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STABILITY OF TRAVELING WAVES FOR A CLASS OF
REACTION-DIFFUSION SYSTEMS THAT ARISE IN CHEMICAL
REACTION MODELS*

ANNA GHAZARYANT, YURI LATUSHKIN!, AND STEPHEN SCHECTERS

Abstract. Stability results are proved for traveling waves in a class of reaction-diffusion systems
that arise in chemical reaction models. The class includes systems in which there is no diffusion in
some equations. A weight function that decays exponentially at one end is required to stabilize the
essential spectrum. Perturbations of the wave in H! or BUC that are small in both the weighted norm
and the unweighted norm are shown to stay small in the unweighted norm and to decay exponentially
to a shift of the traveling wave in the weighted norm. Perturbations that are in addition small in the
L' norm decay algebraically to a shift of the wave in the L> norm. A decomposition of the variables
that yields a triangular structure for the linearization at one end of the wave is exploited to prove
the results. An application to exothermic-endothermic reactions is given.
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1. Introduction. Consider a reaction-diffusion system
(1.1) Y; = DY,. + R(Y),

where Y e R", z € R, t > 0, D = diag(ds, ..., d,) with all d; > 0, and the function
R(Y') is smooth.

In applications modeled by (1.1), coherent structures of interest include traveling
waves. These are solutions Y, (¢), £ = x — ct, of (1.1), where ¢ is the velocity of
the wave. We are concerned with traveling waves that approach constant states as
& — to0:

lim Y,.(§) =Y., lim Y.(§) =Y.
§——o0 §—o0
Such traveling waves are called pulsesif Y_ = Y, and frontsif Y_ # Y. We must have
R(Y_) = R(Y;) = 0. We shall always assume that traveling waves approach both end
states at an exponential rate; i.e., there exist numbers K > 0 and w_ < 0 < w4 such
that for € <0, || Ya(€) — Y| < Ke™“=¢, and for £ > 0, || Yi(§) — Y| < Ke w+¢.

There is an extensive literature on the stability of traveling waves in reaction-
diffusion systems. We mention [15] and references therein.

Replacing the spatial variable z by the moving variable £ in (1.1), we obtain

(1.2) Y, = DYge + Yz + R(Y).
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STABILITY OF TRAVELING WAVES 2435

The traveling wave Y (€) is a stationary solution of (1.2). We shall say that the wave
Y, is stable in the space X if a small perturbation of Y, of the form Y = Y, + Y
with Y € X decays to some shift of Y. (We shall use the word “stable” to mean
what is more precisely termed asymptotically stable with asymptotic phase.) Y, is
exponentially stable if the decay is exponential in time.

Information about the stability of the wave Y, is encoded in the spectrum of the
operator obtained by linearizing (1.2) about Y.,

(1.3) Y; = DY¢ + cYe + DR(Y.)Y =: LY.

Let £ : X — X be the operator on X given by Y — LY, with its natural domain. We
shall say that the wave Y, is spectrally stable in the space X if the spectrum of L is
contained in the half-plane Re A\ < —v < 0, with the exception of a simple eigenvalue
0. (A traveling wave has an eigenvalue 0, with eigenvector Y] (), in any space that
contains Y/.) Y, is linearly exponentially stable in X if every solution of (1.3) decays
exponentially to a multiple of Y.

In [6] we studied a simple model for gasless combustion in a solid:

(14) 8tyl = 89095?41 + Z/zﬂ(yl),
(1.5) Ory2 = —By2p(y1),
with > 0 and
efﬁ if y1 >0,
1.6 =

In this system, y; is temperature, ys is concentration of unburned fuel, and p is the
unit reaction rate. The value y; = 0 represents a background temperature at which
the reaction does not take place.

There is a number ¢ > 0 for which (1.4)—(1.5) admits a traveling combustion front
(Y1, Yo2x ) (€), € = m—ct, such that (1., y2«)(—00) = (y1_,0) (y1_ > 0, the temperature
of combustion, must be determined); (y1,y2+)(c0) = (0,1) (the concentration of
fuel in the medium is normalized to 1); and (y1.,y2«)(§) approaches the end states
exponentially. If one attempts to prove stability of this traveling wave, one encounters
three difficulties.

1. The traveling wave is not spectrally stable: the essential spectrum of the lin-
earization of (1.4)—(1.5) at (Y14, y2+)(§) touches the imaginary axis. This can be cured
by working in a weighted space with weight function e®¢, a > 0 small. In such a space,
the traveling wave is spectrally stable. Such a space only includes functions that go to
zero exponentially at the right. This is actually a natural restriction: the system (1.4)—
(1.5) admits traveling waves other than (y1., y2«)(§) that have the same end states but
approach the right end state more slowly than exponentially. The wave (Y1, y2«)(§)
would not be stable in a space that allowed such waves as small perturbations of it.

2. Because the reactant is a solid, there is no diffusion in (1.5); i.e., do = 0. As a
result the linearization of (1.4)—(1.5) at (y1«, Y2+)(§) has a vertical line in its spectrum,
so it is not a sectorial operator. Hence one cannot use standard theorems to conclude
that in the weighted space, spectral stability implies linear exponential stability. In [6]
we dealt with this issue with the aid of some special properties of (1.4)—(1.5). Later,
in [5], we gave a more general result (see Theorem 1.1 below) that sometimes enables
one to pass from spectral stability to linear exponential stability in the presence of
vertical lines in the spectrum.
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2436 A. GHAZARYAN, Y. LATUSHKIN, AND S. SCHECTER

3. Unfortunately, in the weighted space, the nonlinear terms in (1.4)—(1.5) fail
to yield a locally Lipschitz mapping, so the fact that the linearization has desirable
properties is still not sufficient to prove stability of the traveling wave. Using an
approach from [4], which treats combustion fronts for the system (1.4)—(1.5) with
small diffusion added to the second equation (i.e., high Lewis number), we showed
that perturbations of the traveling wave that are small in both the weighted norm and
the unweighted norm decay exponentially to the traveling wave in the weighted norm,
and, in fact, have additional nice behavior that yields a physically natural stability
result.

It is the last paragraph that we will generalize in the present paper.

The following linear result will be key.

THEOREM 1.1. Consider a linear PDE of the form

Y; = DYge + cYe + A(E)Y =: CY;

D = diag(dy,...,dy,) with all d; > 0, A(&) is smooth, and there exist matrices AL
such that A(§) — Ay exponentially as &€ — +oo. Let & denote one of the standard
Banach spaces L*(R), L?*(R), H'(R), or BUC(R), and let Cy denote the operator on
&Y associated with C. Assume (1) sup{Re A : A € Spess(Co) < 0} and (2) {\: Re X >
0} is contained in the resolvent set of Co, except possibly for an eigenvalue 0 with
generalized null space Ny. Let Py be the Riesz spectral projection for Cy whose kernel
is equal to No. (If 0 is not an eigenvalue, then Py is the identity map.) Then there
are positive numbers K and p such that ||’ ||gn_en < Ke™HE.

If all d;’s are positive, then the operator associated with C' on each of these
spaces is sectorial, and this result is contained in [8]. If some d;’s are 0, and & is
L?(R), HY(R), or BUC(R), it is proved in [5]. However, the proof in [5] also works
for any LP(R), 1 < p < oo. The reason is that Palmer’s theorem (see, e.g., [15]),
which relates the Fredholm properties of first-order linear differential operators of
the form U — 0:U — A(§)U (&) to the spectra of the constant-coefficient operators
U — 0:U — A(£o0)U(§), is true not only in the spaces used in [5] but also in any
LP(R), 1 < p < oo; see [10].

Theorem 1.1 implies in particular that if the traveling wave Y, is spectrally stable
in any of the spaces L*(R), L%(R), H*(R), or BUC(R), then it is linearly exponentially
stable in that space.

For & equal to one of the spaces H'(R) or BUC(R), which are suited to the
study of nonlinear stability (because they are closed under multiplication), linearized
exponential stability of the traveling wave Y, implies (nonlinear) stability; again, see
[8] for the case in which all d;’s are positive and [5] for the case in which some d;’s
are 0. On the other hand, the wave is not stable in & if there is spectrum in the
half-plane Re A > 0; see [8, section 5.1], for the case in which all d;’s are positive and
[20] for the case in which some d;’s are 0.

We remark that a weaker definition of spectral stability is sometimes used: in
work on viscous conservation laws and related equations, a traveling wave is called
spectrally stable in X if the spectrum of £ is contained in {A : ReA < 0} U {0}, and
0 is a simple eigenvalue of £ [3]. If 0 is in the essential spectrum of £, the simple
eigenvalue condition means the following: the Evans function, an analytic function
defined to the right of the essential spectrum of £ whose zeros are eigenvalues of
L, can be analytically extended to a neighborhood of 0 and has a simple zero at 0.
This weaker definition of spectral stability sometimes implies linear algebraic stability,
which, in turn, sometimes implies (nonlinear) stability [25, 11, 12].
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Let & be one of the spaces H*(R) or BUC(R). Suppose that on &£F, the lin-
ear operator associated with L has essential spectrum in the half-plane Re A > 0.
(Actually, the essential spectrum of the operator on either of these spaces is equal to
its essential spectrum on L?(R)™.) As with the system (1.4)—(1.5), often one can intro-
duce a weight function that shifts the essential spectrum to the left. We shall limit our
attention to a class of weight functions of exponential type. Let a = (a_,a; ) € R
We shall say that 7, : R — R is a weight function of class o if v, is C2, 74(£) > 0
for all £, 74 (£) = e®=¢ for large negative £, and 7, (&) = e®+¢ for large positive €.

Suppose that a— < 0 and a; > 0 so that v,(§) is bounded below by a posi-
tive number. If, in the space with weight function v,(§) satisfying these conditions,
the traveling wave is spectrally stable, then it is linearly exponentially stable and
nonlinearly exponentially stable in the weighted space. The results in [8, 5] already
mentioned imply this result; the proofs make essential use of the fact that in the
weighted space the nonlinearity is locally Lipschitz [18]. If, for example, a— = 0 and
a4 > 0, such a result shows that if a perturbation of the traveling wave is bounded
as & — —oo and decays like e~+¢ as € — oo, then it decays in time, in the weighted
norm, to some shift of the wave.

Our interest in this paper is in weight functions 7,(§) with a— > 0 so that
Ya(§) = 0 as £ — —oo. This is the type of weight function that was used in [6]. Such
weight functions are also used in the study of convective instability [16]. Suppose that
perturbations of a traveling wave with velocity ¢ do not decay in the sup norm but
travel with velocity less than ¢. Then for the linearization of (1.2), if one uses a norm
with weight function 7, (§) with a— > 0, perturbations of the traveling wave may well
decay.

In one sense there is no loss of generality in considering weight functions with
a_ > 0 rather than weight functions with ay < 0. Since D and R are independent of
x, we can always replace a traveling wave with velocity ¢ by one with velocity —c, in
the process reversing Y_ and Y, .

However, in the examples with which we are familiar, for ¢ > 0, the spectrum of
the linearization of (1.2) at a zero of R moves left when one uses a weight function
e®-¢ with a_ > 0 and vice versa. Since the weight function e®-¢ will be used to
move the spectrum of the linearization of (1.2) at Y_ to the left, in these examples
we would need ¢ > 0. Thus the traveling wave is moving to the right, and Y_ is the
state behind the front. However, the hypothesis ¢ > 0 is not directly needed for any
of our results, so we have not stated it. In Appendix B we give a sufficient condition
for the spectrum of the linearization of (1.2) at a zero of R to be moved to the left
by a weight function e®-¢ with a_ > 0.

Without loss of generality we shall take Y_ to be 0.

Unfortunately, if one uses a weight function with a_ > 0, then, as we mentioned
for (1.4)—(1.5), in the weighted space, the nonlinear term typically is no longer a
locally Lipschitz mapping. Making use of such a weight function to prove some sort
of nonlinear stability of a traveling wave is therefore mathematically more difficult.
Nevertheless, by using both such a weight function and the unweighted norm, one can
sometimes obtain physically natural nonlinear stability results. This idea, which as
we noted was used in [4, 6], goes back to [14]; see [6] for additional references. In the
present paper we identify the key assumptions that make the nonlinear proofs in [4, 6]
work, and we are thereby able to generalize the results of those papers.

We shall always assume that 0 < a— < —w_ and 0 < a4 < wy; w— and w4 were
defined at the start of this introduction. The condition cy < wy ensures that Y, is in

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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the weighted space. The conditions a— < —w_ and 0 < a ensure that v, 1(£)Y.(€)
is bounded, which is required in section 8.

We remark that for a pulse, one could ensure that v, !(£)Y.(€) is bounded by
the weaker condition —wy < a4 . However, since a pulse has Y~ = YT = 0, and we
are assuming that a weight function e*-¢ with 0 < a_ is required to stabilize the
linearization at Y ~, we need 0 < o™ in order to stabilize the linearization at Y.

We assume that the traveling wave is spectrally stable in the weighted space.
Since ay > 0, this assumption is enough to prove stability at the right, where the
weight function is bounded away from 0, but it is not enough to prove stability at the
left. Because of this difficulty, we also assume a special form for the nonlinearity and
some stability in the unweighted norm at the left state 0.

In appropriate variables Y = (U, V), U € R", V € R"2  ny 4+ ny = n, we assume
that for some constant ny x n; matrix Ay, R(U,0) = (41U, 0). Then

Aq U~+ Ry U, v
R(U V)V )

(1.7) R(U,V) = (

where Rl and Rg are matrix-valued functions of size ni X no and ns X ng, respectively.
This form with A; = 0 occurs in chemical reaction and combustion problems; see [6, 4]
and section 9 for examples. In a combustion problem with n — 1 reactants, suppose the
left state of a combustion front with positive velocity has temperature y; = y;— > 0
and reactant concentrations (ys,...,yn) = (0,...,0). In order to move the left state
to the origin, let u = y1 —y1— and let (v1,...,vp—1) = (y2,...,yn). Since the reaction
rate will be 0 when the reactant concentrations are all 0, the reaction term in the
system of PDEs will take the form (1.7) with ny =1, no = n— 1, and 4; = 0. We
allow Ay # 0 in (1.7) because our proofs work for this generalization, but we do not

have an application in mind.
(D¢ 0
D= < 0 Dg) ’

We write
where each D; is a nonnegative diagonal matrix of size n; X n;.

If we linearize (1.2) at (0,0), the constant-coefficient linear equation satisfied by
V, depends only on ViV, = DoVee +cVe + RQ(O, 0)\7 = L®)V. We assume that in the
unweighted norm the operator associated with L has its spectrum in Re A < —p < 0
for some p.

In addition, we assume that when we linearize (1.2) at (0,0), the constant-
coefficient linear equation satisfied by Uy for V = 0—namely, U; = D, Ugg + cﬁg +
AU = LM TU—is such that in the unweighted norm the associated operator generates
a bounded semigroup. This is the case when A; = 0; in Appendix A we give some
other sufficient conditions for this assumption to hold.

With these assumptions we show that perturbations of the traveling wave that
are initially small in both the unweighted and weighted norms stay small in the
unweighted norm and decay exponentially in the weighted norm to some shift of
the wave. In addition, the V-component of the perturbation decays exponentially in
the unweighted norm.

Notice that in the unweighted norm the U-component of the perturbation may
travel with velocity less than ¢ without decay. Our result therefore says that in the
unweighted norm, any instability of the traveling wave is eventually concentrated in
the U-component and is convected with velocity less than c.
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We remark that in the case & = BUC(R), as £ — —o0, the allowed perturbations
of the traveling wave need only be bounded.

The assumption that the operator associated with L(Y) on the unweighted space
generates a bounded semigroup implies that its spectrum is contained in the half-
plane Re A < 0 but does not imply that its spectrum is contained in some half-plane
Rel < —v <0.

Suppose the linear equation U; = LWU is parabolic; i.e., the corresponding d;’s
are all positive. If A; = 0, then on the space (£ N L'(R))", the semigroup S™M)(¢)
generated by the operator associated with L(1) satisfies an algebraic decay estimate
of the following type; see [9]. Let

(1.8) h(t) = min (1,¢72), ¢>0.
Then there exists a constant K > 0 such that if U° € (£ N L'(R))™, then
(1.9) U@l = SV ()0 = < Kh(t) max (HUOHLm, HﬁOHLl) '

Moreover, by Theorem 1.1, the hypotheses already given imply that on the space
L*(R)™2, the semigroup S®)(t) generated by the operator associated with L(?) decays
exponentially.

Under the additional assumption, which is automatically satisfied when A; = 0,
that on the space (£ N L'(R))™, the semigroup S()(t) generated by the operator
associated with L(!) satisfies the estimate (1.9), we show that for small perturbations
of the traveling wave in (£, N L'(R))™, the L norm of the U-component of the
perturbation decays like h(t) to the U-component of a shift of the traveling wave.

Our results have a natural interpretation in the case of combustion problems.
Behind a combustion front moving to the right, temperature is high and there are no
remaining reactants. If one makes a perturbation behind the front by adding reactants
(the v-variables), they immediately burn because of the high temperature. On the
other hand, if one makes a perturbation behind the front by adding heat (the u-
variable), it simply diffuses. In a coordinate system moving at the velocity of the
front, the perturbation is also convected to the left. In a weighted space with weight
function that decays at the left, the perturbation will decay. In the unweighted space,
it will remain bounded. If the perturbation is in L', then its L>° norm will decay
algebraically.

After giving some definitions in section 2, we list our assumptions and precisely
state our results in section 3. In section 4 we convert (1.2) into a form more suitable
for study. Our main nonlinear stability result is proved in section 5, and results that
use the L' norm are proved in section 6. Estimates needed for the proofs are deferred
to sections 7 and 8.

In section 9 we study a generalization from [22, 23, 24] of the model for gasless
combustion with diffusive reactant that was studied in [4]. In [22, 23, 24] Simon
et al. consider a model in which two chemical reactions occur at rates determined by
temperature. One reaction is exothermic (produces heat); the other is endothermic
(absorbs heat). Both reactants and heat can diffuse. In some parameter regimes the
authors show numerically that traveling waves exist, that the zero eigenvalue of the
linearization is simple, and that there are no other eigenvalues in the right half-plane.
We show that these results together with our theorem imply the sort of nonlinear
stability of the combustion front described above.

Our point in discussing the work of Simon et al. is not to “make it rigorous.”
Instead, our point is that a numerical study of the Evans function of the type done by
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Simon et al., which takes considerable effort, can in some problems be coupled with
rather routine checks of the remaining hypotheses of our theorems to produce quite
detailed knowledge of the kind of nonlinear stability that the traveling wave enjoys.

2. Spaces and operators. Given U C R!, let C°(U) denote the space of
bounded C° functions m : U — R with the sup norm, which we denote || - | L.
More generally, let C*(U) denote the space of C* functions m : U — R such that m,
Dm, ..., D*m are all bounded continuous functions, with the following C* norm:

Imller = Imlre + [Dmllze + -+ [|D*m| .

Let BUC(R) denote the closed subspace of C°(R) consisting of uniformly continu-
ous functions. For k > 1, let BUC*(R) denote the closed subspace of C*(R) consisting
of functions m such that m®) € BUC(R).

Let & denote one of the standard Banach spaces L'(R), L?(R), H'(R), or
BUC(R). We denote the norm in & by || ||o. Recall the weight functions v, () defined
in the introduction. For a fixed weight function v, of type «, let £, = {u : 7o (§)u (&) €
Eo}, with norm ||ulle = ||vatlo-

If B is a system of n differential expressions in « or £, we shall denote by By :
EY — &Y and B, : E} — £ the linear operators given by the formula Y — BY', with
their natural domains.

For example, consider the system of n differential expressions L given by (1.3). For
& = L%*(R), the domain of Ly is the set of (y1,...,y,) in & such that y; € H*(R)
if d; > 0 and y; € H'(R) if d; = 0. For a € R?, the domain of L, is the set of
(Y1, yn) in £ such that 74 (€)yi(§) € H*(R) if d; > 0 and 1a(§)yi(€) € H'(R)
if d; = 0. If & = H'(R), then H?(R) and H'(R) should be replaced by H3(R) and
H?(R), respectively. If & = BUC(R), then H*(R) and H'(R) should be replaced
by BUC?(R) and BUC'(R), respectively. If & = L!(R), then H*(R) = W(R)
and H! = WZ(R) should be replaced by the Sobolev spaces Wi(R) and W (R),
respectively.

Let X be a Banach space, and let B : X — & be a closed, densely defined linear
operator. Its resolvent set p(B) is the set of A € C such that B — A\I has a bounded
inverse. The complement of p(B) is the spectrum Sp(B). It is the union of the discrete
spectrum Spy(B), which is the set of isolated points in Sp(B) that are eigenvalues of B
of finite algebraic multiplicity, and the essential spectrum Sp.(B), which is the rest.

3. Assumptions and results.

3.1. The traveling wave and the linearized operator. We consider the
system (1.1).

Hypothesis 3.1. The function R is C3.

Hypothesis 3.2. The system (1.1) has a traveling wave solution Y. (£), £ = x — ct,
for which there exist numbers K > 0 and w_ < 0 < wg such that for & < 0,
V() < Ke ==, and for € > 0, [|Va(€) — Yy | < Ke €.

In other words, Yi(¢) — 0 exponentially as £ — —oo and Y, (§) — Y, exponen-
tially as & — oo.

Hypotheses 3.1 and 3.2 imply the following.

LEMMA 3.3. There exists K > 0 such that the following is true. For £ < 0,
HY*(k)({)H < Ke “-¢ fork =1,2,3, and for £ > 0, HY*(k)({)H < Ke ™+ for k =
1, 2, 3.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



STABILITY OF TRAVELING WAVES 2441

Let L~ and L™ denote the constant-coefficient linear differential expressions ob-
tained by linearizing the right-hand side of (1.2) at 0 and Y., respectively:

(3.1) LY = DY + Y + DR(0)Y, LY = DY +cVe + DR(Y')Y.

To find Sp(Ly) (respectively, Sp(Lg)) on & for & = L2(R), one uses the
Fourier transform. The operator £ (respectively, £§) on L2(R)" is similar to
the operator of multiplication on L?(R)" by the matrix-valued function M~ (6) =
—62D + ifcl + DR(0) (respectively, M*(0) = —62D + ifcl + DR(Yy)). The spec-
trum of Ly (respectively, £§) on & for & = L%*(R) is the closure of the union
over § € R of the spectra of the matrices M ~(0) (respectively, M+ (0)). Hence
the spectrum of L (respectively, £J) is equal to the set of A € C for which
there exists # € R such that det(—62D + (ic — A\)I + DR(0)) = 0 (respectively,
det(—02D + (ilc — A\)I + DR(Yy)) = 0). It is a collection of curves of the form
A= A, (0) (respectively, A = A} (6)), where A, (6) (respectively, A\ (0)) are the eigen-
values of the matrices M ~(6) (respectively, M (6)).

Actually, this calculation yields the spectrum of £, (respectively, £§) on £F for
&o equal to any of LY(R), L*(R), H'(R), or BUC(R); see Lemma 2 in [8, Chapter 5,
Appendix] and the proof of Lemma 3.11(1) below. It also yields important information
about Spess(Lo) for & equal to any of these spaces. We summarize as follows.

LEMMA 3.4.

(1) The linear differential operators associated with L™ (respectively, L™ ) on EJ'
for & equal to any of L*(R), L*(R), H*(R), or BUC(R) have the same
spectra.

(2) If & is any of L*(R), L*(R), HY(R), or BUC(R), on £} the right-hand
boundary of Spess(Lo) is exactly the right-hand boundary of the set Sp(Ly ) U
Sp(Ly). Therefore the right-hand boundary of Spess(Lo) is the same for &
equal to any of L*(R), L*(R), HY(R), or BUC(R).

We will also need Spess(Lq), which is most conveniently found as follows. The
linear map M : £} — £F defined by MY =~,Y is an isomorphism. The linear map
Lo =ML, M on &y is therefore similar to £, and hence has the same spectrum.
Lo is given by the differential expression

(3.2) LW = ~o Ly 'W.

Setting & = 00 in (3.2) yields constant-coefficient linear differential expressions L*
given by

LEW = DWee + (¢ — 204 )We + (@2 D — caxl + DR(0))W,

with corresponding linear maps L% on & . Via the Fourier transform, the operator lja
(respectively, £§) on L?(R)™ is similar to the operator of multiplication on L?(R)™
by the matrix-valued function N~ (0) = —6%D +if(c—2a_)I +a? D — ca_I + DR(0)
(respectively, NT(0) = —6?D + i0(c — 2a; )] + o3 D — cay I + DR(Y,)). Hence the
essential spectrum of £Z on L2(R)" equals that of multiplication by N* on L2(R)".
We, of course, have the following analogue of Lemma 3.4.
LEMMA 3.5.
(1) The linear differential operators associated with L~ (respectively, L™ ) on E
for & equal to any of L'(R), L*(R), H'(R), or BUC(R) have the same
spectra.
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(2) If &y is any of LY(R), L?*(R), HY(R), or BUC(R), on £} the right-hand bound-
ary of Sposs(ﬁo) = Spess(La) is exactly the right-hand boundary of the set
Sp(L5 )USP(LY). Therefore the right-hand boundary of Spess(Lo) = Spess(La)
is the same for & equal to any of L*(R), L*(R), H'(R), or BUC(R).

We are now ready to state the following.

Hypothesis 3.6. There exists a = (a_, oy ) € R? such that the following are true.

1) 0<a- < —w-_.

(2) 0 S a4 < Wy .

(3) For the differential expression L given by (1.3) and & = L*(R),

(a) sup{ReX : X € Spess(La)} <0,
(b) the only element of Sp(L,) in {\: Re A > 0} is a simple eigenvalue 0.
Hypothesis 3.2, Lemma 3.3, and Hypothesis 3.6(1) and (2) imply the following.
LEMMA 3.7.
(1) 75!V, € CHR)™.
(2) As & — +oo, ’ya(ﬁ)Y*(k) (&) and ’y;l(ﬁ)Y*(k) (&) approach 0 exponentially for
k=1,2 3.

LEMMA 3.8.

(1) Statements (3a) and (3b) of Hypothesis 3.6 are also true for & = L'(R),
HY(R), and BUC(R).

(2) For & = L'(R), L*(R), HY(R), or BUC(R), the kernel of L, in E? is
spanned by Y.

Proof. Lemma 3.5(2) implies that statement (3a) of Hypothesis 3.6 is also true
for & = L'(R), H'(R), and BUC(R).

We will now show that statement (3b) of Hypothesis 3.6 is also true for & =
LY(R), H'(R), and BUC(R), and at the same time we will show the second statement
of the lemma. The eigenvalue equation AY = LY can be written as a first-order linear
system of the form

(3.3) Ze = (B(&) +XC)Z,

with Z € R"™™0; ng is the number of d;’s in (1.1) that are positive. Statement
(3a) of Hypothesis 3.6 and Palmer’s theorem (see, e.g., [15] for n = no and [5]
for n > ng) imply that there is a number k such that for each A with Re A > 0,
there is a k-dimensional space of solutions E_(\) of (3.3) such that if Z € E_(\),
then e®-$Z(¢) — 0 exponentially as ¢ — —oo; if Z ¢ E_()) is any other solu-
tion of (3.3), then e*-$Z(¢) grows exponentially as & — —oo. Similarly, there is an
(n — k)-dimensional space of solutions E4 () of (3.3) such that if Z € E(X), then
e+ Z(€) — 0 exponentially as & — oo; if Z ¢ E,()) is any other solution of (3.3),
then e*+¢Z (&) grows exponentially as ¢ — —oo. For & equal to any of L!(R), L?(R),
HY(R), or BUC(R), Z(£) is a solution of (3.3) that corresponds to an eigenfunction
of L, if and only if Z is a nonzero element of E_(A\)NE (). The result follows. O

3.2. Product structure. Let Y = (U, V), U € R", V € R" and n; +ny = n.
We write

_ Rl (U7 V) LN ng n; .
R(Y)_(Rz(av)), R, :R™ xR™ — R™, j=1, 2,

D

Dl 0 _ . 7 7 . _ .
( 0 D2>, Dl—dlag(dk), deO, Z—1,2, k—1,2, ceey NG
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Equation (1.1) now reads

(34) Ut - Dlez+Rl(U7 V)a
(3.5) Vi = DaViy + Ro(U, V).

Equation (1.2) reads

(3.6) U, = DyUge + cUs + Ry (U, V),
(3.7) Vi = DoVie + Ve + Ro(U, V).

We write Y. (€) = (Ui(€),Vi(€)) and Y4 = (U4, V4).
Hypothesis 3.2 implies that R(0,0) = 0. We assume in addition the following.
Hypothesis 3.9. There is an ny X n; matrix A; such that R(U,0) = (4,U,0).
As mentioned in the introduction, Hypothesis 3.9 implies that R has the form
(1.7). Hypothesis 3.9 is required to prove a key estimate, Lemma 8.3.
Let

(3.8) LW = D19ge + cde + DyR1(0,0) = D1dee + cde + Ay,
L® = Dgagg + Cag + Dng(O, 0).

For i = 1,2, L™ is a constant-coefficient linear differential expression on R™. By
Hypothesis 3.9,

_ (L™ DyR.(0,0)

For future reference, we note that from (1.3) and (3.1),
(3.11) LY = L7Y + (DR(Y.) — DR(0))Y,

and then from (3.10),

(3.12) L (g) _ <L(()1’ Dv%()&O)) <g) + (DR(Y.) — DR(0)) (g) .

Our next hypothesis gives a degree of stability in the unweighted norm at the
state (0,0) at one end of the traveling wave.

Hypothesis 3.10.

(1) For & = L%(R) or BUC(R), the operator /381) on &;' generates a bounded

semigroup.

(2) For & = L*(R), the operator E((JQ) on &£)? satisfies sup{ReX : X\ €

Sp(L§?)} < o.

If the matrix A; is dissipative (that is, if Re(A1U,U)cn < 0), then the operator
Eél) is dissipative on L?(R)™ and thus generates a contraction semigroup. In partic-
ular, if A; = 0, then Hypothesis 3.10(1) holds. In Appendix A we give another easily
checked sufficient condition for Hypothesis 3.10(1) to hold in the case & = L?*(R).
Also, in Appendix A we give more sophisticated sufficient conditions for Hypothe-
sis 3.10(1) to hold in the cases & = L*(R), L?(R), or BUC(R); they are based on
general abstract conditions under which Cy-semigroups are bounded [7, 21].

Hypothesis 3.10 implies the following.
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LEmMmA 3.11.

(1) For & = H(R), it is again true that E(()l) generates a bounded semigroup.

(2) For & = L'(R), H'(R), or BUC(R), it again true that sup{ReX : X\ €

Sp(£)} <.
(3) For & = LY(R), L*(R), HY(R), or BUC(R), the following are true:
(a) sup{ReA: A € Sp(£{")} < 0.
(b) sup{ReA: X € Sp(Ly)} <O0.
(c) Choose p > 0 such that sup{Re) : X € Sp(ﬁ((f))} < —p. Then there
exists K > 0 such that for t > 0, ||et£52) llenz g2 < Ke "

Proof. Statement (1) follows from Hypothesis 3.10(1) for & = L*(R). Indeed, we
recall that the Fourier transform is an isomorphism of H!(R) onto L2 (R), where the
weight function is m(#) = (1 + |0])'/2, 6 € R. The operator of multiplication by the
function m(0) is an isomorphism of L2, (R) onto L?(R). Under the Fourier transform
followed by this isomorphism, the operator of differentiation on H!(R) is similar to
the operator of multiplication by i@ on L?(R). The latter is in turn similar via the
Fourier transform to the operator of differentiation on L?(R). It follows that operators
on HY(R)™ and L?(R)™ associated with the same constant-coefficient differential
expression are similar. Therefore the semigroups they generate are similar, so (1) is
proved.

Statement (2) follows from Hypothesis 3.10(2) and the analogue of Lemma 3.4(1)
for LW and L(?). Statement (3a) follows from Hypothesis 3.10(1). Statement (3b)
follows from the analogous facts for E((Jl) and E((JQ), and (3c) follows from Theorem
1.1. O

3.3. Nonlinear stability. Let
(313) 6 = (mln(oa Oé_), HlELX(O, OZ+)) = (Oa Oé+)-

Let v be a fixed weight function of class 5 chosen so that for all £, max(1,7,(§)) <
V()

For & = L'(R), L*(R), H'(R), or BUC(R), let &5 = {u : y3(&u(§) € &},
with norm |Jullg = ||vsullo. We shall frequently use the facts in the following lemma
without explicit mention.

LEMMA 3.12.

(1) As vector spaces, Eg = Eg N E,.

(2) On &g =& NEy, the norms ||ullg and ||u|| = max(||ullo, |u|l«) are equivalent.

(3) € — & and Eg — &y; that is, if u € Eg, then

(3.14) [ullo < llulls  and [lulla < ulls-

Since 0 is isolated in the spectrum of £, by Hypothesis 3.6(3) and Lemma 3.8,
we can define the Riesz spectral projection PS of £ onto the one-dimensional space
N(L,). PS commutes with e*“e for all ¢ > 0. Since £, is the Fredholm of index zero [5]
and 0 is a simple eigenvalue of L, 7 = R(L,) ® N(Ly), and N(PS) = R(Ly). Since
R(PS) = N(L,,) is spanned by Y/, we write PSY = 7o (Y)Y,, where m,, : EZ — R is a
bounded linear functional such that m,(Y/) = 1.

Let P = I — PS. Pg is projection onto R(L, ), with kernel N(L,). It also com-
mutes with e« for all ¢ > 0.

From Theorem 1.1 we have the following.

LEMMA 3.13. Let & = L' (R), L3(R), HY(R), or BUC(R). Choose v, 0 < v < p,
such that sup{Re X : A € Sp(Ly) and A # 0} < —v. Then there exists K > 0 such
that for t > 0, ||etfePal|gnen < Ke ¥t
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Lemmas 3.3 and 3.7(2) imply that Y € 5. Therefore if Y € &y C &, then
PY € &5, and therefore PY =Y —PY € &5. Hence we can define P§ and Pj
to be operators from £F to itself given by restricting Py, and P, respectively, to £f.
Since g — &q, the one-dimensional operator P is a bounded operator on &g, so
P5 =1 —Pg is also bounded. It is easy to see that Pj and Pj are projections and
that the range of one is the kernel of the other. It follows that R(Pj) is a closed
subspace of £y, and €5 = R(P3) ® R(P§). In particular, R(P3) = R(La) N E5.

Given Y° € Y. + &f, let Y (t) = Y (t,Y°) be the solution of (1.2) in Y + & with
Y (0) = Y°, which we shall show exists. We shall show that there is a neighborhood
UofY,inY, + Eg such that if YO € U, we can write

(3.15) VO =Y° 4V, (¢—¢") with (Y°,¢°) € R(P)) x R.
Similarly, if Y'(¢) € U, we can write
(3.16) Y (t) = Y(t) + Yi(€ — q(t) with (Y(t),q(t)) € R(P§) x R.

The following theorem gathers most of our nonlinear stability results. Let ?(t) =

(0(t), V (1)),

THEOREM 3.14. Assume that Hypotheses 3.1, 3.2, 3.6, 3.9, and 3.10 hold. Choose
v >0 as in Lemma 3.13. Let & = H'(R) or BUC(R). Then there is a constant C > 0
such that for each small § > 0, there exists n > 0 such that the following is true. Let
Y0 e, + &5 with YO — Yi|ls <7, and let (Y°,¢°) be given by (3.15). Let Y (t) be
the solution of (1.2) in Yy + &5 with Y/(0) = YO. Then for all t > 0,

(1) Y(¢) is defined;

there exists q¢* such that |q(t) — ¢*| < Ce "H|YO|q;
IU®o < CIY°ll;

(7) IV(®)llo < Ce [ Y°|5. N

Note that (4) and (5) imply easily that for a larger constant C, [[Y'(t) — Yi(§ —
7)o < Ce™ Yo

(2)

3) Y g

@) 1Y @)la < Ce™ YOl
()

(6)

3.4. Algebraic decay. Recall from (1.8) the function h(t) = min(1,¢~2). For
& = L*(R), H'(R), or BUC(R), we consider the Banach space & N L'(R) with the
norm

[ulleonrr @) = max{|[ulls,, [ullLr @) }-

Hypothesis 3.15.
(1) The operator associated with L™ on L'(R)™ generates a bounded semi-
group.
(2) For & = H'(R) or BUC(R), the operator associated with L) on (& N
LY(R))™ generates a semigroup S (¢) that satisfies an estimate of the form
(1.9).
We note that if d; > 0 for ¢ = 1,...,n — 1 and A; = 0, then Hypothesis 3.15
holds.
THEOREM 3.16. Assume that Hypotheses 3.1, 3.2, 3.6, 3.9, 3.10, and 3.15 hold.
Let & = H'(R) or BUC(R). Let Y° € Y. + (€5 N LY*(R))™ with ||Y° — Yi||g and
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YO — Y| sufficiently small, and let (YO, q°) be given by (3.15). Let Y (t) be the
solution of (1.2) in Y. + £} with Y(0) = Y°. Then for all t > 0, all conclusions of
Theorem 3.14 hold, and in addition,

(1) Y(t) € (Es N LY (R))";

(2) [U@)][er < Cmax(||U°]| 21, |Y°lla);

(3) 10 < Ch(t) max(|T] 1, [Y°);

4) IVl < Cem max([VO[|r1, [Y°]a)-

4. System to be studied. Let & = H'(R) or BUC(R). We seek a solution to
(3.6)—(3.7) in the form Y (&,t) = Y (€ — q(t)) + Y (&, ¢); ie.,

D (Vi) = (o) + (ven):
with Y'(¢,t) in €} for each ¢. Let
Yo=Yl —q) = (U= q), Vi€ — ) = (Ug, Vo)
With this notation, Y satisfies
(4.2) Y = DYge + ¢¥e + R(Yy +Y) = R(Yy) + Y/ (€ — a(t))d (t).

Note that

R(Y +Y)—R(Y) - DR(Y)Y = (/1 DR(Y +1tY) — DR(Y) dt) Y.
0
We define
(4.3) N(Y,Y) = / 1 DR(Y +tY) — DR(Y) dt,
0

as an n x n matrix-valued function of (Y,Y). Using (4.3), we rewrite (4.2) as

Y; = DY + cYe + DR(Y,)Y + (DR(Y,) — DR(Y,))Y
+ N(Yy, Y)Y + Y/ (€ —q(t)d (t)
(4.4) = LY + (DR(Y,) — DR(Y,))Y + N(Y,, Y)Y + Y.(€ — q(t))d (t).

Let us assume that ¥'(£,t) is in R(Lq) NEY for every t. Applying P3 and P to
(4.4) we obtain

(45) Vi =LY +Pi((DR(Y,) = DR(Y.))Y + N(Yy, V)Y + Y/(€ — q(t))d (1)),
(4.6) —q ()PSY!(€ — q(t)) = PL((DR(Yy) — DR(Y.))Y + N(Y,, Y)Y).
From (4.6) we obtain

A7) = (7Y€ = q(t) = ma((DR(Y,) — DR(Y.))Y + N(Y,, Y)Y)
LEMMA 4.1. There is a number 6; > 0 such that if |q| < 61, then

3
< |7TaY*I(€_LI)| < 5

DN | =
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Proof. By Lemma 3.7(2), 74(§)Y) (§) — 0 exponentially as £ — too. Therefore
the mapping ¢ — Y/ (€ — ¢q) is continuous (in fact, differentiable) from R to &,, and
o (Y, (€)) = 1. The lemma follows. O

Assuming |q| < 61, we introduce the notation
(4.8) G(Y,q) = (DR(Yy) = DR(Y.))Y + N(Y, Y)Y,

(Y, q) = —(aY!(€ — @) 'maG (Y, q).

We have

(4.10) < |(maYI(€—g) ' < 2.

[V )

Since x(Y, ) has been chosen to make
(4.11) Pe(G(YV,q) + k(Y q)Y!(E — ) =0,
we may rewrite (4.5)-(4.6) as the following system on (R(La) N Ef) x R:

(4.12) oY =LY +G(Y,q) + k(Y, QY. (¢ — q),
(4.13) g=r(Y,q).

We recall from section 3 that R(P3) = R(La) N E5.

5. Proof of nonlinear stability. We continue to let & = H*(R) or BUC(R).

5.1. Existence of solutions and a priori bound for ||Y (t)||s + |q(t)|. We
shall study solutions of the system (4.12)-(4.13) on R(P3) x R.

The operator (Lg,0) generates a strongly continuous semigroup on £ x R. The
nonlinearity is locally Lipschitz by Proposition 7.7, which will be proved in the follow-
ing section. Therefore given initial data (Y, ¢%) € &5 xR, the system (4.12)(4.13) has
a unique mild solution (Y, ¢)(t, Y?,¢°) with (Y, )(0,Y?,¢°) = (Y°,¢°). The solution
is defined for ¢ in the maximal interval 0 < t < tumax(Y?, ¢°), where 0 < tyax (Y0, ¢%) <
oo; see, e.g., [13, Theorem 6.1.4]. The set {(t,Y?,¢°) € Ry x EyxR:0<t <
tmax (Y0, ¢°)} is open in R x &5 xR, and the map (t, Y9, ¢%) = (YV,q)(t,Y?,¢%) from
this set to &5 x R is continuous; see, e.g., [19, Theorem 46.4].

Moreover, if (Y,q) € &F x R, then we recall from (4.11) in section 4 that the
right-hand side of (4.12) belongs to R(Pj), and P§ commutes with £z and e'“#. We
may therefore consider (4.12)-(4.13) on R(P3) x R. We conclude the following.

PROPOSITION 5.1. For each § > 0, if 0 < v < §, then there exists T, with
0 < T < oo, such that the following is true: if (Y°,q%) € R(P3) x R satisfies

(5.1) 1Y, ") legxr = 1Y ls +1a° <
and 0 <t < T, then (Y,q)(t,Y9,¢°) € R(P3) x R is defined and satisfies

(5.2) IV (£, Y°,¢")ls + la(t, Y°,¢")| < 6.

Let Tinax (9, v) denote the supremum of all T’ such that (5.2) holds for all0 <t < T
whenever (5.1) is satisfied.
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5.2. Decay of ||Y (t)||«. Let 61 < 1 be chosen as in Lemma 4.1.

PROPOSITION 5.2. Let v > 0 satisfy the hypothesis of Lemma 3.13. Then there
exist 02 in (0,61), C > 0, and Ko > 0 such that for every § € (0,02) and every
with 0 < v < &, the following is true. Let (Y°,q°) € R(P3) x R satisfy (5.1) so that

(Y, q)(t,Y?,q°) satisfies (5.2) for 0 <t < Timax(d,7). Then
(5:3) IV (t)lla < Kae ™ [Y 0 and [q(t) = ¢°| < CIY°||a for 0 <t < Tinax(8,7).
Moreover, if Tiax(0,7) = oo, then there is ¢* € R such that
(5.4) lg(t) — ¢*| < Ce ™ Y|V o for all t > 0.
Proof. Since Y (t) is a mild solution of (4.12) in &4, it satisfies the integral equation

(5:5) V(1) = €74 [ 090 (GO ().0(s)) + (7 (5 a(a)) V(€ = a(s) ) .

Since YO € &f by assumption and G(Y (s),q(s)) + k(Y (s),q(s))Y. (€ — q(s)) is in &y,
we have e/£8Y? = ¢t£a Y0 and
I8 (G(V (s), as) + (Y (5), a(s) Y/ (€ — a(5)))
= =9 (G(V(s), g(s)) + £(V (), ()Y (€ — a(5))).
Therefore (5.5) holds with L replaced by L. In addition, Y° € R(P?), and we recall
from section 4 (see (4.11)) that G(Y (s),q(s)) + &(Y (s), q(s)) Y. (€ — q(s)) is in R(P3).

Therefore (5.5) holds with Lg replaced by L,P5.
Choose k > 1 such that

sup{Re A : A € Sp(L,) and A # 0} < —0 := —kv.

By Lemma 3.13 there exists K, > 0 such that [|e'oF«| < K,e=”!. From Proposi-
tion 7.7(1), for ||Y (s)||g + |q(s)| < 0, with & given by the a priori bound (5.2), there
exists a constant C7 such that

IV (8)la < Kae V"]l
+ [ K9y (7)o + lao)]) (14 1Y = a(6) [1)]¥ 3) o .

Using the a priori bound (5.2) again, along with (3.14), one finds a constant Cs so
that

t
(5.6) Y ()la < KaeimHYOHa + 025/ eiﬁ(tis)HY(S)Ha ds.
0

Choosing d2 < min(d1, (k — 1)&) and using Gronwall’s inequality for the function
e"H|Y (t)||a (see, e.g., [8, Section 1.2.1]), we arrive at the first estimate in (5.3).
From Proposition 7.7(2), the a priori bound (5.2), and the first estimate in (5.3),

we have
4(6)] = 1(F (), a(t)] < C1 (la®)] + 1T Olo) 1T (O)la < C1oKae™ 7]
(5.7) = Ce Y,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



STABILITY OF TRAVELING WAVES 2449

where C' = C10K,,. Using (5.7) and

(5.8) q(t) = ¢° +/0 q(s)ds, 0<t< Tmax(6,7),

we obtain the second estimate in (5.3):

t t
. 5 . C s
69l =d'1< [ li)lds <Ol [ eas < ST

Finally, if Tiax(0,7) = oo, then (5.7) implies that in (5.8), lim;— o g(t) = ¢*
exists. From (5.8) and (5.7) we have

* o . O —v 7
a0 < [l ds < ST, O
t

5.3. Bounds for ||Y ()||o-

PROPOSITION 5.3. Let p > 0 satisfy the hypothesis of Lemma 3.11. Choose v < p
such that v satisfies the hypothesis of Proposition 5.2. Let do be given by Proposi-
tion 5.2. Then there exist ds in (0,02) and C' > 0 such that for every 6 € (0,d3)
and every v with 0 < v < &, the following is true: let (Y°,¢°) € R(PE) x R satisfy
(5.1). Then (Y,q)(t,Y°,q°) satisfies (5.2) for 0 < t < Tmax(8,7), and the following
estimates for Y (t) = (U(t), V() hold for 0 <t < Tmax(6,7)):

(5.10) 1T @)]lo < ClIYOIg,
(5.11) IV(#)llo < ClIY°[|ge™*".
Proof. Using (3.12), we rewrite (4.12) as
(5.12) Uy = LOU 4+ Dy R1(0,0)V + Hy(£,U,V, q),
(5.13) Vi = LAV + Hy(€,U0,V ,q),
with
Hi(§,U,V,q) = (DR1(Y:) = DR1(0)Y + G1(Y,q) + (Y, q)UL(E — ()
(5.14) = (DR:(Y.) = DR1(0))Y + (DR1(Yy) = DR (Y. )Y + N (Y, Y)Y
+r(Y, )UL(E — q(t)),
Ha(€,U,V,q) = (DRa(Y.) = DR2(0)Y + Go(Y, 0) + 6(Y, V(€ —a(®)
(5.15) = (DRy(Y,) — DR3(0))Y + (DRa(Y,) — DRo(Y,))Y + No(Y,, Y)Y
+r(Y, V(€ —q(t)).

We consider the following nonautonomous linear system related to (5.12)—(5.13):

(5.17) Vi = LV + Ha(&,U (1), V (1), q(t)),
where (U,V,q)(t) = (U,V,q)(t,U°,V°, ¢°). Since (U,V,q)(t) is a fixed solution of

(4.12)-(4.13) in £5 xR, we can regard (5.16)—(5.17) as a nonautonomous linear system

on &'. The solution with the value (U°, V) at ¢ = 0 is, of course, (U, V)(t,U°, V) =
U, V)(®).
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Let (Y, ¢) lie in a bounded neighborhood A of (0, 0) in &j xR. Lemma 8.2, which
will be proved in section 8, implies that in (5.14) and (5.15), || ||o of the first two terms
on the right is bounded by a constant times ||Y],. Proposition 7.7(2) implies that
in each expression, || ||op of the last term on the right is bounded by a constant times
[Vl Finally, Lemma 8.3 implies that in each expression, || ||o of the third term on
the right is bounded by a constant times ||Y||o||V|lo. Hence for each A, there exists a
constant C7 > 0 such that for ()7, q) EN,

(618  HED.T. )l <G (ITIlVlo + 1) . i=1.2
The solution of (5.17) in &F is
t
519) V0=V = [ iy 06,V () a06) s
0

Choose k& > 1 such that
sup{ReX: X\ € Sp(ﬁ((f))} < —p=—kp.

By Lemma 3.11 there exists K2 > 0 such that ||etﬁf)2) lerz_gne < Koe Pt Using (5.18)
we obtain the estimate

(5.20)
t
17Ol < Kae 7o+ [ Kae s (17l Vo + 17(5) ) ds.
0

Let 0 < v < 6 < &y, and let (Y0, ¢°) € R(P3) x R satisfy (5.1) so that (Y,q)(t,Y°,q°)
satisfies (5.2) for 0 < ¢ < Tinax(d,7). Since v < p < p, (5.20) and Proposition 5.2 yield

t
7Ol < Kae [P0+ [ Kae 065 (57 ()]0 + Ko 7)) ds
0

< Koe P Vo +

KyCi K, - t _ s
7201V e*vt||yo||a+/ Koe P08V (s)lo ds
0

t
< O 7| + / KoCy3e=P )|V (s)|o ds.
0

Using Gronwall’s inequality for the function e”||V(t)|o, we obtain, for 0 < t <
Tmax((Sv 7)5

IV(#$)llo < CIY°||geF=Cro=Pt,

For 83 < min(dy, £=12), we have (5.11).

Kch
The solution of (5.16) in &7 is
(5.21)
1 ~ t 1 ~ ~ ~
U(t) = U(t) = 500+ / £ (Dy Ry(0,0)V(s) + H(€, O(s), ¥ (s).a(s)) ds.
0

Using Hypothesis 3.10(1), (5.18), (5.11), and Proposition 5.2, we obtain the estimate
t
Tl < KT+ [ 512 (176l + IV GlolV (o + V(5] ds

t
<KV + [ KaCo (O +8)e [T + Ko™ 7°)]5) ds,
0

which implies (5.10). O
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5.4. Completion of proof of nonlinear stability. Define a mapping F from
R(P3) x R to the affine space Y. + £ by

FY,q)=Y =Y.((—q)+ Y =Yi(&) + (Ya(€ — q) — Y2 () + Y (&).

Consider

1
(5.22) Yi(6 — ) — Yi(6) = —q /0 Y/(€ — tq)dt

and
(5.23) 7a(€)(Yal€ — @) — V() = —qru(6) / Y/(€ — tq)dt

1 1

o [ 22 e Ve~ )it = —a [ altonale )Y~ ta)
0 Yol —1q) 0

By Lemmas 3.3 and 3.7, both (5.22) and (5.23) approach 0 exponentially as & — Fo0.

Therefore Y. (§ — q) — Yi(§) is in £F as desired.

LEMMA 5.4. DF(0,0) is an isomorphism, so F maps a neighborhood V of (0,0)
in R(P3) x R diffeomorphically onto a neighborhood U of Y in Y, + &f.

Proof. The mapping q — Y, (& — q) — Y. (&) is C! as a map from R to &y, s0 Fis
C'. R(P$) is a codimension-one subspace of £, and %—f;(o, 0) = =Y/(¢) is not in it.
Therefore DF(0,0) is an isomorphism. The rest of the result is a consequence of the
inverse function theorem. o

Assume that V is chosen small enough so that 7 and F~! are Lipschitz. Let Q
denote the Lipschitz constant of F~1.

We are now ready to prove Theorem 3.14.

Proof of Theorem 3.14. Let v > 0 satisfy the hypothesis of Theorem 3.14, and let
p > v satisfy the hypothesis of Proposition 5.3. Let d2 be given by Proposition 5.2,
and let d3 be given by Proposition 5.3.

Choose 0y, 0 < &y < 3, such that (1) if ||[Y|| 5 +|g| < 8y, then (Y, q) € V, and (2)
nu = Q1'dy is such that the closed ball of radius 1y about Y, in Y, + &y 1s contained
inU.

Given YO € Y, + &7, let Y(¢) = Y (¢,Y?) be the solution of (1.2) in Y + &f with
Y (0) = YO If Y € U, we can use the decomposition (3.15); similarly, if Y (t) € U, we
can use the decomposition (3.16).

To prove Theorem 3.14, we shall show that for each § € (0,6y), there exists 7
with 0 < n < my with the properties given in the statement of the theorem.

Let 0 < 73 < § < dy. Let v = O~ 1y, where C > 1 is the largest of K,
in Proposition 5.2 and the constants C' appearing in Propositions 5.2 and 5.3. Let
n=Q 'y

Let YO € Yy + &f with [YO—Yi[[ <n. Nown=Q 1y <Q 'y <Q 16y = nu,
so Yy € U. Therefore there exists (Y?,¢%) € R(P3) x R with Y° = YO 4V, (¢ —q°)
and ||Yol/s + |¢°] < Qn = v < 8. By Proposition 5.1, (Y, q)(t,Y?,¢°) is defined for
0 <t < Twmax(d,7); by Propositions 5.1, 5.2, and 5.3, it satisfies (5.2), (5.3), (5.10),
and (5.11).

We claim that Ty (5,7) = co. To see this, let (Y°,¢°) € R(P3) x R with Yol 5+
|¢°| < 7. For any T in (0, Timax(8,7)), the inequalities (5.3), (5.10), and (5.11) yield

(5.24) IV(T,Y°,¢")g + a(T,Y°4°)| < C(IY°)|5 + ¢°]) < Cy = m.
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Consider the solution with initial data (Y1, ¢') = (Y, q)(T,Y?,q°). Since ||Y||5 +
l¢*| < 71, Proposition 5.1 applies to this solution. Therefore for all ¢ € [0, Tyax(d,71)),
we have

(5.25) |[Y(t+T,Y% ")+ latt + T,Y°, ") = [V (&, Y, ¢l + |a(t, Y, ¢")| < 6.

This shows that the a priori bound (5.2) for the solution with any initial data satisfying
Y95 4 [¢°] <~ holds for all t € [0,T + Timax(5,71)). Therefore Toax(d,v) > T +
Tmax(9,71), and thus, Timax(,7) = Tmax(0,7) + Tmax (9, 71). Hence Tiax(6,7y) = 0.

Hence for all t > 0, ||[Y ()|l + lq(t)] < & < by, so (Y(t),q(t)) € V and Y (t) =
Y (t) + Y (€ — q(t)) is in U; thus (1), (2), and (3) hold. Statement (4) is just (5.3); (5)
is (5.4); (6) and (7) are (5.10) and (5.11), respectively. O

6. Algebraic decay. We continue to let & = H'(R) or BUC(R). In this section
we shall study solutions of (1.2) of the form Y =Y, +Y with Y € (5N L' (R))".

Since (V)" € LY(R)" by Lemma 3.3 and 5 N L' (R) < &g, the one-dimensional
operator P§ restricts to a bounded linear map of (€3 N LY(R))™ into itself. Therefore
Pj = I —P§ also restricts to a bounded linear map of (€5 N LY(R))™ into itself, which
we denote P7. By analogy to what was done in subsection 5.1, instead of studying
solutions of (1.2) of the form Y =Y, + Y with Y € (€5 N L*(R))", we shall instead
study the system (4.12)—(4.13) on R(P5) x R.

The operator (Lg,0) restricted to (€5 N L*(R))™ x R generates a strongly con-
tinuous semigroup on (3 N L'(R))" x R. The nonlinearity is locally Lipschitz on
on (£ N LY(R))™ x R by Proposition 7.7. Therefore given initial data (Y°,¢°) €
(£3NLY(R))™ xR, the system (4.12)~(4.13) has a unique mild solution (Y, ¢)(t, Y, ¢°)
in (5 N LY(R))" x R with (Y,¢)(0,Y?,¢%) = (Y°,¢°). The solution is defined for
in the maximal interval 0 < t < tmax(Y?, ¢°), where 0 < tymax(Y?,¢%) < co. The set
{(t,Y°,¢") € Ry x EF xR : 0 <t < tmax(Y?,¢°)} is open in Ry x (E5NLY(R))" x R,
and the map (£,Y°,¢%) — (V,q)(t,Y?,¢°) from this set to (£ N LY(R))™ x R is
continuous. As in subsection 5.1, we conclude the following.

PROPOSITION 6.1. For each § > 0, if 0 < v < §, then there exists T, with
0 < T < oo, such that the following is true: if (Y°,q°) € R(P}) x R satisfies

(6.1) 107, ) ezt oy = max (17005, 1720 ) +1a%] < 7
and 0 <t < T, then (Y, q)(t,Y?,¢q°) € R(P$) x R is defined and satisfies
(6.2) max (|17(t, 7°,0%) g, |V (5,70, ¢) |1 ) + la(t, ¥, ¢")| < 6.
We shall now prove Theorem 3.16, mimicking the proof of Theorem 3.14 in the
previous section.
To prove the analogue of Proposition 5.3, the key estimate that we need is the

following: given a bounded neighborhood A of (0,0) in (5N LY(R))™ x R, there exists
a constant C; > 0 such that for (Y,q) € N,

(6.3) 1E:(& 0,7, @)lor < Ca (I oIV e + 1) -
(Compare (5.18).) To justify (6.3), look at each term in (5.14) and (5.15). Since U, and

V] are exponentially decaying, Proposition 7.7(2) implies that in (5.14) and (5.15),
[l ||z of the last term on the right is bounded by a constant times ||Y||,. Lemma 8.2
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implies that in (5.14) and (5.15), || ||1: of the first two terms on the right is bounded
by a constant times ||Y 4. Finally, Lemma 8.3 implies that in each expression, | || 1
of the third term on the right is bounded by a constant times ||Y[jo([|V ||zt + [|Y]a)-
The estimate (6.4) follows.

From (5.19), (6.3) for H, and Lemma 3.11(3c) for the case & = L!(R), we obtain
the following analogue of (5.20):

(6.4)
t
V)l < Koe ™ |V0lls+ [ Kae =00 (1)o7 (3) s + I ()] .
0

Proceeding as in the proof of Proposition 5.3, we obtain the following analogue of
(5.11):

(6.5) V()] < Certmax (17 12, [¥°].)

From (5.21), Hypothesis 3.15(1), (6.3) for Hy, Theorem 3.16(4), and Proposi-
tion 5.2, we have

t
10 < KT 10+ / K1 G (max (117 (5) o, 1V(s)1]1:)
(6.6) + V() o max (I1V()los IV (5)ll2+ ) + [V (5)]]a ) ds
< K ||U%| g2 + /Ot K1Cs (0(1 +8)e | YO + Kae_”5|\§70||a) ds,
which implies the following analogue of (5.10):
(6.7) 10+ < Cmae (109015, 1)

The estimates (6.5) and (6.7) yield an analogue for Proposition 5.3. Then, ar-
guing as in subsection 5.4, we use Propositions 6.1 and 5.2 and our analogue for
Proposition 5.3 to show, under the assumptions of Theorem 3.16, that Y (¢) stays in
(Eg N LY(R))™ for all ¢ > 0, which is conclusion (1) of Theorem 3.16.

Conclusions (2) and (4) of the theorem are just (6.7) and (6.5), respectively.

Finally, we show conclusion (3) of Theorem 3.16. From (5.21), Hypothesis 3.15(2),
(6.3) for Hy, Theorem 3.16(4), Theorem 3.14(4), and the fact that 0 < v < p, we have

10@lz= < Kuh(t) max (0o, 10°]1. )
+ [ Kate = s)Ca(max (7)o [V 5) )
+ ¥ () llo max (117 ()los 1V (5)ll2+) + 1V (3)]]a ) ds
(68) < Kih(t)max (10° o, 071 +/ Kih(t — $)Cs(1 + 8)e ™" [[V0)] o ds.
0

We note that
t

¢ 3
(6.9)/ h(t—s)e "*ds = / h(t —s)e ™ ds+ [ h(t—s)e”""ds
0 0

2 t 1 t 1 .
< / h (—) e "9 ds —|—/ e "ds < —-h (—) + Ze =t
0 2 : v \2 v

~+ N
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Note that for ¢ > max (2, 5-Inv),

h (%) te Et<odtTh b = (2% + 1) h(t).

It follows easily that there is a constant C5 such that for all ¢ > 0,
t
(6.10) / h(t —s)e”"*ds < Csh(t).
0

Theorem 3.16(3) follows from (6.8) and (6.10).

7. Lipschitz properties of nonlinear operators. Let & = H(R) or
BUC(R). We recall the properties of the weighted spaces &, and &g listed in
Lemma 3.12.
ProrosITION 7.1.
(1) Ify € &, then y € C°(R), and there is a constant C' > 0 such that ||y p~ <
Cliyllo-

(2) Ify, z € &, then yz € &, and there is a constant C > 0 such that ||yz|lo <
Clivllolzllo.

(3) Ify, z € Ea, then yz € &,, and there is a constant C > 0 such that ||yz|lo <
Cllyllollzlla-

(4) Ify, z € Ea, then yz € E, and there is a constant C > 0 such that ||yz| s <
Cliyllsllzlls-

(5) Ify, z € Eg N LY(R), then yz € E5 N LY (R), and there is a constant C > 0

such that ||lyz||.r < Cllyllzr|lzll= < Cllyllzrll=s-

Proof. Statement (1) is obvious for & = BUC(R) and well known for & = H!(R);
the same is true for (2). To show (3), let y, z € €5 and let w = v,z € & . Then, using

(2),
1y2lla = [7ayzllo = lywllo < Cllyllollwllo = Cllylloll 2l a-

To show (4), let y, z € £g. Then by (2), |lyzllo < Cllyllollzllo < Cllyl[sllz]ls, and by
3); lyzlla < Cliyllollzlla < Cllyllsllzlls- Therefore yz € €5 and [lyz|s < Cllyllsll=lls-

Statement (5) follows from (4) and an obvious fact about the L' norm. O
PROPOSITION 7.2. Let m(&,q,y) € C?(R?). Consider the formula

(7.1) (4,9(£),2(£)) = m(&; 4,y(£))=(E)-

(1) Formula (7.1) defines a mapping from RxEZ to & that is Lipschitz on any set
of the form {(q,y, z) : |q|+|lyllo+|zllo < K}. If m(&,0,y) is identically O, then
there is a constant C' such that on this set, |m(&,q,y(£))z(&)]lo < Clgl||=]o-

(2) Formula (7.1) defines a mapping from from R x £ to Es that is Lipschitz on
any set of the form {(q,v,2) : |q| + lyllg + |lzlls < K}. If m(£,0,y) is identi-
cally 0, then there is a constant C' such that on this set, |m(&, q,y(£))z(&)]|a <
Clalllzlla and |m(, 4,5(€)=(©)ll5 < Clalll=]5

(3) Formula (7.1) defines a mapping from R x (E5NLY(R))? to E5NLY(R) that is
Liifschitz on any set of the form {(q,y,z) : la|+|lylls+lyl L + 1zl s+ 2l <
K}.

Proof. We will only consider the case & = H'(R); the case & = BUC(R) is

easier. First we show that the mappings go into the correct spaces. We have

(7.2) Im(€ g, 9)2lle < Imllz=lzle, k=12,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



STABILITY OF TRAVELING WAVES 2455
and
(7.3)  [(m2)ellrz < Imezllre + [|myyezllrz + [[mzel| 2
< |mllerllzllze + [Imllcrlyellz2 (|2l 22 + [|mfl Lo [|2¢] 2

Therefore if (¢,y,2) € R x HY(R)? (respectively, R x (H'(R) N L*(R))?), then
m(€,q,y)z € HY(R) (respectively, L!(R)). Next, we have

(7.4) [vam(q, y, 2)z|| L2 < Im| Lo |70z L2
and
(7.5)  l[va(m2)ellrz < [vamezlz + [[Vamyyez| 2 + [[vamze| 2
< |Imllerlvazllz + ImllollyellL2lvazll L2 + [[mll Lo [ vaze | L2

Therefore if (¢,y, 2) € R x H5(R)?, then m(¢,q,y)z € HY(R).
Now we show the Lipschitz properties.
First we consider variations in q. We have

mE,q + @ y(€)2(€) — m(€, 4. y(€)2(€) = / ma(€.q + 13,y(€)) dt g=(E).

Therefore
Im(&, a4+ @,y)z —m(& q,y)zllr < [Imllcallzlerlal, k=1,2,
and
[Va(m(&,q + @, y)z — m(&, ¢ y)2) |2 < [Imllcr[[vazllr2lal-
Also,

1
(m(&, g+ q,y(8))z(§) —m(&,q,y(€))z(€))e =/0 mae (€, q +tq,y(§)) dt gz(§)

1 1
+/ mqy(&q+tci,y(£))dtq’ysz(£)+/ mq(&, q+tq,y(&)) dt qze.
0 0
Therefore

1(m(&, ¢ + @ y(£))2(§) —m(&, ¢,y(£))2(€) e 2

< (Imlie=ll2llz2 + Imllc=llyell 2llzl L2 + [lmlloflzell 22)lg]

and

Ve (m (&, q + G y(£))2(&) —m(&, ¢, y(£))2(€))ell 2
< (Imlle2llvazlliz2 + lImllc2 lyell 2 lvazlle + Imllor[[vazell2)1q]-

Next we consider variations in y. We have

m(&; q,y(€) +1(8))z(§) —m(&, ¢,y(£))2(§) = /0 my (€, ¢, y(§) + ty(£)) dt §(§)=(E).-
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Therefore

Im(&, ¢,y +5)z = m(&, ¢ 9)zlLx < lImlle|[gllerllzllz=, k=1,2,

and

[Va(m(& a:y +9)z = m(&, a,9)2)| 2 < [Imllor|9] 2 |V L2
Also,

(m(&,q,y(8) +9(8))2(8§) —m(&q,y(£))z(€))e =
/ mye(§,q,y(§) +ty(§)) dt y(§)z / My (§: ¢, y(8) +t5(8)) (ye + tye) dt §(€)2(§)

+ / (€, 4, y(E) + t5(E)) dt ge=(€) + / (€, 4, y(E) + t5(E)) dt 5(E) .
0 0

Therefore

1(m(&, ¢, y(€) + 5(£))2(§) — m(E, 4 y(£))2(E) el L
|

y(&
< |lmllc=l1gll 21zl L2 + Imllo=lyell 2 Cllgl 121

1 _ _ _ _
+ 5 lmllczllgell = Cllgl a2l a + llmller Gl ez ll=llz2 + lmller 1922l 2

and

[7a(m(&; 4,y () +4(£))2(§) —m(& ¢,y(€))z(€))el 22

< mlle2 Mgl 2 lvazll 2 + Imlle: lvell 2 Cllgl e [lva 2l
+ §||m||c2||§5||L2CIIﬂIIH1IIVazIIHl + Imller 19el L2 l1va 2] 22
+ Imller 191l 22 1vaze l 2

Finally, we consider variations in z. We have

m(§, ¢,y(£))(2(§) + 2(§)) —m(&, ¢,y(£))2(§) = m(&, ¢, y(€))z(£).

Estimates are left to the reader.

Using the separate Lipschitz estimates for variations in ¢, y, and z, one can easily
show that the mappings are Lipschitz on the given sets.

To prove the estimates when m(§,0,y) = 0, we note that this assumption implies
that ||m||L~ < C|g| and ||m|c: < Clg| on the given sets; then use (7.2)—(7.5). O

COROLLARY 7.3. Let m(&,q,2) € C?(R®). Then the formula

(¢,2(§)) = m(&, ¢, 2(£))z ()

defines mappings from R x & to &y, from R x Eg to €z, and from R x (€5 N LY(R))
to Eg N LY(R). The first is Lipschitz on any set of the form {(q,2) : |q| + ||z]l0 < K};
the second is Lipschitz on any set of the form {(g, z) : lq| + ||z|lp < K}; the third is
Lipschitz on any set of the form {(q,2) : |q| + ||zlls + ||z]lz: < K}.

We remark that in both Proposition 7.2 and Corollary 7.3, it is enough to assume
that m € C?(U) for any set U of the form {(¢,q,v) : |¢| + |y| < K}.
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PROPOSITION 7.4. 3

(1) The formula (Y (§),q) — (DR(Y,)—DR(Y.))Y defines a mapping from EF xR
to & that is Lipschitz on any set of the form {(Y,q) : |[Y|o + [q| < K}.
On such a set there is a constant C' such that ||(DR(Y;) — DR(Y%))Y|lo <
ClaliYlo- N

(2) The formula (Y (§),q) = (DR(Yy)—DR(Y%))Y defines a mapping from E5 xR
to € that is Lipschitz on any set of the form {(Y,q) : IY|lg + |g| < K}.
On such a set there is a constant C such that |(DR(Y,) — DR(Y:))Y ||a <
Clall[Ylla and [[((DR(Y,) — DR(Y:))Y |5 < ClglY |-

(3) The formula (Y (§),q) — (DR(Yy) — DR(Y.))Y defines a mapping from (EgN
LY(R))" xR to (EgN LY (R))™ that is Lipschitz on any set of the form {(Y,q) :
Yls + 1Yl + gl < K3 i

Proof. Just apply Proposition 7.2 to each component of (DR(Y,) — DR(Y:))Y.
(In this case the function m depends only on £ and p. Note that it is important here
that R is C3.) O

PROPOSITION 7.5. ~ )

(1) The formula (Y,q) — N(Yg,Y) defines a mapping from Ef x R to £ that is
Lipschitz and O(||Y |lo) on any bounded neighborhood of (0,0) in & x R.

(2) The formula (Y,q) — N(Y,, Y)Y defines a mapping from E x R to & that
is Lipschitz on any bounded neighborhood of (0,0) in EJ x R.

Proof. (1) The Lipschitz property follows from Corollary 7.3. (Again, it is im-
portant here that R is C3.) The mapping is O(]|Y /o) on the given set because it is
Lipschitz and N(Y,,0) = 0. (2) This follows from (1). O

PROPOSITION 7.6. o

(1) If Y € &5, then N(Y,, Y)Y € &}, and on any bounded neighborhood of (0,0)
in £ xR there is a constant C > 0 such that || N (Y, Y)Y o < CIUY [J0]]Y -

(2) The formula (Y,q) — N(Y,,Y) defines a mapping from & xR to 832 (re-
spectively, (€5 N LY(R))" x R to (€5 N Ll(R))"2) that is Lipschitz on any
bounded neighborhood of (0,0) in E5 x R (respectively, (€5 N LY(R))" x R).

(3) The formula (?,q) — N(Yq,f/)? defines a mapping from £ x R to &
(respectively, (Eg N L*(R))™ x R to (E5 N LY(R))™) that is Lipschitz on any
bounded neighborhood of (0,0) in E5 x R (respectively, (€5 N LY(R))" x R).

Proof. (1) Using Proposition 7.5(1),

IN(Yq, Y)Y [la = IN(Yg, V)Y llo < IN(Ye, Y)llol7aY lo < ClIY [lo1Y [las

(2) and (3) are proved like Proposition 7.5(1) and (2). O

PROPOSITION 7.7. The formula (4.8) for G(Y,q) defines mappings from & xR
to &g and from (Eg N LY(R)™ x R to (5 N L*(R))". The formula (4.9) for x(Y,q)
defines a mapping from EF x R to R. Each of these mappings is Lipschitz on any
bounded neighborhood of (0,0) in its domain space. Moreover, there is a constant C
such that R ~

D) G0}l < CAT o + laD)I¥ o

(2) &Y, )l < C»Y o+ alDIY][a-

Proof. The Lipschitz statement follows from Proposition 7.4(2) and (3) and Propo-
sition 7.6(3). The proof of (1) follows from (4.8) together with Proposition 7.4(2) and
Proposition 7.6(1). For (2), note that

k(Y q)| = 7Y€ — )| M |7G(Y, q)|.
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By Lemma 4.1, [7Y/(£ — ¢)|7! < 2, and |7G(Y,q)| is bounded by a constant times
the bound on ||G(Y, q)||« given by (1). O

8. Estimates for the nonlinear operator IN. We continue to let & = H'(R)
or BUC(R).

LEMMA 8.1. We have the following.

(1) (DR(Y.) — DR(0))v, ! is in CL(R)™, &, and L*(R)™.

(2) For each q € R, ;1 (€)Y (€ — q) is in CY(R)", &, and L} (R)™.

Proof. Statement (1) follows from

1
(DR(Y,) — DR(0))y,* = < / DQR(tY*)dt> \
0
and Lemma 3.7(1). To see (2), note that for |¢| large,

OV~ 0) = 2 e - Y- ) = (-0 € - ¥~ a)

and use Lemma 3.7(2). O
LEMMA 8.2. There is a constant K > 0 such that

(1) [[(DR(Y.) = DR(0)Y [lo < K|[[Y o

(2) [[(DR(Y:.) = DR(0))Y |12 < K[|Y ||
(3) [(DR(Yy) = DR(Y.))Y [l < Klg[|Y |la;
(4) [[(DR(Yy) — DR(Y:))Y |12 < Klq[[Y|[a-
Proof. To see (1) and (2), write

(DR(Y.) = DR(0))Y = (DR(Y.) — DR(0))7;'7aY .
By Lemma 8.1(1),

I(DR(Y) = DR(0))Y |0 < [[(DR(Y:) = DR(0))73 lol7aY llo = K[ [la
and
I(DR(Y.) = DR(0))Y ||+ < [[(DR(Y.) = DR(0))y5 " s |\’ya5:”|\m° )
< [(DR(Y:) = DR(0))75 21 [vaY llo < K |a.
To see (3) and (4), write
1

(DR(Y:(€ = q)) = DR(Y.(€)))Y = —¢q i D2R(Y.(€ — 5q))Y/ (& — sq)Y ds

=—q [ D*R(Y.(& - 59)75 Y. (€ — sq)7aY ds.

By Lemma 8.1(2), for each s, 75,1 (£)Y/ (¢ — sq) is in £ and L!(R)™. The remainder
of the argument is similar to the proof of (1) and (2). O
LEMMA 8.3.

(1) For each bounded neighborhood Ny of (0,0) in £ xR, there exists a constant
K >0 such that for all (Y,p) € N,

(8.1) INGo V)¥ Nl < K0 (17 lla + 171l) -
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(2) For each bounded neighborhood Ny of (0,0) in (Eg N LY (R))™ x R, there exists
a constant K > 0 such that for all (Y, q) € N7,

(8.2) ING V)Y e < KV o (1Y e+ V120
Proof. Let

1
r(U, V)= / Dy R(U,tV)dt
0
an n X n matrix that is a C2 function of (U, V). By Hypothesis 3.9,

R(U,V) = R(U,0) + R(U,V) — R(U,0) = (A1> U +r(U,V)V.

0
Therefore
. A1 .
Do R(U, V)T = U+ (Dur(U.V)O) V,
DyR(U, V)V = (Dvr(U, V)f/) V4 (U, V)V,
Then

N(Y,, Y)Y /DRY+tY)Y DR(Y,)Y

1
:/ DyR(Y, +tY)U — DyR(Y,)U dt+/ Dy R(Y, +tY)V
0

— Dy R(Y,)V dt
= /01 (DUT(Yq + tf’)ﬁ) (V +tV) — (DUT(}/(I)[j) v, dt
+/01 (Dvr(Yq+tYf)f/) (Vg +tV) — (Dw( )V) v, di

+/01 (r(Yq +tY) — 7“(Yq)) Vdt

:/01 (Dur(Yy +7) = Dur(v,)) 0V, dt+/ (Dur(Yy +69)0) 7 at

tV
+/01 (Dvr(Yq—FtY) Dyr(Y, )) Vv, dt+/1 (Dvr (Y, + V)V )

+/1 (r(Yq +tY) — 7“(Yq)) V dt.
0

Thus N(Y,,Y)Y is a sum of five integrals.

To estimate ||N(Y,, Y)Y ||o, we note that if (Y,q) € N, then in || ||o the second
through fifth integrals is each at most a constant times Y llol|V |lo- Similarly, to esti-
mate ||N(Y,, Y)Y 11, we note that if (Y,q) € Ni, then in || ||z the second through

fifth integrals is each at most a constant times ||Y||o[|V]| 1.
Finally, the first integral can be rewritten as

1 1
/ (DUr(Yq FHY) — DUr(Yq)) OV, dt = / (DUr(Yq FHY) — DUr(Yq)) Yaly5 V, dt.
0 0
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By Hypothesis 3.6(1), v 'V, is in C'(R)™*. Therefore in || [|o, the integral is at most
K|YolvaUllo = K[[Y[lol[Ulla < K[[Y oY [la- Also, by Hypothesis 3.6(1), 75 Vg is
in L'(R)™. Therefore in || |11, the integral is at most

E|Y = llvaUllz~ < K[ Yllol|U]la < K[V [[ollY[la- O

9. Stability of traveling waves in an exothermic-endothermic reaction.
In [22, 23, 24], Simon et al. study the system

(9.1) D21 = Ozaz1 + 22fa(21) — 023 f3(21),
(9-2) Orz0 = dpOpz2 — 22f2(2’1),
(9.3) Orzg = d3Oygzs — T23 f3(21).

Here z; is temperature, z5 is concentration of an exothermic reactant, and z3 is con-
centration of an endothermic reactant. The parameters ds, ds, o, and T are positive,
and there are positive constants a; and b; such that

by
a;e”w foru >0,
fi(u) = {

0 for u < 0.

We have changed the notation of Simon et al. a little to fit with ours. Simon et al. study
existence of traveling waves for this system, and they study the discrete spectrum
of the linearization at a traveling wave using the Evans function. We shall use our
Theorem 3.14 to show what sort of stability is implied by their work.

The change of variables £ = x — ct, ¢ > 0, converts (9.1)-(9.3) to

(9.4) Orz1 = Ogezn1 + cOez1 + 22 fa(21) — 023 f3(21),
(9.5) Opzo = d28§§Z2 + 685252 — ZQfQ(Zl),
(96) 8,523 = d38§§23 + 08523 — TZ3f3(Zl).

Let Z.(€) be a stationary solution of (9.4)-(9.6), i.e., a traveling wave solution of
(9.1)-(9.3) with speed ¢ > 0, with Z_ = (2,0,0), 2 > 0, and Z; = (0,1,1). It turns
out that z =1 — Z, so we must have 0 < 7. Simon et al. show numerically that in
certain parameter regimes, such traveling waves exist for which both end states are
approached at an exponential rate. (See [22, p. 544], for a discussion of why their
numerical method should find traveling waves with this property.)

With z =1— %, the change of variables y1 = z1 — z, y2 = 22, and y3 = z3 converts

(9.4)-(9.6) to the system

(9.7) Opy1 = Oceyr + cOeyr +y2fo(z +y1) — oysfa(z +y1),
(9.8) Oy2 = d20ceyz + cOcy2 — Y2 f2(z + Y1),

(9.9) Orys = ds3Oeeys + cOeys — Yz f3(z + y1).

We write (9.7)-(9.9) as

(9.10) OY = DO¢eY 4 cOcY + R(Y),

where

(9.11)

R(Y) = S(z+y1,v2,y3) = (Y2 fa(2+y1) —0y3 f3(z+y1), —yafa(2+y1), —Tyaf3(2+y1)).
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Let Yi(€) = (y1+(€), y2+(€), y3+(&€)) be the stationary solution of (9.7) that corresponds
to Z.(€) so that Y_ = (0,0,0) (as required by our setup) and Y, = (—2z,1,1).
The linearization of (9.10) at Y, (§) is

(9.12) Y = LY = DOgeY + cd:Y + DR(Y.(€))Y,
where
(9.13)
DR(Y.(€))
Y2+ (&) f2(2 + y1:(€)) — oys () f3 (2 + ¥1:(8))  fa(z+31:(€))  —0fa(z+11:(8))
= —y2+ (&) f2(2 + y1:(€)) —f2(z +y1:(§)) 0 :
—TY3:(€) f5(2 + y1.(8)) 0 —7f3(z + y1(§))

THEOREM 9.1. Suppose the constants da, ds, o, T, a;, b;, and ¢ > 0 in (9.10) are
chosen so that there is a stationary solution Y, (§) that approaches 0 exponentially as
§ — —o0 and approaches Yy = (—2,1,1), z = 1 — 2 > 0, exponentially as & — oo.
Let o = (a—, oy) be as described in subsection 9.4 below; in particular a— > 0 and
ay > 0. Assume that Hypothesis 3.6(3b) holds. Let 3 = (0, ), and let & = H*(R)
or BUC(R). Suppose Y € Y, +E&} with |[Y° =Y.||s small, and let Y (t) be the solution
of (9.10) in Y, + Eg with Y (0) = Y°. Then the following are true.

(1) Y(¢) is defined for allt > 0.

(2) Y(t) = Y (t)+Yi(€ —q(t)) with Y (t) in a fized subspace of &3 complementary

to the span of Y.

(3) Y (t)|lg + |q(t)| is small for all t > 0.

(4) Y (t)||a decays exponentially as t — co.

(5) There exists ¢* such that |q(t) — q*| decays exponentially as t — oo.

(6) There is a constant C independent of Y such that ||§1(t)]lo < C||Y°||s for

allt > 0.
(7) ||(g2,93) ()]0 decays exponentially as t — oo.
In addition, suppose Y° € Y, + (EgNL(R))"™ with |[Y° =Y. and |Y° =Y. |12 small.
Then the following are true.
(8) Y(t) € (€5 N LY (R))™ for all t > 0.
9) 11 ()| 2 is small for all t > 0.
(10) [|§1(t)||po decays like t~2 as t — co.
(11) ||(g2,33)(@®)|lLr decays exponentially ast — oo.

This result follows from Theorems 3.14 and 3.16 by verifying their hypotheses.
The steps are easy and are carried out below, except for the verification of Hypothe-
sis 3.6(3b). This requires a numerical study of the Evans function, an analytic function
whose zeros are eigenvalues of £,. Such a study was carried out in [23, 24]. The point
of the theorem, as discussed in the introduction, is that it shows the rather detailed
information that such a study can yield about stability of the traveling wave.

9.1. Traveling waves. Let us briefly discuss the intuitive reason that traveling
waves of (9.1)—(9.3) exist, which is related to a first integral that Simon et al. [22, 23,
24] don’t mention. The traveling wave equation for (9.1)—(9.3), written as a first-order
system, is
(9.14) Ze =V,

(9.15) Ve = D7} (—cV + 8(2)),
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where D = diag(1,ds, ds) and

S(Z) = (z2f2(z1) — 023 f3(21), —22f2(21), —T23f3(21)).

Consider (9.4)—(9.6) with the left-hand side of each equation set to 0. After this
substitution, if we add (9.4), (9.5), and —2(9.6), we obtain

g ag
855251 + 685251 + d28§§Z2 + 685252 — ;dg@gng — ;635253 =0.

This expression can be integrated once to produce a function of £ that is constant
along any traveling wave. Analogously, along any solution of (9.14)-(9.15) we have

o o
v1 + ¢z + dovy + czo — —dzvg — —cz3 = k.
T T

For the solution that approaches (z1, 22, 23, v1,v2,v3) = (0,1,1,0,0,0) as £ — oo, we
must have k = c(1 — ).
To take advantage of these facts, we consider (9.14)—(9.15) on the invariant surface

(9.16) v1 = —cz1 — dovg — C2o + zdgl)g + Ecz?, +c (1 — E) .
T T T

Using (z1, 22, 23, V2, v3) as variables, we obtain

(9.17) 21 = —cz1 — dovg — C2o + zdgl)g + Ecz?, +c (1 - E) ,
T T T

(918) 2:’2 = V2,

(919) 23 = Vs,

(9.20) Vg = d;l(—cvg + 22 fa(21)),

(9.21) 03 = dy ' (—cvz + T23f2(21)).

This system has equilibria at (z1, 22, 23, v2,v3) = (2,0,0,0,0) with z = 1 — £, which
corresponds to the equilibrium (Z_,0) of (9.14)-(9.15), and (0, 22, 23,0,0) with zo —
223 = 1 — Z, which correspond to the line of equilibria (0, 22, 23,0,0,0) of (9.14)-
(9.15). One of the equilibria on this line is (0,1,1,0,0,0) = (Z4,0).

The linearization of (9.17)-(9.21) at (2,0,0,0,0) has two eigenvalues with posi-
tive real part and three with negative real part; at (0,1,1,0,0) there are two eigen-
values with 0 real part and three with negative real part. We therefore expect that
in the five-dimensional state space of (9.17)-(9.21), for isolated values of ¢ the two-
dimensional unstable manifold of (z,0,0,0,0) and the three-dimensional stable man-
ifold of (0,1,1,0,0) will intersect, producing a traveling wave that approaches both
end states exponentially.

9.2. Stability of end states in weighted spaces. Let

¢2 = fa(2) >0, ¢3=71f3(2)>0.

With this notation, the linearization of (9.10) at Y_ = (0,0,0) is

(9.22)
J1t U1 Oge + cOg 0 0 U1
Yoo | =L | G2 | = 0 d20¢e + cOg — P2 0 Y2
J1t U3 0 0 d30¢e + cO¢ — ¢3) \U3
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If (41,72, 73) belongs to a weighted L? space with weight function e¥¢, then (7 (€),
92(6),93(€)) = e " (01(§), wa2(€), ws(€)) with (w1, w2, w3) in L*(R)®. Substituting
into the formula for L~ and multiplying by e“¢, we obtain the linear differential
expression

(9.23) L™W = (L™ — 200¢ + v?D — col)W.

(Compare the discussion preceding Lemma 3.5.) Using the Fourier transform, we find
that the spectrum of the operator associated with L~ on L2 (R)? is the union of the
three curves A = —024 (c—2v)i0+v%—cv and A\ = —dp0? + (c—2v)if +dpv? — cv — dy,
k= 2,3, 0 € R. With a small abuse of notation, we use v as shorthand for (v,v).
Then

(9.24) sup{Re\: X € Sp(L;)} =sup{ReX: \ € Sp(Ly)}

2

= max (v — v, dav? — cv — ¢, d3v? — cv — d)g) ,

which is 0 for v = 0 but is negative for v > 0 sufficiently small.
Similarly, the linearization of (9.10) at Y, = (—z,1,1) is

U1t u Oce + €O 0 0 U
(925) ggt = LJr ’l~}1 = 0 dgagg + 085 0 1~)1
Y1t Vg 0 0 dgagg + C@g Vo

Substituting (§1(€), 7 (€), 5(€)) = e~ (n (€), s (€), @3 (€)) into the formula for L+
and multiplying by e¥¢, we obtain the linear differential expression

(9.26) LTW = (L% — 208 +v2D — co)W.

We shall use the notation d; = 1 when it seems to result in simpler expressions. Using
the Fourier transform, we find that the spectrum of the operator associated with Lt
on L%(R)3 is the union of the three curves A = —di0* + (¢ — 20)if + dpv? — cv,
k=1,2,3,0 €R. Then

(9.27) sup{ReA:\ € Sp(LF)} =sup{ReX: \ € Sp(L])} =  nax (dev® = cv),

which again is 0 for v = 0 but is negative for v > 0 sufficiently small.

9.3. Eigenvalue equation. The eigenvalue equation for L is LY = \Y, which
we express as a first-order system:

02 (5)= (oo omeiey o) (3):

As £ — +o0, the linear system (9.28) approaches the constant-coefficient linear sys-
tems

(9:29) () = (oo “provey 1) (2):

Eigenvalues p and corresponding eigenvectors (37, Z) of (9.29) satisfy the equations
Z = uY and

(D™Y(XI — DR(Yy) — cul) — p1) Y = 0.
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Therefore
(9.30) det (D™'(\ — DR(Yy) — cul) — pi*I) = 0.
Now

0 ¢2 —ofs(z)

DRY_)=[0 —¢, 0 and DR(Y,) = 0.

0 0 —¢3
Therefore at Y_, (9.30) becomes
(9.31) (N —cp— p?)(dy ' (A + da — cp) — 1) (dy ' (A + @5 — cp) — p*) = 0,
and at Y4, (9.30) becomes
(9.32) (A= ep—p?)(dy ' (N = ep) — p?)(dg ' (A = ep) — ) = 0,

Hence at Y_ the eigenvalues of (9.29) are

B+ = % (—ci (¢ +4)\)%) ,

1 1
Ukt = e (—c:l: (02 + 4dyg ()\—i—qbk))?) , k=12
k
(We shall always use a? to indicate a square root of a with nonnegative real part.)
At Y., the eigenvalues of (9.29) are

1 1
= (et (2 4d)\2), k=123
Pt ket de(c (C+ k) 3

For A = 0, note that at Y_, all three p_j_’s are negative, p_14 = 0, and p_oy
and p_s are positive; at Yy, all three py,_’s are negative, and all three pyx’s are
0. The six numbers p_jp_, p_g+ (respectively, pix—, +k+) are also the eigenvalues
of the linearization of (9.14)—(9.15) at the equilibrium (Z_,0) (respectively, (Z4,0)).

If we drop one 0 from each of these lists of six eigenvalues, we obtain, respec-
tively, the five eigenvalues of the linearization of (9.17)-(9.21) at (z,0,0,0,0) and
(0,1,1,0,0). This justifies the assertions at the end of subsection 9.1.

We shall use the following elementary lemma.

LEMMA 9.2. Consider the quadratic equation dppu?® + cpp —b = 0 with dy > 0,
c¢>0, and b € C. The roots are

1
2dy,
Choose x— < x4+ with x— < 0. Then

(1) if Reb>x% +cx_, then Repu_ < x_;

(2) if Reb > x3 + x4, then Repy > x4

Choose real numbers x_ < x4 with x— < 0. From Lemma 9.2 we have the
following:

Lt (—c + ((32 + 4dkb) %) .

(9.33) Rep_1- < x—if ReA > x% +ex_,

(9.34) Rep_14 > x4+ if Red > x2 + ex4,

(9.35) Repi—j— < x— if ReA > dpx® +ex— — %, k=2,3,
(9.36) Rep_p+ > x4 if ReA > dpx2 +exg — o, k=2, 3,
(9.37) Repip < x_ if ReA>dpx® +ex—, k=1,2,3,
(9.38) Repipps > x4 if Red>dpxd +exg, k=1,2,3.
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9.4. Proof of Theorem 9.1. To prove Theorem 9.1, we just need to verify
the hypotheses of Theorems 3.14 and 3.16, other than Hypothesis 3.6(3b), which is
assumed to hold.

The function R defined by (9.11) is C'*°, so Hypothesis 3.1 is satisfied.

Let let —w_ denote the minimum of the two positive eigenvalues of the lineariza-
tion of (9.14)—(9.15) at (Z_,0), and let —w; denote the maximum of the three negative
eigenvalues of the linearization of (9.14)—(9.15) at (Z4,0). Then

w:—min<2d ( c+ (P +4das)® ) o ( c+ (c? +4d3¢3)5)><0’
w+:min(c,d2 c,dglc)>0.

With these values of w_ and wy, Hypothesis 3.2 is satisfied. (However, if the two
positive eigenvalues of the linearization of (9.14)—(9.15) at (Z_,0) are equal, then w_
should be increased slightly.)

Let o = (a—,a4), with 0 < a— < min(¢, —w_) and 0 < oy < wy, so that
Hypothesis 3.6(1) and (2) are satisfied. Since 0 < ay < wy, we see immediately that
(9.27) with v = a4 is negative. Moreover,

. 1 1 1
O<a<m1n( 3y (c+(c + 4da o) ),E(C+(02+4d3¢3) )),

0 (9.24) with v = a_ is also negative. Therefore Hypothesis 3.6(3a) is satisfied with

(9.39)  sup{Re\ : A € Spess(La)} = max(a® — ca_,dza® — ca_ — ¢,

2 2 2 2
dzo —ca_ — ¢3,05 — cay,daa’ — cag,dzas — coy).

We decompose Y-space as follows: Y = (U, V) with U = y; and V' = (y2,y3).
Since R(y1,0,0) = (0,0,0) from (9.11), Hypothesis 3.9 is satisfied with A; = 0. From
(9.22) we have

doee + cOe — ¢ 0
1) _ (2) _ [ @20 €= 92
(9.40) LY = Oge + O, LYY = < 0 d3Og¢ + cOg — ¢3) '

The semigroup on L?(R) or BUC(R) generated by the operator associated with L)
satisfies Hypotheses 3.10(1) and 3.15. The operator on L?(R)? associated with L)
has for its spectrum the union of the two curves A = —dp0? + cif — ¢y, k = 2, 3,
6 € R. Thus Hypothesis 3.10(2) is satisfied with

(9.41) sup{Re X : )\ESp( )} max(—¢a, —¢3).

9.5. Discrete spectrum and the Evans function. To verify Hypothesis
3.6(3b) we must consider eigenvalues A of £, on L2(R)3. Their eigenfunctions are
the Y-components of solutions (Y, Z) of (9.28) such that v, (€)(Y (), Z(€)) decays
exponentially as & — +o0.

Suppose we choose Y < x4 < 0so that x?+cy, dox?+cx—d2, and dzx>+cx—d3,
with x = x4, are all negative, and let —v_ < 0 be the maximum of these six numbers.
By (9.33)-(9.36), if ReA > —v_, then for k =1, 2, 3, Rep—p— < x— and Re pu_p4 >
X+-

In particular, let x4+ = —a_ < 0. Then xi +ex4, dgxi + ex+ — @2, and d3xﬁ_ +
cx+ — ¢3 are all negative. Choose x_ < x4 such that 2 +cx_, dax? +cx_ — ¢2, and
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dszx% + cx— — ¢3 are all negative, and define —v_ < 0 as in the previous paragraph.
IfReA> —v_,thenfor k=1,2 3, Rep_r— < x— and Rep—_ry > x+.

Similarly, suppose we choose 7 < ny < 0 so that dyn? +cn, k = 1, 2, 3, with
1N = n4, are all negative, and let —v4 < 0 be the maximum of these six numbers. By
(9.37)—(9.38), if ReA > —vy, then for k =1, 2, 3, Repuyp— <n_ and Rep_py > 1.

In particular, let n_ = —a, < 0. Then dyn? + cn—, k = 1, 2, 3, are all negative.
Choose 1 such that n— < n4 < 0. Then dyn3 + cny, k = 1, 2, 3, are all negative.
Define —v; < 0 as in the previous paragraph. If Re A > —v,, then for k = 1, 2, 3,
Repipr— <n- and Rep_py > 14

Choose —v such that max(—v_,—vy) < —v < 0, and let ReA > —v. Define
S_(A) to be, for the linear system (9.29) with Y_, the three-dimensional sum of the
eigenspaces for eigenvalues greater than —a_ < 0; similarly, define S; () to be, for
the linear system (9.29) with Y, , the three-dimensional sum of the eigenspaces for
eigenvalues less than —ay < 0. A solution of (9.28) lies in the space L2(R)% if and
only if, when normalized, it approaches S_()\) as £ — —oo and approaches Sy (\) as
& — 00. Values of A for which such a solution exists are zeros of an analytic function
E()), the Evans function defined on Re A > —v.

A standard rescaling argument shows that given v, 0 < ¥ < m, there exists a
number R > 0 such that all zeros of the Evans function in {\ = re? : 7 > 0 and || <
1} have r < R. Therefore, when we study the Evans function on Re A\ > —v, there is
a number R > 0 such that it suffices to study it on {A: ReA > —v and |\ < R}.

Note that for Re A > 0, the space S_(A) actually corresponds to eigenvalues with
real part at most 0. Thus for Re A > 0, the Evans function actually detects eigenvalues
with bounded eigenfunctions.

Simon et al. [22, 23, 24] show numerically that in a region of the form {X : Re A >
0 and |A] < R}, the Evans function has no zeros except a simple 0 at the origin.
Assuming this has been shown for R sufficiently large, Hypothesis 3.6(3b) is verified.

Suppose (1) there continue to be no eigenvalues in {\: Re A > —v and |\| < R},
and (2) —v is greater than the maximum of (9.39) and (9.41). Then by Theorem 3.14,
the number —v can be used in the exponential rate conclusions of Theorem 9.1.

Appendix A. Sufficient conditions for a bounded semigroup. Hypothe-
ses 3.10 and 3.15 require that certain semigroups be bounded. In this appendix we
give some conditions that can be used to check this assumption.

Let £ be the generator of a Cp-semigroup {e**};>¢ on a Banach space £. We recall
that the semigroup is bounded if sup,~ ||e'*|| < co. If the semigroup is bounded, then
Sp(£) € {A:Re < 0}. Of course, this statement is not an equivalence, even for 2 x 2
matrices.

In subsection A.1 we give a simple sufficient condition for our semigroups to be
bounded that works when two matrices commute and £ = L?(R). In subsection A.2
we give more sophisticated integral conditions based on an abstract theorem from
[7, 21]. We give a necessary and sufficient integral condition for the case & = L?(R),
and a sufficient integral condition that implies boundedness of the semigroup for all
of the cases & = L'(R), L?(R), and BUC(R).

A.1. A condition when two matrices commute. For the case & = L?(R),
we can relate Hypothesis 3.10(1) (respectively, (2)) to the matrix Dy R1(0,0) (respec-
tively, Dy R2(0,0)), provided the matrices Dy and Dy R1(0,0) (respectively, Dy and
Dy R5(0,0)) commute.

We recall that an eigenvalue of a matrix is called semisimple if its algebraic and
geometric multiplicities coincide.
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ProprOSITION A.1.
(1) Suppose (1) the matrices D1 and Dy R1(0,0) commute, and (2) for all eigen-
values X of the matriz Dy R1(0,0), we have (a) Re A <0, and (b) if Re A =0,
then X is semisimple. Then Hypothesis 3.10(1) holds for €&y = L*(R).
(2) Suppose (1) the matrices Dy and Dy R2(0,0) commute, and (2) for all eigen-
values A of the matriz Dy R2(0,0), we have Re A < 0. Then Hypothesis 3.10(2)
holds for & = L*(R).
Proof. Given a diagonal m xm matrix D with nonnegative entries d; and an mxm
matrix A that commutes with D, for the differential operator £ = D@gg +cO¢ + A on
L?(R)™, we claim that for t > 0,

(A1) el 2@y = llelcn.

Assuming the claim, we finish the proof of the proposition as follows. By (A.1) ap-
plied to the operator £}, Hypothesis 3.10(1) for & = L?*(R) holds if and only if the
matrix Dy R1(0,0) generates a bounded semigroup on C™ . The first conclusion of the
proposition then follows from [2, Corollary 1.2.11]. By (A.1) applied to the operator
L2, Hypothesis 3.10(2) for & = L?(R) holds if and only if the matrix Dy R2(0,0) gen-
erates an exponentially decaying semigroup on C™, yielding the second conclusion of
the proposition.

To prove (A.1), we note that the semigroup generated by the operator £ on L?(R)"
is similar via the Fourier transform to the semigroup generated on L?(R)" by the
operator M of multiplication by the matrix-valued function M () = —6%D + ifc+ A,
6 € R. The norms of the respective semigroups are equal since the Fourier transform
is an isometry on L?(R); cf., e.g., Theorem VI.5.12, Propositions 1.4.11 and 1.4.12,
and Paragraph I1.2.1 of [2]. It follows that

€| r2ryn = [l€™] 2yn = sup [[e™@|cn = sup (0" PHiderA) o
0eR (XS

(A2) = sup || ¢! ¢,
n=>0

which yields the inequality (>) in (A.1). To prove the reverse inequality, for each
x € C" with ||z||cr = 1, we denote y(n,t,z) = e!(="P*+A) g, Since A and D commute,
we have d%et(_”DJrA) = —tDet(=1P+4) We therefore calculate the following:

d d _ _
%(Ily(n,t,w’)l\z) = %@t( D+ A) g HDE gy = —2t(Dy(n, t, x),y(n, t, 2))

=2t Y dyy;(n.t,x)y;(n,t,2) < —2tj;gi§0dj|\y(n,t7x)ll%n-
J:d;7#0 -

We conclude easily that ||y(n,t,x)|lcn does not increase, so ||y(n,t, x)|cn <
[ly(0,t,z)||cr for all n > 0. Therefore

S o0 =sup sup y(mta)len < sup [y(0.8, ) en

Het'CHL?(R)n = sup ||6’t(
0 120 [|zflcn=1 lzllcn=1

n>
= lle“licn,

which finishes the proof of (A.1). O
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A.2. An integral condition. We begin by recalling an abstract theorem from
[7, 21]. We denote by (f, g)e.c~ the value of a functional g € £* on f € €.
THEOREM A.2. Assume that the spectrum of the generator L of a Cy-semigroup
{et“}i>0 on & lies in {\: Re X < 0}.
(1) Let & be a Hilbert space. Let L* be the adjoint operator of L. Then the
semigroup is bounded if and only if

(A.3)

sup w/ H(ﬁ— (w—|—i7‘)I)_lsz + ||(/3* - (w—l—iT)I)_lsz dr < oo for each f € £.
w>0 —0o0

(2) Let € be a Banach space. Then the semigroup is bounded, provided

(A4) sup w/ ‘<(£—(w—|—i7')l)_2f,g>5€* dr < oo for each f €&, g€ E™.

w>0 —o00

This result is proved in [7, 21].
For the cases & = L'(R), L%(R), or BUC(R), we consider the operator £ asso-
ciated with L) defined by (3.8). Since the semigroup generated by Eél) on L?(R)™

is bounded, Sp(/lél)) C {X: Re X < 0}, so the same is true of its Fourier transform.
Therefore

(A.5) Sp(—D16% +icf + Dy R1(0,0)) € {\: Re X <0} for all § € R.
Because of (A.5), we can define, for (§,w,7) € R? with w > 0,

N(6,w,7) = (= D16% +ich + Dy Ry(0,0) — (w +im)I) ",
(A.6) m(0,w,7) = ||N(0,w, T)||crixn -

PROPOSITION A.3. Assume (A.5).
(1) Suppose that m(-,w,7) € L=(R) for each (w,7) € R? with w > 0, and

(A7) sup w/ [lm(-,w, T)H%OQ(R) dr < oo.

w>0 —o0

Then Hypothesis 3.10(1) holds for & = L*(R).
(2) Suppose that m(-,w,7) € HY(R) for each (w,7) € R?* with w > 0, and

(A.8) Su}:()) w/ Hm(-,w,T)H?{l(R) dr < oo.
w> —0o0
Then Hypothesis 3.10(1) holds for both spaces, and Hypothesis 3.15(1) holds.

Proof. First, we recall the definition and elementary properties of matrix-valued
Fourier multipliers; see, e.g., [1] and the literature cited therein. Given an L function
N :R — C™*™  we define an operator Ty on the Schwartz space S(R)™ of smooth,
rapidly decaying, vector-valued functions by Tnxh = F~1(N(-)Fh), where F is the
Fourier transform and h € S(R)™. For & = L*(R), L*(R), or BUC(R), the function
N is called an & -Fourier multiplier if the operator T admits a bounded extension
from S(R)™ to all of £*. Since F is an isometry on L*(R)™,

every L™ function N is an L?(R)™ -Fourier multiplier,

(A9) and ||TNHL2(]R)"1—>L2(R)"1 = HNHLoo
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For & = L'(R) or BUC(R), various sufficient conditions are known for N to
be an &)'-Fourier multiplier. We will use one of the simplest [1, Theorem 4.1]: let
m(0) = ||N(9)|. For & = LY(R), L*(R), or BUC(R), if m € H'(R), then N is an
&' -Fourier multiplier, and

(A.10) TNl gzt e < llmllr)-

Next, let us consider the functions N and m defined by (A.6). In case (1)
(respectively, (2)) of the proposition, we have m(-,w,7) € L*(R) (respectively,
m(-,w,7) € HY(R) < Cy(R)). In either case, N is an L* function. For h € S(R)"!,
we have (Lél) —(w+iT)I)"th = Txh. For (w,7) € R? with w > 0, (A.9) implies that
T is bounded on L?(R)"™ . Therefore on & = L*(R) the operator (Eél) —(w+iT)I)~?
is also bounded, and

(A.11) (L8 = (w+ir) )"t = FY(N()F) on L2(R)™.

Thus w + it € p(ﬁél)), so Sp(ﬁél)) C {XA:Re) <0} for & = L?(R). By an analogue
of Lemma 3.5(1) for /381), we have the same result for & = L!(R) and BUC(R).
Suppose (A.7) holds. Then (A.11) yields, for each f € L?(R)™,

sup w/ H(E((Jl) — (w+ iT)I)*lfH2L2(R)n1 dr =sup w/ H]—"fl(]\f(-)]:f)H2L2(]R)n1 dr
w>0 — 00 w>0 — 0o

oo 2
“omp s [ INOZ sy b

[e'e) 2
<oups [ bt Mo drl g < .

This is half of what is needed to show that (A.3) holds. A similar argument yields the
other half, and then Theorem A.2(1) gives the result.

Suppose (A.8) holds. Theorem A.2(2) implies, in particular, that the semigroup
{et*};>0 is bounded on the Banach space &, provided Sp(£) C {\: Re\ <0} and

(A.12) sup o.)/ ||(£ — (w+ Z'T)I)_lui_>£ dr < oo.

w>0 —o00

For & = L*(R), L?(R), and BUC(R), we obtain, using (A.10),
(A13) (L8 = @+ D Mg e = [Tl em < llmw, 7))

Then (A.13) and (A.8) imply that (A.12) holds with £ = & and £ = £{", which
yields the result. O

Appendix B. Stabilizing weights. We consider the linear PDE
(B.1) Yy = DY¢e + cYe + AY,

with Y e R*, £ € R, ¢ > 0, D = diag(dy,...,d,) with all d; > 0, and A = (ay;) an
n X n matrix.

In this appendix we will let o denote a real number, and we will use L?(R) to
denote a weighted L? space with weight function e*¢ so that Y € L2 (R)" if and only
if e*€Y (¢) € L2(R)™. Then

(B.2) Y(€) =e 7)), ZecL*R)".
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Substitute (B.2) into (B.1) and multiply by e¢
(B.3) Zy = DZ¢ + (c —2a) Ze + (a?D — ca + A) Z

As explained in section 3, the operator on L2(R)™ given by the right-hand side of
(B.1) is similar to the operator on L?(R)™ given by the right-hand side of (B.3).

To find the spectrum of the constant-coefficient linear differential operator on the
right-hand side of (B.3), we take the Fourier transform,

(B.4) Zy = (=6°D + (c — 2a)if + a*D — ca + A) Z=M,a)Z,
where

M (6, o) = diag (—6°dy, + (c — 2a)if + o*dj, — ca)) + A.
Eigenvalues A of M (0, «) satisfy the equation det(M (6, ) — AI) =0 or

(B.5) det (diag (—=0°dy, + (c — 200)i0 + &*dy, — ca — A) + A) =

For fixed «, the spectrum of the operator on L?(R)™ given by the right-hand side of
(B.3) is the closure of the set of A such that A satisfies (B.5) for some 6 € R.

Regard the left-hand side of (B.5) as a function of (6,«,\) that we denote
f(0,a, \). Define g : R™ SR by g(cri) = det(ckr); the numbers ¢y are the entries of
an n X n matrix. Then f can be regarded as the composite function,

f0,a,\) = g(ckl(ﬁ, Q, )\)),
where ¢k (6, a, A) is the kl-entry of the matrix M (0, o) — AI. We have
co = ap for k#1, e = —60%dy, + (c —2a)if + a’dy — ca — A+ agp.

Suppose f(o,0,0) = 0; i.e., an eigenvalue of M (o, 0) = diag (—603di + icty) + A
is 0. Hence in the unweighted space (o = 0), the spectrum of the operator on the
right-hand side of (B.3) includes 0, so the semigroup it generates is not exponentially
stable. We want to move the spectrum to the left by introducing the weight e¢.

Suppose, in addition, that % (6o,0,0) # 0;i.e., 0 is a simple eigenvalue of M (6y,0).
Then by the implicit function theorem, the equation f(6,«, ) = 0 can be solved for
A as a smooth function of (6, &) near (6, 0,0), so A(6p,0) = 0.

Now f(6,a, A(0, ) = g(cri (6, o, A(6, ) = 0 implies

Z aCkl aCkl 8/\
Ocky 8/\ Ao

This simplifies to

dg oN\
(B.6) Z Derr < 210 + 2ady, — c— (’9_a) = 0;

the partial derivatives of g are evaluated at M (0, a) — A(0, a)1.
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If we substitute (6, a) = (6p,0) into (B.6), we must evaluate the partial deriva-
tives of g at M(6p,0). Now 2L (M (6, 0)) = My (6o,0), the kk-minor of M (6o, 0).
Therefore

(Z My (6o, 0)) <—2i90 - %(90, 0)> = 0.

It is not hard to check that the assumption that 0 a simple eigenvalue of M (6, 0)
implies that >° Mgk (6o, 0) # 0; actually, the latter is equivalent to %(90, 0,0) # 0.
We therefore obtain

oA

a—a(Gg, 0) = —2i0 — c.
It follows that if ¢ > 0, increasing o will move the spectrum to the left. On the other
hand, if ¢ < 0, increasing « will move the spectrum to the right.
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