOMETRIC SINGULAR
PERTURBATION THEORY

ABSTRACT. For small € > 0, the system & = ¢, 2 = h(z, z,¢€)z, with h(z,0,0) <0
for x < 0 and h(x,0,0) > 0 for > 0, admits solutions that approach the z-axis
while z < 0 and are repelled from it when = > 0. The limiting attraction and repul-
sion points are given by the well-known entry-exit function. For h(z, z,€)z replaced
by h(z,z,€)z2, we explain this phenomenon using geometric singular perturbation
theory. We also show that the linear case can be reduced to the quadratic case, and
we discuss the smoothness of the return map to the line z = 2, zg > 0, in the limit
e —0.
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1. INTRODUCTION

Consider the slow-fast planar system
(1.1) t=cf(x,z¢),
(1.2) Z=g(x,z¢€)z,
with z € R, z € R,
(1.3) f(z,0,0) >0; ¢(z,0,0) <0 for z < 0 and g(x,0,0) > 0 for x > 0.

For ¢ = 0, the z-axis consists of equilibria; see Figure 1.2(a) below. These equilibria
are normally attracting for x < 0 and normally repelling for z > 0. For € > 0, the
x-axis remains invariant, and the flow on it is to the right. For small £ > 0, a solution
that starts at (g, 20), with zy negative and zy, > 0 small, is attracted quickly toward
the z-axis, then drifts to the right along the z-axis, and finally is repelled from the
r-axis. It reintersects the line z = zy at a point whose z-coordinate we denote by
pe(z0). As e — 0, the return map p.(xy) approaches a function py(xq) given implicitly
by the formula

o) g(2,0,0)
(1.4) /xo 7(2.0.0) dxr = 0.
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In other words, the solution does not leave the z-axis as soon as it becomes unstable
at x = 0; instead the solution stays near the z-axis until a repulsion has built up
to balance the attraction that occurred before x = 0. The function pq is called the
entry-exit [1] or way in-way out [5] function.

This phenomenon, in which a solution of a slow-fast system stays near a curve of
equilibria of the slow limit system after it has become unstable, and leaves at a point
given by an integral like (1.4), has been called “Pontryagin delay” [12] or “bifurcation
delay” [2]. As far as we know, it was originally discovered in a different context, in
which the fast variable z in (1.2) is two-dimensional and, for ¢ = 0, the equilibrium at
z = 0 undergoes a Hopf bifurcation as x passes 0; see [15], which was written under
the direction of Pontryagin. In this situation, it turns out that the delay phenomenon
need not occur if the system is not analytic. See [13] for a recent survey.

For the system (1.1)—(1.3), Pontryagin delay and the entry-exit function are dis-
cussed in [12, 9, 14, 4]. Methods include asymptotic expansions [12, 9], comparison
to solutions constructed by separation of variables [14], and direct estimation of the
solution and its derivatives using the variational equation [4]. The last paper gives
the most complete results.

Note that for the system (1.1)—(1.3) with € = 0, the line of equilibria along the
x-axis loses normal hyperbolicity at the “turning point” x = 0. The blow-up method
of geometric singular perturbation theory [7, 11] is today the method of choice for
understanding loss of normal hyperbolicity. However, unless nongenericity conditions
are imposed at the turning point [6], neither spherical blow-up of the turning point
nor cylindrical blow-up along the z-axis appears to help with this problem. Even in
the nongeneric cases where blow-up does helps, it probably does not yield optimal
smoothness results.

Pontryagin delay is also encountered in the codimension-one bifurcation of slow-
fast systems that gives rise to the solutions known as canards; see [1, 5]. Consider for
example the system

(1.5) t=cf(x,z,e) =clax +bz+...),
(1.6) t=g(r, 2,8) = —(z+c2+...),

with b and ¢ positive. The omitted terms in the first equation are higher order; those
in the second consist of other quadratic terms and higher-order terms. This system
is codimension-one in the context of slow-fast systems because the slow nullcline
f = 0 passes through the parabolic vertex of the the fast nullcline g(z,z,¢) = 0.
For ¢ = 0, near the origin, the parabolic curve g(z,z,e) = 0 consists of equilibria
that are attracting for z > 0 and repelling for z < 0. A typical solution for small
€ > 0 is shown in Figure 1.1. Pontryagin delay in this context has been studied
using nonstandard analysis [1], asymptotic expansions [12], complex analysis [3], and
blow-up [7, 11].

In contrast to the system (1.1)—(1.3), the system (1.5)—(1.6) for £ # 0 does not
have an a priori known solution near the curve of equilibria for ¢ = 0. The system
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x+cZ2 +..=0---_ 1'

ax+bz+...

FIGURE 1.1. Nullclines of (1.5)—(1.6), and a typical solution for small
e > 0.

(1.5)—(1.6) is related to the following generalization of (1.1)—(1.3):
(1.7) &= ef(x,z¢),
(1.8) Z=yg(z,2z,e)z+ch(zx, z,¢€),

with (1.3) assumed. For € # 0 there is in general no a priori known solution near the
axis. Like (1.5)—(1.6), this system can be studied under generic assumptions using
blow-up [6].

In this paper we establish the entry-exit relation for (1.1)—(1.3) indirectly based on
blow-up, without making nongeneric assumptions. The construction uses cylindrical
blow-up, explains the phenomenon geometrically, and yields C'*°-smoothness of the
return map. In contrast, the paper [6] yields smoothness in terms of some root of &
and e loge for the cases it treats.

We first consider, instead of (1.1)—(1.3), the apparently more degenerate problem

(1.9) t=cf(x,z¢e),
(1.10) s =g(mr, z,6)27,

with f and g satisfying (1.3), which arose in the study of relaxation oscillations in
the Holling-Tanner predator-prey model [8]. For small ¢ > 0, a solution of (1.9)-
(1.10) that starts at (xg, 20), with xy negative and zy > 0, behaves just as in the first
paragraph of this paper; see Figure 1.2(b). We show that, in contrast to the case
for (1.1)—(1.2), in the case of (1.9)—(1.10) there is a nice geometric explanation using
blow-up.

We shall say that a function h(z1, ..., xy,, 2) has property F in zif h(zy, ..., Ty, 2)—
h(xi,...,z,,0) is flat in 2z as 2 — 0, i.e.,

\h(21, .. Ty 2) — B(21, .., T, 0)] = O(2Y) as z — 0 for all N > 0.
Using blow-up, we shall prove the following result.

Theorem 1.1. Consider (1.9)—-(1.10), where f and g are C* and satisfy (1.3).

Choose z; < 0 such that po(z}) can be defined using (1.4), i.e., ffg(%) ?Ez’g’gg dz = 0.

If 29 > 0 and €9 > 0 are sufficiently small, and Iy is a sufficiently small neighborhood
of x, then:
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FI1GURE 1.2. Dynamics for ¢ = 0 and an orbit for small € > 0 in dashed
line. (a) For system (1.1)—(1.2). (b) For system (1.9)—(1.10). (c) Case
of multiple turning points.
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(1) For 0 < e < eg and xy € Iy, the solution of (1.1)~(1.2) through (zo, z9) first
reintersects the line z = zy in a point (x,z) = (p<(z0), 20)-

(2) Define p : Iy x [0,g9) — R by p(zo,e) = pe(x). (Thus for e = 0, p is
defined using py.) Then there is a C™ function p of three variables such that
p(x0> 8) = 25(370> g, € 1Og€)'

(3) If g(x, z,¢)/ f(x, z,€) has property F in z, then p is a C* function of (xg,¢€).

The dependence of p on eloge results from the fact that, after blow-up, solutions
must pass by a line of saddle equilibria with positive and negative eigenvalues of equal
magnitude. Because of this resonance, changes of coordinates leave higher-order terms
of every order. We note that in other applications of the blow-up technique, flow past
a resonant saddle leads to dependence of functions on a root of € as well as on loge.
It is common for the blow-up technique to lead to flow past a resonant saddle, which
sometimes results in suboptimal results. Here, the result in Theorem 1.1 is optimal.
To demonstrate this, we will show in Section 5 that the return map for

(1.11) i=e¢,
(1.12) i = (2 + az)2?

has, for fixed small «, finite differentiability due to the appearance of a logarithmic
term in the expansion.

Conclusion (3) of Theorem 1.1 can be used to treat the system (1.1)—(1.2) by
reducing it to (1.9)—(1.10). Indeed, the change of variables R x R, — R x [0, 1) given
by (z,w) — (z,z) with

) = e"w ifw >0,
ERYTY0 dftwe=o,
converts (1.1)—(1.2) to
(1.13) T =cef(z,k(w),e),
(1.14) w = g(z, k(w), e)w?,

Note that f(x, k(w),e) and g(z, k(w), ) are as smooth as f and g, and have property
F in w. Therefore the third conclusion of Theorem 1.1 applies to (1.13)—(1.14).
Interpreting in terms of the original system, we have
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Corollary 1.2. Conclusions (1) and (2) of Theorem 1.1 remain true when the system
(1.9)~(1.10) is replaced by the system (1.1)—=(1.2). Moreover, p is a C* function of

(Io, 8).

What’s more, we can relax the conditions on Corollary 1.2 to an extent we haven’t
seen in the literature before. Suppose conditions (1.3) are replaced by

f(x,0,0) > 0; g(x5,0,0) < 0 and g(po(zg),0,0) > 0,

where pg is defined through (1.4) (selecting the leftmost point where the integral is
balanced in case multiple balancing points are possible). Then Corollary 1.2 remains
valid. In other words, what matters is to have attraction towards z = 0 at the entry
point and repulsion at the exit point; what lies in between can be anything. With this
in mind, we can treat passages through multiple turning points (see Figure 1.2(c))
and show that the exit point is given as a smooth perturbation of the leftmost point
where the integral (1.4) balances.

The reader may wonder whether one can reduce to (1.9)—(1.10) to (1.1)—(1.2) by
a coordinate change, and thereby use the results of [4] to understand (1.9)—(1.10).
We do not see how to do this; the inverse of the coordinate change z = k(w) is not
sufficiently differentiable.

The organization of the paper is as follows: we prove Theorem 1.1 using blow-up
in Section 2, but delay the somewhat technical part, a treatment of the flow past a
line of resonant saddles, to Section 3.

Remark 1. The assumptions in Theorem 1.1 that f and g only depend on (z,z,¢)
and are C™ are there to simplify the proof. The theorem remains true if f and g
are functions of (x,z,&, ), where a is a finite-dimensional additional parameter. In
Section 4 we discuss removing the C'* assumption.

2. BLow-up

To prove Theorem 1.1, we first note that in a neighborhood of the x-axis, we have
f(z,2,e) > 0, so we can divide the system (1.9)—(1.10) by f, yielding

(2.1) T =¢,
(2.2) i =h(z, z2,6)2%
with h =g/ f.

We extend (2.1)—(2.2) to zze-space:
(2.3) T =c¢,
(2.4) i =h(x,z¢)27,
(2.5) e=0.

We then blow up the z-axis in zze-space, which consists of equilibria of (2.3)—(2.5), to
a cylinder as follows. Let (z,(z,&),7) be a point of R x S* x R, ; we have 22 +&2 = 1.
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The blow-up transformation is a map from R x S! x R, to xze-space given by

Tr=ux,
2 =Tz,
E =TE.

The system (2.3)—(2.5) pulls back to one on R x S* x R,. The system we shall study
is this one divided by r. Division by r desingularizes the system on the cylinder r = 0
but leaves it invariant.

2.1. Polar coordinates. The blow-up can be visualized most completely in polar
coordinates, i.e., for (z,(z,&),7) € R x ST x R, we set Z = cos# and & = sinf. Thus
we use coordinates (x, 6, r) with 6 interpreted as an angle modulo 27. In terms of the
original coordinates (z, z, ), we have

T =u,
z =rcosb,
e =rsiné.

After making the coordinate change and dividing by r, the system (2.3)—(2.5) becomes
(2.6) T =sinb,

(2.7) 7 =rcos® 0 h(z,rcos,rsinf),
(2.8) 0 = — cos? O sinf h(x,r cos b, rsin ).
- 0=mn/2
5
0=0,
/ _
//XO /3 6=0
S S
)
<

FIGURE 2.1. Flow of (2.6)—(2.8).

A portion of the flow of this system is pictured in Figure 2.1.
e The quarter cylinder is the portion of the cylinder » = 0 between § = 0 and

¢ = 5. The cylinder r = 0 corresponds to the r-axis in wze-space. It is

invariant because r = 0 implies 7 = 0. On it the system (2.6)—(2.8) reduces to
i =sinf, 6= —cos’fsinb h(z,0,0).

A typical solution is shown.
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e The horizontal plane is the portion of the plane § = 0 with » > 0. It cor-
responds to the portion of the zz-plane in zze-space with z > 0. The plane
6 = 0 is invariant because § = 0 implies # = 0. On it the system (2.6)—(2.8)
reduces to

=0, 7=rh(x,r0).

Solutions have x = constant. Two solutions are shown.

e The intersection of the cylinder » = 0 and the horizontal plane 6 = 0 is a line
of equilibria. For x # 0 these equilibria have negative and positive eigenvalues
of equal magnitude, and a zero eigenvalue.

e The vertical plane is the portion of the plane § = 7 with r > 0. It corresponds
to the portion of the we-plane in wze-space with ¢ > 0. The plane 6 = 7 is
invariant because ¢ = 7 implies 6 = 0. On it the system (2.6)(2.8) reduces
to

=1, 7=0.

The solutions are lines. For r > 0, the line corresponds to the invariant line
z =0, e =1 in xze-space.

The function p described in Theorem 1.1 can be used to define a mapping between
two rectangles in zze-space. Using the interval I of the theorem, the domain is

Ry ={(x,z,e):x €Iy, 2= 29,0 < e < gp}.
The codomain can be defined using a second interval I:

Ry ={(z,z,e):x €13, 2 =2y, 0 < e < gp}.
The mapping is P(z, 20, ¢) = (p(x, €), 20, €).

The rectangles Ry and R3 correspond to rectangles Sy and S3 in blow-up space.
They are pictured in Figure 2.1.

The three solutions shown in Figure 2.1 combine to comprise a “singular solution”
from (x,r,0) = (xo, 20,0) to (z,7,6) = (x3,20,0). For small §, > 0, a solution that
starts at (x,r,0) = (z0, 20, 6p) € Sp closely follows this singular solution until it arrives
at S3. Thus we have a mapping P from Sy to S3 obtained by following a singular
solution for ¢y = 0, and following an actual solution for ¢, > 0. To prove Theorem
1.1 it suffices to study the differentiability of P and show that z3 = po(zo).

We study P with the aid of two other rectangles S; and S5 in blow-up space. For
appropriate intervals I; and I and a fixed 61, 0 < 6y < 7,

(29) SZ:{(I,G,T) Z$€Ii,9:91,0§T<€0CSC91}, 1=1, 2.

We have P = P3o P, o P, where P, : S;_1 — S;. For i =1, 3, P; is partly defined by
following a singular solution rather than a solution.

To analyze these mappings we shall use affine coordinates instead of polar coordi-
nates, as is customary.
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2.2. Affine coordinates for z > 0. For (z,(z,£),r) € R x S' x R, with z > 0, let

E = <, and in place of r use z = rz. Thus we have

z

r=u,
z =2z,
€e=zkb,

with z > 0. Note that F = tanf. After division by z (equivalent to division by r up
to multiplication by a positive function), (2.3)—(2.5) becomes

(2.10) i=F,
(2.11) Z=h(z,z zE)z,
(2.12) E = —h(x,z2,2E)E.

Let E; = tan6; > 0. In the affine coordinates, the rectangles S; corresponds to
rectangles S¢ given by

St ={(v,2E)iwel, =2, 0<E< 2}, i=0,3
20

Sg:{(x,Z,E)ZIEIZ',E:E170§2<%, 7':172
1

See Figure 2.2. Looking at the orbit that connects (z, z, ) = (x,0,0) to (z, 2, F) =
(73,0,0), we see that 0 = f;? 9By = —f;? h(x,0,0)dz, so 3 = po(xo). This
immediately explains the entry-exit function.

FIGURE 2.2. Flow of (2.10)—(2.12).

Forv = 1,2, 3, we define maps P : S ; — S. Py is defined by following solutions.
P{(xq, 20, Fo) is defined by following a solution if Ey > 0, and by following a singular
solution if Fy = 0. P§(x9, 22, E4) is defined by following a solution if z3 > 0, and by
following a singular solution if 2z, = 0.
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2.3. Passage from S§ to S§. We have h(zf,0,0) < 0. To study (2.10)—(2.12) with
(z, 2) near (x3,0), we divide by —h(z, 2,¢), let k(z, z,6) = —-—= > 0, and obtain

h(z,2,€)
(2.13) & =k(x,z 2E)E,
(2.14) i=—z,
(2.15) E=E.

Note that zE = ¢ is constant on solutions. If h(x,z,e) = g(x,z,€)/f(x,z€) has
property F in z, then k(z, z,¢) has property F in z (but k(z, z, zF) may not).

We write Py : S§ — S§ as P{(x, 20, Fo) = (21, 21, E1); the values of z5 and E) are
fixed in this formula. For Ey > 0 this mapping is obtained by following the solution
of (2.13)—(2.15) that starts at (xg, 29, Fo) until it intersects the plane £ = FEj in a
pOil’lt (ZIfl,Zl,El), with 21 = g—(l)Zo and Try = Xl(l'o,Eo). For E(] = 0 we define 21 to
be 0, and we define z; = Xj(x0,0) by following the singular orbit; see Figure 2.2.
From the normal hyperbolicity of z-axis away from x = 0, it follows that the mapping
X1 (wo, Ep) is continuous at Ey = 0.

By looking at the unstable manifold of (zy,0,0) in z = 0, we see that

1 JE 1 1 T1
2.1 Bi=| Y= — dr—— ‘
(2.16) 1 /x o dz /xo R(2.0.0) dx / h(z,0,0)dx

0 zo

This formula implicitly defines x; as a function of zy, and hence implicitly defines
T = Xl(l’o, O)

Proposition 2.1. If zo > 0, &g > 0, and Ey > 0 are sufficiently small, and Iy is a
sufficiently small neighborhood of x, then given N > 0, there is a C™ function X of
three variables such that

(1) Xl(.i(fo, Eo) = Xl(l'o, %) = Xl(xo,é,élOgé).

(2) Xi(z0,0) = X1(20,0,0) is given implicitly by (2.16). )

(3) If h(z, z,¢) = g(x, z,¢)/ f(x, z,€) has property F in z, then X, (x,e,v) = o(v")
as v — 0.

The proof of conclusions (1) and (3) of this proposition will be postponed until
Section 3. Since we have already shown that Xi(z,0) is given implicitly by (2.16),
once we know (1), it follows that X (z,0,0) is also given implicitly by (2.16).

2.4. Passage from Sy to S5. Py : St — S is obtained by following the solution
of (2.10)—(2.12) that starts at (x1, 21, £1) until it reintersects the plane E = F; in a
point (xg, 29, Ey), with 2o = z; and x5 = Xs(x1, 21). Since C* vector fields have C'>
flows, we have immediately that X, is C°.

The value of x9 = Xy(x1,0) is given implicitly by the formula

(2.17) O:/x fl—fdx:—/ h(z,0,0) da.

1 1

Define 2 by (2.16) with zo = ), i.c., f;ié’f h(z,0,0)dz = —E.
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Proposition 2.2. For a given E; > 0, if I1 is a sufficiently small neighborhood of
xy and g9 > 0 is sufficiently small, the function xo = Xs(x1, 21) defined above is C*,
and Xo(x1,0) is given implicitly by (2.17).

2.5. Passage from 5§ to S§. Define 3 implicitly by (2.17) with z; = zj, i.e.,
S h(w,0,0) dz = 0.
We have h(z3,0,0) > 0. To study (2.10)—(2.12) with (z, z) near (z3,0), we divide

by h(x,z,¢€), let k(x, z,¢€) = m > 0, and obtain
(2.18) & =k(z, 2z 2E)E,
(2.19) i=z

(2.20) E=—E.

We write P§ : S — S$ as P{(xq, 22, F1) = (23, 20, E3); the values of E; and 2, are
fixed in this formula. For 25 > 0 this mapping is obtained by following the solution of
(2.18)—(2.20) that starts at (xe, 29, F1) until it intersects the plane z = 2, in a point
(Ig, 20, Eg), with E3 = 5—0122 and T3 = Xg(l'g, 22). Note that

E E Ei E
E3 = —122 = —121 = —1—020 = Eo.
20 20 20 by
For z5 = 0 we define F3 to be 0, and we define x3 = X3(x9,0) by following the singular
orbit; see Figure 2.2. By looking at the stable manifold of (x3,0,0) in z = 0, we see
that

2.21 E xngd vl d th 0,0)d

ey m= [Cweo [t = [Chw0.0ar

This formula implicitly defines x3 as a function of x5, and hence implicitly defines
T3 = Xg(l’g, O)

The proof of Proposition 2.1 that we will present in Section 3 is also valid for
proving the following proposition:

Proposition 2.3. If 20 > 0, &g > 0, and Ey > 0 are sufficiently small, and Iy is a
sufficiently small neighborhood of x%, then given N > 0, there is a C™ function X3 of
three variables such that

(1) Xs(22, 20) = Xs(22, 77) = Xs(2,¢,cloge).

(2) X3(x2,0) = X3(22,0,0) is given implicitly by (2.21). )

(3) Ifh(z,2,¢) = g(x,2,€)/ f(x, 2,€) has property F in z, then X3(z,&,v) = o(v")
as v — 0.

2.6. Proof of Theorem 1.1. To prove Theorem 1.1, we define P* : Sy — S5 by
P = Pga o P¢ = Pg o P2a o Pla Then Pa(Io,Zo,E(]) = (pa(l’o,Eo),Zo,Eo) where
p(l’o,é?) :pa(lbv i)

From Propositions 2.1, 2.2, and 2.3, we see that given N > 0, there is a CV

function py of three variables such that p(zg,e) = py(xg,¢,eloge). To see that
p(20,0) = po(xg), we note that p(xg,0) = x3 where by (2.16), (2.17), and (2.21) we
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have

T3 T1 T2 T3
/ h(z,0,0) dx:/ h(x,0,0) d:E+/ h(zx,0,0) d:E+/ h(z,0,0) dx

zo o 1 T2

=—-F+0+E; =0.

The sequence 1,eloge, e, (eloge)?, e2,... is an asymptotic scale at € = 0: each
term divided by the previous term approaches 0 as £ approaches 0. It follows that
the asymptotic expansion of py in terms of (g, eloge) coincides with the expansion of
par up to order min(N, M). Hence there is a unique power series p(xg, &, v) in (g, v),
with coefficients that are smooth functions of z(, that is the asymptotic expansion of
p(o,€) in terms of (e,eloge). We can use Borel’s theorem to realize p(zo,€,v) as a
smooth function p(xg,e,v). We readily see that

p(wo,€) — P(xo, €, € loge)
is O(eM)-flat for all N, uniformly in 2y on compact sets, along with all its derivatives.
It follows that p — p is C*° in (xg, e). Thus we have written p(z,¢) as a C* function
of (zg,¢e,eloge).
If g(z,2,¢)/ f(x, z, &) has property F in z, we see from conclusion (3) of Proposition
2.1 that p(zo, e, v) does not depend on v at all. Therefore p can be taken to be a C*
function of (xg,¢) only. Hence in this case p is a C* function of (xg, ¢).

3. PASSAGE BY THE LINE OF SADDLES

In this Section we prove conclusions (1) and (3) of Proposition 2.1; the proof of
Proposition 2.3 is similar. We shall express X(zo, Ey) with Ey > 0 in the form
Xi(xo, Ey) = X1(xo, €, eloge), where X; extends smoothly to X (xz,0,0).

3.1. Normal form. To simplify (2.13)—(2.15), we first consider the autonomous dif-
ferential equation

E = ]{Z(LU,O,€>,

in which E plays the role of time and ¢ is a parameter. We denote the flow by
r=a(Z,e F), ie., a(Z, e, F) satisfies

(3.1) ap(Z,e, E) =k(a(Z,e,F),0,¢), «z,e,0) =17.

Since k is C'*°, av is C°.

Proposition 3.1. Ifin (2.13)—(2.15) one makes the change of variables x = a(Z, ¢, F),
with € = zE. Then

(3.2) i = 2Ek(#,2,E) = ek(z, 2, E)

with k of class C*.  Moreover, if k has property F in z, then k is flat is z; in
particular, k(z,0, E) = 0.

Note that (2.13)-(2.15) has @ = 0 on the invariant plane £ = 0,but not on the
invariant plane z = 0. On the other hand, the system (3.2), (2.14)—(2.15) has £ = 0
on both invariant planes. This alone is easy to accomplish; however, if k has property
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JF in z and nontrivial dependence on ¢, a careful change of coordinates is needed to
yield a k that is flat is z.

Proof. The equation & = a2 + agE yields

(33) i,:Ek(a(x7€7E)7Z?€)_aE(x7€7E)7 €:ZE.

Qg

Now az(Z, e, E') solves the linear initial value problem
ug(z, e, F) = ky(a(Z,¢, F),0,e)u, u(z,e,0)=1.

Therefore az(Z,¢e, E), the denominator of the fraction in (3.3), is nonzero for all
(Z,e,E). For z = 0, the numerator of the fraction in (3.3) is k(«a(Z,0, E),0,0) —
ag(z,0, E), which equals 0 by (3.1). Hence (3.3) can be rewritten as (3.2).

From (3.1) we have that k(«(Z,e, F),0,e) — ag(Z,¢, E) = 0. Using the equation
one easily checks that if & has property F in z, then the numerator of the fraction in
(3.3), with e = zF| is flat in z. Therefore k is flat is z. O

Proposition 3.2. Let N > 1. Then (1) a C* coordinate change T = ny(x,z, E)
brings the system (2.13)—(2.15) in the form

(3.4) T =ca(T,e) +eVb(z, 2, E),
(3.5) b= —z,
(3.6) E=E,

with a and b of class C*>. Moreover, (2) if k in (2.13) has property F in z, then
a=0 and b is flat in z.

Proof. We first prove (1) by induction on N. The case N = 1 is just Proposition 3.1,
with a = 0 and b = k. Now suppose N > 2 and we have a system of the form

(3.7) y=ep(y.e)+e"aly, 2, E),

(3.8) FR—

(3.9) E=E,

with p and ¢ of class C"°. We decompose ¢ as

(3.10) qa(y, 2, E) = qo(y) + ¢1(y, 2) + ¢2(y, E) + O(e),
with ¢; = O(z) and ¢ = O(F). Now write

(3.11) =y -+ By, 2) +(y, B)),

where 8 and v are yet to be specified. Then

(3.12) T =g+ =By, 2)z + vy, B)E) + O(Y)
(3.13) =g+ VNN —B.(T,2)z +ve(T, B)E) + O(gN)
because y = T + O(e). On the other hand, from (3.7), (3.11), and (3.10),
(3.14) y =ep(T,e) + eV 1q(7, 2, E) + O(N)

(3.15) ep(T, )+€N Hao(®) + a1(7,2) + 42(7, B)) + O(e").
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Substituting (3.15) into (3.13), we obtain
T=(ep+e"lq) + " o — 28.) + VN go + Eve) + O(EY).

Choosing = [ 2 dz and v = — [ 2 dE, we obtain (3.4).

To prove (2), we assume k in (2.13) has property F in z, and show by induction on
N that there is a C*° coordinate change = ny(x, z, E) that converts (2.13)—(2.15)
to

(3.16) r=¢eVb(z,2,E),
(3.17) 2= —z
(3.18) E=E,

where b is €™ and flat in z. The case N = 1 is given by the comment after formula
(3.2), with b = k. Now suppose N > 2 and we have a system of the form

(3.19) g =e""4(y, 2, E),
(3.20) 5= —2,
(3.21) E=E,

where ¢ is C*° and flat in z. In this case we can write
9y, 2, E) = a1y, 2) + eq3(y, 2,¢),

with ¢; and ¢3 flat in z. Now write
(3.22) T=y+e"""By,z2),
with 3 not yet specified but flat in z. Then
(323) z=9y—"""8.(y,2)2+Nuly, 2, BE) =9 — N T1B.(2, 2) 2 + Vs (7, 2, F),
with ¢4 and ¢5 flat in z. On the other hand, from (3.19), (3.22), and (3.10),
(3.24) =Nz, 2, E) +eNqs(z, 2, E) = VN qu(Z, 2) + Ve (7, 2, E),
with g¢ and ¢7 flat in z. Substituting (3.24) into (3.23), we obtain

T=e""q — 28.) + V(7,2 E),

with gs flat in z. Choosing § = [ L dz, which is flat in 2z as required, we obtain
(3.16). O

3.2. Integration. For simplicity we take zp = 1. Thus to define P/ : S§ — ST for
e > 0, we wish to integrate (2.13)—(2.15) from an initial point (z,z, E) = (¢, 1,¢)
until £ = Ej, i.e., to a final point (zq, ok Ey).

We consider (3.4)—(3.6) with N replaced by N +2, N > 1:

(3.25) T =ea(T,e) + eV T2b(z, 2, E),
(3.26) t=—2z,
(3.27) E=E.

In these coordinates, the initial and final points are given by (7o, 1,¢) and (Z1, ok Ey),
where Z; depends smoothly on (z;,¢), as shown in Proposition 3.2.
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In (3.25)-(3.27) we make the additional change of variables z = zElog z = clog 2
and F' = zElog E = clog E. In addition, we use t to denote time in (2.13)—(2.15) or
(3.25)-(3.27), we introduce the new time 7 = £, and we use prime to denote derivative

with respect to 7. We obtain

(3.28) T = a(z,e) + N Th(z, 77, eP7),
(3.29) 7 =1,
(3.30) E' =1.

We need to integrate this system from (7, z, E) = (Zo,0, Ey), with Ey = eloge, to
(z,z,F) = (%1, 21, B1), with z; = ElogEi1 and E; = elog F,. See Figure 3.1. The
time of integration is 7 = elog £} — eloge = O(eloge).

B E=¢ log E}
z=¢ log (¢/Ey) ¢ E=¢log ¢ \ €

E

M1

FIGURE 3.1. Change of Z and E along orbits of (3.28)-(3.30) as a
function of €. In the second graph it is assumed that F; < 1.

Since ¢ is constant on solutions of (3.28)—(3.30), we regard it as a parameter. From
the previous paragraph, we need only consider (3.28)—(3.30) on the region

D={(z,z2FE,c¢): slogEi <z<0, eloge < E<clogE}.

1

One can check that on D, the system (3.28)—(3.30) is of class C¥. In particu-

lar, for a given z*, any mixed partial derivative of order up to N of the function

eNFIn(z, e%/%, eP/) approaches 0 as (z, z, E,e) — (z*,0,0,0) within D. For example
aN

=\ N
Sene (@, €75, ) = eNIDb(E, 7%, ) (——) +-

_ (_1\N —~ _Zle _E/e L
= (-1) 6N_ng,b(:c,e Le7E) +
Within D the quotient EJE;—IL approaches 0 as (7, z, F,¢) — (z*,0,0,0).

The solution of (3.28)-(3.30) with initial condition (z,z, E) = (Zo,0, Ep) at 7 = 0
has Z-coordinate T = ¢(Zy, Ey, €, 7), where ¢ is CV as long as the solution remains in
D. Thus

(3.31) T = ¢(Zg, By, e,elog By — eloge) = ¢(Zo,eloge, e,elog By — cloge).
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More compactly, 7; is a CV function of (Zg,e,v) with v = eloge. Since it follows
from Proposition 3.2 that Z, is C'*° function of (z¢,¢) and z; is a C*° function of
(Z1,€), we see that z; is a C™ function of (zg,e,cloge). This proves conclusion (1)
of Proposition 2.1.

To prove conclusion (3) of Proposition 2.1, we note that if h(z, z, ) has property
F in z, then so does k = 1/h, so from Proposition 3.2, in (3.28)—(3.30) we can take
a = 0. In consequence, after an integration time of O(eloge), Z cannot have changed
more than an amount O(¢¥*2loge), so the formula for ¢ in (3.31) must be of the
form Zy + O(e¥*2loge). Hence ¢ is o(¢V*1). Therefore, when we write z; as a C
function of (Zg, e, v) with v = eloge, the Nth degree Taylor polynomial in (e, v),

T~ To+ Z akz(f0)5kvl,
1<k+I<N
has all ay, = 0. Since Zg is C* function of (zg,¢) and z; is a C* function of (Z1, ¢),
it follows that when we write z; as a OV function of (g, ¢, v), the Nth degree Taylor
polynomial in (¢,v) has no terms involving v.

4. FINITE DIFFERENTIABILITY

Suppose f and g in (1.9)—(1.10), and hence h in (2.1)-(2.2) and k in (2.13)—(2.15),
are C'". The coordinate changes of Section 3 then result in a reduction of differentia-
bility. . .

In particular, k in (3.2) is C"'. Now in (3.4) with N =1, a =0 and b = k, so for
N =1 we have a and b of class O™ 1.

In the induction proof of conclusion (1) of Proposition 3.2, suppose p and ¢ in (3.7)
are of class C*. In (3.10) the term O(e) is actually eq3(y, 2, F) where g3 is C*~2. The
functions ¢; and g are of class C®, so f and v constructed in the proof are of class
C*~!. Thus when we replace N — 1 by N in (3.7), p and ¢ will be of class C*~2.

It follows that when we produce the normal form (3.25)-(3.27), starting from f
and g of class C", a and b are of class of C772(N+1)=1 — O™=2N=3_Ip order to obtain
a flow on D of class CV as described in Section 3, a and b must be of class CV, so we
need r —2N —3> N,orr > 3N + 3.

Thus the CV function of Propositions 2.1 and 2.3 exists provided f and g are C”,
r > 3N + 3. Hence in Theorem 1.1, if f and g are C", r > 3N + 3, then conclusions
(1) and (2) hold, with p of class CV. In particular, p is C! if r > 6.

It is somewhat tedious to adapt conclusion (3) of Theorem 1.1 to the case of finitely
smooth systems, so we do not address this issue here.

5. EXAMPLE WITH LOGARITHMIC TERMS IN THE RETURN MAP

We saw in Section 3 that the logarithmic terms in Proposition 2.1 appear because
an integration requires time 7 = O(eloge). Of course one might wonder whether
or not such terms could cancel in the end. In this section we show that in Example
(1.11)—(1.12), for any fixed small o # 0, logarithmic terms really do arise in the
expansion with respect to € of the return map.
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We rewrite (1.11)—(1.12) as

dz (v + az)z?
5.1 _— =
(5.1) dx €

For a = 0, a family of solutions is given by

2e
5.2 =
(5-2) %0() 2e + x3 — 22
The solutions are parameterized by xy < 0 in such a way that zo(zg) = 1. Since
20(—zg) = 1 as well, the return map for & = 0 on the line z = 1 is simply the
mapping ro — —Zg.
For small o, we write the solution of (5.1) with z(zy) = 1 as

(5.3) 2(z) = 20(x) + az (z) + O(a?).
Substitution into (5.1) yields
d
5% = 2w2021 + 25, 21(xg) = 0.
The solution of this linear differential equation is
8e? ‘ 2 2\l
(5.4) z(z) = =5 22 — 22 /xo (26 + 25— s°) ds.

Since the return map on the line z = 1 is smooth in (zg, a, £,eloge) (see Remark 1),
we write it as a series in « as well: zy — —xg + ¢(z0,€)a + O(a?). Writing z(—z¢ +
c(zg,€)a + O(a?)) = 1 and using (5.3), we find that

20(—70) + cazy(—x0) + 21(—x0)a + O(a?) = 1.

Therefore
71 (=)
o) = )
Using (5.2) and (5.4), we obtain
2 [T 2 2y-1
(5.5) c(xg,e) = — (2e + x5 — s°) " "ds.
0

o

Proposition 5.1. Expression (5.5) is only finitely smooth w.r.t. (xg,€). More pre-
cisely, there is an analytic function q(xg,e) # 0 such that c(xg,€) — q(xo, €)eloge is
analytic in (zg,€).

Proof. In (5.5) we let € = ¢/22 and ¢ = (2¢) 'z2c, and we make the substitution
s = xgu. We obtain

1 1 A 1 A
i——2 [ (2641—ud)d :—/ L S —/ 2
/o( ) du iz —u )y Arzra

with
1

V1IF2E
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The second integral is analytic in € near € = 0. The first is

1
A — — - ~
_/0 mdu =4 (log(\/l +26—1)—log V1 +25> = Aloge + 0(é),

where the term O(€) is analytic. Therefore
c=(1+r()logé+ s(é)

where r and s are analytic. The result follows by substituting € = &/x2 and ¢ =
(2e)tade. O

Since the return map of Example (1.11)-(1.12) is given by zy — —zg + ca +
O(a?), the finite smoothness of ¢(x, €) expressed in Proposition 5.1 implies the finite
smoothness with respect to € of the return map for small «, which we intended to
show.
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