STABILITY OF CONCATENATED TRAVELING WAVES:
ALTERNATE APPROACHES

XIAO-BIAO LIN AND STEPHEN SCHECTER

ABSTRACT. We consider a reaction-diffusion equation in one space dimension whose
initial condition is approximately a sequence of widely separated traveling waves
with increasing velocity, each of which is asymptotically stable. As in [25], [24], and
[11], we show that the sequence of traveling waves is itself asymptotically stable: as
t — oo, the solution approaches the concatenated wave pattern, with different shifts
of each wave allowed. Our proof is similar to that of [1] in that it is based on spatial
dynamics, Laplace transform, and exponential dichotomies, but it incorporates a
number of modifications.

1. INTRODUCTION

Consider a system of reaction-diffusion equations in one space dimension,
(1.1) Up = Uyy + f(u),

with f: R® — R" of class C%. A concatenated wave pattern for (1.1) consists of the
following data:

® a sequence e, €1, . . ., e, of equilibria of the ordinary differential equation u; =
f(u), with m > 2;
e an increasing sequence c¢; < ¢p < -+ < ¢, of real numbers;
o for j = 1,...,m, a traveling wave solution of (1.1) with velocity ¢;, ¢;({),
¢ =z — ¢jt, with ¢j(—00) = e;_1 and ¢;(00) = e;.
The equilibria e; are not necessarily distinct.

We are interested in solutions of (1.1) that are close to the sequence qi, ..., qn
of traveling waves. To discuss such solutions, let y denote an increasing sequence
Y1 < Yo < --- < Y, of real numbers. Associated with y is a realization of the
concatenated wave pattern defined by dividing the domain R x R, with coordinates
(x,t), into m regions and placing one traveling wave in each region; the jth wave is

initially centered at y;. More precisely, for j =1,...,m—1,let ¢; = %(Cj +¢jt1), the
average speed of the waves ¢; and g;11, and let z; = %(yj +yj+1),j=1,...,m—1
Let xg = —o0 and z,, = co. Define

Pj:{(l’,t)IZlf:l’j—l—E]’t,tEO}, ]:1,,7’)7,—17
Qj={(z,t) ixj 1+t <z <a;+¢t, t>0}, j=1,...,m.
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Thus Q) = {(z,t) : —00 < x <z +&it, t > 0} and Q,,, = {(x,1) : Ty + Gt <
x < 0o, t > 0}. See Figure 1.1; I'; separates €2; and €2;;;. The realization of the
concatenated wave pattern associated with the sequence y is the function u¥(z,t)
defined on the union of the 2; by

u¥(x,t) = gj(x — y; — ¢;t) for (z,t) € Q.
The center of the wave ¢; in {2; moves on the line
My ={(z,t) : x =y; +¢jt, t >0}

The lines I'y, ..., 'y, My, ..., M, spread apart as t increases. The function u¥(z,t)
satisfies (1.1) in each ;. It is not continuous across the I';, but the jump in w¥(z,t)
along I'; goes to 0 exponentially as t — oo.

M, Iy M, I M,

Yi X Yo X2 Y3

F1GURE 1.1. For the case m = 3, the concatenated wave pattern con-
sists of three waves separated by two lines I'y and I's.

In ©; it is natural to replace x with the moving coordinate {; = = — y; — ¢;t. In
§,t-coordinates, €2; corresponds to

Q= {(& 1) wja =y + (G0 — )t <& <y —y; + (6 — ¢t}

The line M; in €2; becomes &; = 0 in Qj.

Given a function u(z,t) on R x R*, its restriction to €2, corresponds to a function
ﬂj(&ja t) on Qj given by ﬁj(éﬂj,t) = U(gj + Y; + Cjt, t)

Let I; denote the interval (z;_1, ;).

Definition 1.1. A concatenated wave pattern is exponentially stable provided there
exists v < 0 such that for each ¢ > 0 there exist x > 0 and > 0 for which the
following is true. Suppose min(y;4+1 — y;) > x and uf” € H'(R) satisfies ||uf"(x) —
qj(x —y;)lmra,) < 6 for j =1,...,m. Then there is a solution u**(z,t) in R x R* to
(1.1) such that

(1) u(z,0) = ug?(a);

(2) in Q, 45°(&5,) = q;(& — B;(t)) + Y;(&,1), and as t — oo, B;(t) and Y;(;,1)
are O(e™);

(3) in appropriate function spaces, ||5;(t)|| < € and ||Y;(;,1)|| < e.

Since £;(t) is O(e?), lim;_,o, §;(t) exists. Thus the definition says that if the initial
condition u®(x,0) is close to the concatenated wave pattern at ¢ = 0, then the
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solution approaches a shifted concatenated wave pattern as t — oco. Different shifts
are allowed in different €2;.
In the coordinates (£,t) = (§;,t), (1.1) becomes

(1.2) u = uge + cjue + f(u), =& =x—y; —cit.

The traveling wave ¢;(§) is a stationary solution of (1.2). The linearization of (1.2)
at the traveling wave ¢;(&) is

(1.3) Up = Ug + ;U + Df(;()U, §=¢& = —y; — ¢t
Define the linear operator £; on L*(R) by

L;U = Uge + ¢;Us + D f(g;(£))U.
We shall assume that for j =1,...,m,

(A1) ¢;(&) approaches its end states exponentially as £ — t00.

(A2) There is a number 7 < 0 such that for j = 1,...,m, the half-plane R(\) > 7
contains only resolvent points of £;, except for the simple eigenvalue A = 0,
with one-dimensional eigenspace spanned by q}.

Assumptions (A1) and (A2) imply that the individual traveling waves are exponen-
tially stable. From the form (1.3) of the system, the linear operators £; are sectorial.
Assumption (A1) implies
(A1’) There are numbers K > 0 and g > 0 such that for j =1,...,m,
(1) ll3;(8) — ej—1ll < Kers for £ << 0;
(i) [lg;(§) — ;]| < Ke™# for & >> 0;
(i) Jlgj(&)]| < Ke ¥ and ||gf(€)]| < Ke ¥l for [¢] >> 0.

We now state the main result of this paper.

Theorem 1.1. Assume (A1) and (A2). Then the concatenated wave pattern is ex-
ponentially stable. Moreover, let n and p be given by (A2) and (A1'), and let

1

1
(1.4) vV = max (n, —§M(C2 —C1),. -, —i,u(ck — ck_l)) < 0.

Then in the definition of stability, one may take v < v < 0.

The result says that if the individual traveling waves are exponentially stable, then
the concatenated wave pattern is exponentially stable.

Essentially the same result was proved by Doug Wright [25] and Sabrina Selle
[21]. However, their approach does not use concatenated wave patterns, but instead
uses a sum of traveling waves. We have found it difficult to apply this approach
to problems in which the traveling waves were degenerate in some manner at their
end states, because of the “smearing” of the waves inherent in using sums. We
were therefore motivated to try to develop a stability approach to concatenated wave
patterns in which the different waves are more clearly separated, and their interactions
can perhaps be more precisely seen.

Wright’s work has been generalized to two space dimensions [20] and to lattice
differential equations [(]. There is also work on concatenated wave patterns for scalar
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problems that uses methods limited to scalar problems such as the comparison prin-
ciple; see [1, 3]. In addition, there is a literature on the related problem of fronts that
approach each other; see for example [27, 15, 23]

Our approach uses “spatial dynamics,” which was developed by Kirchgassner [7],
Renardy [20], Mielke [17], Sandstede, Scheel, and collaborators [19, 1], Lin [10, 11]
and others. The idea of spatial dynamics is to treat the space variable as time, and
evolve functions of ¢ to the left and right. With the aid of Laplace transform in ¢
and exponential dichotomies in &, one can decompose a function of ¢ into a part that
decays to the left and a part that decays to the right. A recent paper that uses
Laplace transform in this manner is [21].

Here is a brief outline of the paper. In §2 we reduce the problem of proving
Theorem 1.1 to one of proving a linear result. In §3 we reduce the problem of proving
the linear result to one of proving two lemmas. The proofs of these lemmas occupy the
remainder of the paper. One, the Tail Lemma, deals with canceling a discontinuity in
the solution along one of the lines I';, where the tails of two traveling waves interact.
The proof of this lemma uses the linearization of the the reaction-diffusion equation
at the equilibrium e;, which has spectrum in A < v < 0. The other, the Interior
Lemma, deals with canceling a discontinuity in the solution near one of the lines M;,
i.e., in the interior of the jth traveling wave. The proof of this lemma uses the linear
operator £;, which has the eigenvalue 0.

In order to prove these two lemmas, in §4 we give some background about exponen-
tial dichotomies and Laplace transform. Much of this background comes from [10].
The two lemmas are proved using the material of §4 in §5-§6.

The organization of the paper is intended to make the structure of the argument
clear in §2-§3. Our hope is that the structure of the argument can be used in less
standard situations, for example, when the operators £; are not sectorial or have
essential spectrum on the imaginary axis. However, the choice of spaces used in §2—
83, and the proofs of the lemmas in §5—§6, rely on the strong assumptions we have
made.

Our approach to the problem of stability of concatenated waves was first presented
in [11]. The present paper differs from [!1] in a number of respects, including: (1)
a more standard ej-definition of stability of the concatenated wave pattern; (2) a
simpler treatment of linear implies nonlinear stability (§2) that in particular does not
attempt to determine the ultimate phase shifts as variables in the problem, and thus
differs from the approach of Sattinger in [22]; (3) greater emphasis on the structure of
the argument (§2-§3); (4) generalization and detailed proof of a key lemma about the
smoothness of the solution of a second-order linear partial differential equation that is
almost time-independent (Lemma 4.6); (5) an alternate construction of the solution
to a certain linear ODE satisfying an internal jump condition, near a parameter value
where there is no exponential dichotomy (§6, Step 2).



2. REDUCTION TO A LINEAR PROBLEM

2.1. Spaces and jumps. Define the Banach spaces
H¥RT) = WF*RF,R"), k >0, the usual Sobolev space;
Hk1><k2(R+) _ Hkl(R+) X HkZ(R+), kfl > O, kfz > 0.
As usual, H° = L2
Let © be an open subset of R x RT, with coordinates (z,t). Define the Banach
space
H* Q) = {u:Q— R" | u, uy, uye and u, € L*(;R"};
[ullz2r @) = llulle> + uallze + lluaellz2 + lluellz2.
We use the subscript 0 to denote a subspace of functions that equal 0 at ¢t = 0;
thus HY(R*) C H*(R") consists of functions in H*(R*) that are 0 at t = 0.
For a constant v < 0, define:
HYRY,y) = {u:RT - R" | e u € H*R}; [|ullarg ) = e ul| ey
Hlekz(R+a7) = Hkl(R+a7) X sz(R+’7)'
L) ={u: Q= R"[e7ue LX(Q}; [[ull 2 = lle™"ullr20)-
H> (7)) ={u: Q= R"| e Mue H*'(Q)}; |lullpzi0q) = lle " ull g2
X'RY ) ={u:R" 5> R" | e"0 € L*(RT}; |Julxigs ) = [Ju(0)] + |le™ || z2g+)-

The change of coordinates £ = & — y — ¢t converts  to a subset Q of R x R*,
with coordinates (§,t), and converts a function u(x,?) on {2 to a function (£, t) =
u(§+y+ct,t) on Q.

Lemma 2.1. The map u — @ is a linear isomorphism of H>1(Q,~) to H>Y(Q,~).
The map u — @ and its inverse & — u both have norm at most 1+ |c|.

Proof. Let u € Hg’l(Q,y). Then @e = uy, Uge = Upy, Uy = Uy + Ccju,. Thus
[l + Naell + Nagell + laell < lull + luall + uawll + [uell + lefluz]l-
Here all the norms are in L?(€2,7). The lemma follows easily. O
Let l(zg,c) = {(x,t) : © = 2o — ct, t > 0}. We shall sometimes denote £(zg, c)
simply by £. If u € H*1(Q,~) and £(z¢,c) C Q (resp. {(xg,c) is the right- or left-

hand boundary of €2), then u has a naturally defined restriction (resp. extension) to
U(xq, c) called the trace of u on ¢(xg, ).

Lemma 2.2. (1) If uw € H*Y(Q,7) and l(xg,c) C Q or l(xg,c) is the right- or
left-hand boundary of Q, then the trace of u on {(xg,c), as a function of
t, belongs to HO"™*O2(R* ~). The mapping u — oz, i bounded linear
from H?Y(Q,~) to HO™*03(R* ~). Moreover, there is a number K > 0,
independent of xy and ¢, such the norm of the linear map is at most K(1+|c|).

Proof. For ¢ = 0, see [15], vol. 2, Theorem 2.1. For ¢ # 0, use Lemma 2.1 followed
by restriction or extension for ¢ = 0. U
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Now let Q= and QT be open subsets of R x RT such that the line £ = ((xo,c) is
both the right-hand boundary of = and the left-hand boundary of QF. Let u~ €
H*Y(Q7,7) and u™ € H*'(Q",v). Let u be the function on Q= U Q" that equals
u” on 2 and ut on Q7. We denote the jump in u across ¢, a function of ¢, by
[u](¢) = uy(t) — u_(t). By the previous lemma, [u](¢) is defined and belongs to
HOT5X0.25(R+ )

Lemma 2.3. If [u]({) = 0 in HO™*O25(RT ~), then u extends to a function in
H>(Q-uleuQt, ).

Proof. The proof is an exercise in trace theory. Let w be the function on Q- ULUQT
that equals u; on Q= and u) on Q7. Integrating against a test function and using
integration by parts , it is easy to show that u, = w in L*(Q~ U LU Q) if [u](¢) = 0.
Thus u, € L*(Q~ U LU QT). Similarly one shows that u,, € L*(Q~ U LU QT). It is
clear that u and u; are in L*(Q~ U U Q). Therefore u € H>1{(Q- UlUQT,v). O

Let u(z,t) be any function defined on UQ2;. Then u(x,t) corresponds to a sequence
of functions @1(&1,1), ..., Um(&m, t), where @;(&;,t) is defined on €, with @;(&;,t) =
uw(&; + y; + ¢t t). Conversely, given @y (&1,1),. .., Un(&mn, t), one can define u(x,t) on

u(z,t) = u;(z —y; — ¢jt, t) on Q.

If each @; is in H>'(£);,7), then the trace of @; is defined on the left and right
boundaries of €2;, so we have

(2.1) [Wl(Ty) = U1 (zj — yj1 + (G — ¢t t) — Uz — y; + (& — )i, 1),

We shall also use the notation [@;](I';) to denote (2.1)

2.2. Reformulation of the problem in Qj. Recall from Definition 1.1 that in Qj,
the solution of the initial value problem of interest is

a5t (&5, t) = ¢;(&5 + B;(1) + Y;(&5, 1)

Then in €, (1.1) can be written

(2.2) 0+ q5(€ + B)Bj = 0¥ + c;0cY; + flqi (€ + By) +Y5) — fla;(€ + By)),
(6.1) = (&.1) €y
We now reformulate (2.2) by expanding about (Y}, 5;) = (0,0). With (£,t) = (&;,1),
write
Fla;(€+B85) +Y)) = f(a;(€+ B;)) — Df(g;(§ + B;))Y; = Fu(&, Y, 8;) (Y5, Y5),
Df(q;(€+ By)) — D [f(q;(€)) = Fj2(&, B;) 55,
4§+ B5) — 4;(§) = Fja(€, 85) 85,



with
1
Fu(€.Y),8) = /O (1= $)D2f(qy(& + B;) + sY;) ds,
1
Fial€, ;) = / D2 (qy(€ + s8,)) ds.
01
Fis(€, ;) = / L€+ 55,) ds.
Let

Fi(&,Y;, 85, B8)) = Fiu(€,Y;, 8) (Y3, Y;) + Fja (€, B))Y;8; — Fys(€, B;)B;5;.
Write (2.2) as

(2.3) Y+ q)(&)B) = 0eeYj + ¢;0eY; + D (q;(£))Y; + F(£.Y5. 85, ),
(&) = (&.t) € Q.

We also expand the initial conditions and the jump conditions across the I'; about
(Y}aﬁj) = (070) With (f,t) = (é-j?t)v write

1
G (E+B5) — q;(&) — B;q;(€) = G;(&,8)B7,  G4(£,8;) = /0 (1 —5)q; (& +sB;)ds.
Initial conditions for (Y;(&,0), 5;(0)) for (2.3) must satisfy the equation

(2.4) u™(§ +y;,0) = u5*(§,0) = ¢;(§ + 5;(0)) + ¥5(£,0)
= (&) + B;(0)g;(§) + G4(&, B;(0))5;(0) + Y;(£,0), §=¢& €1

Across I'; we have

(2.5) 0= [u™](Ty] = [a5")(T;] = [q; (& + B)ITy) + [Y3]1(Ty)
= [ (E)IT5) + B (E)IT5) + [G5(&, B)BT;) + [Y;1(T5).

2.3. Approach. Given 7 < 0, to solve (1.1) with the initial condition u*(x,0) =

ug®(z) € H'(R), we need to find pairs (Y;(¢;,1), 8;(t)) € H>'(Q;,7) x X (R*, ),
j=1,...,m, that satisfy the following conditions, which come from (2.3), (2.4), and
(2.5):

(N1) In Q;, (Y;, B;) satisfies
8ty} + q;(f)ﬁy = affy} + Cjaﬁy} + Df(Q](g)Y} + Fj(€> Y}a ﬁﬁ Bj)a (67 t) = (gja t) € Qj'
Yi(£,0) + B;(0)q;(€) = u(€ +y;,0) — ¢;(€) — G5(&, 5;(0))57(0), £=¢ €.
(N2) Along I';,
Y1(T5) + 1855 (E)1(T5) = —lg; ()1(T5) = [G4(&5, ;) B3(T)
Vel (T;) + [8,4] (E)1(T;) = =[d;(&)I(T5) = [Gie(&s, B) B21(Ty).
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Note that the requirement that 8; € X'(R*, ) implies that £;(c0) = 3;(0) +
fooo ;(t) dt is finite, because

/0 1B,(8)dt = / e B,(8)]dt < 1z e 15 () e

= 2721183, ()|l 2 -

In order to solve the nonlinear system (N1)-(N2) we shall first consider the following

nonhomogeneous linear problem. Let n < v < 0. Let h; € L*(Q;,7), j = 1,...m;
w; € HY(I;), j=1,...m; and J; € H*™*O2(R* ~), j =1,...m — 1. Assume

(2.6) [(wj, wie)|(z;) = J;(0).

Find pairs (Y}, 8;) € H>'(Q;,7) x X1(R*,7), j = 1,...,m, that satisfy the following
conditions.
(L1) In Qy, (Y;, B;) satisfies

0+ q,(€)B) = OeeY; + ¢;0Y; + Df(;(E)Y; + hy(&,8),  (&,t) = (§.t) €y,
Y;(€,0) + B;(0)g;(§) = w;(§), £=¢& €.
(L2) Along I';,
(Y5, Yie)[(T5) + [(B545(&5), Bid; (€5))] = ;.

Let Y = [1]"(H*'(Q),v)x X (R", 7)), and let Z denote the subpace of []}" L*(£2;, ) x
™ HY) x [0 HO™*025(R+ ~) for which (2.6) is satisfied.
1 j 1

Theorem 2.4 (Linear Theorem). Assume (A1) and (A2). Fiz v, n <~y < 0. If
min(y;41 — y;) s sufficiently large, then the linear problem (L1)-(L2) has a solution
(Y1, 81), - (Y, Bm)) € Y given by a bounded linear mapping

K:Z2-= y, IC(hl,...,hm,wl,...,wm,Jl,...,Jm_l) = ((m,ﬁl),,(ym,ﬁm))
The bound is independent of Y1, ..., Ym.-

We emphasize that the linear problem (L1)—(12) does not have a unique solution,
since we have not specified subspaces in which the Y; are to lie. The assertion of the
Linear Theorem is that there is a precisely defined linear map K that picks out one
solution of (L.1)—(L2) for each value of (hy,...,hpm, w1, ..., W, J1, .oy Jm1)-

Actually, for the linear problem (L1)~(L2), the sum U;(,t) = Y;(&, 1) +5;(t)q;(§) is
uniquely defined, although the pair (Y}, ;) is not. Moreover, each ;(c0) is uniquely
defined.

We outline the proof of the Linear Theorem in §3, with the proofs of two key
lemmas deferred to the remainder of the paper. Given the linear result, one proves
the following more precise formulation of Theorem 1.1.

Theorem 2.5 (Nonlinear Theorem). Assume (A1) and (A2). Let v be given by
(1.4). Fiz vy, v < v < 0, and let ¢ > 0. Then there exist x > 0 and § > 0
such that the following is true. If min(y;11 — y;) > x and u§® € HY(R) satisfies
|u§® (2) = qj(x—y;)||zr;y) < O forj =1,...,m, then the nonlinear problem (N1)-(N2)
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has a solution ((Y1,51), ..., (Y, Bn)) € Y. Moreover, for each j, ||Yjl g1, < €
and || Bl x1w+ ) < €

Proof. The argument follows a standard template. A solution of the nonlinear prob-
lem (N1)-N(2) is given by the fixed point of the mapping F = K o N, where
N :Y — Z is given by

(Y5, BTy = (F3(&5, Y5, By By, w (&5 + 15, 0) — q5(&5) — G4(&5, 8;(0) B3 (0) |72,
—14;(&), 5 (E)T;) — [G(&. 8) 82, Gie, (&5, B BT NS,
Note that

g EDII = @i+ (x5 — yjra + (& — ¢j1)t) — @55 — y; + (&5 — ¢5)) ]|
<N gji (s — yjn + (€5 — cj)t) — el + lles — qi(w5 — y; + (6 — ¢)t) ||
< Kelt@i—yimt(E—c)t) o fge—m(ri—y+(E—¢)t) < Keanleiri—c)t

Similar estimates apply to [¢}(&;)], [G;(§5, 85)], and [Gje, (€5, B;)]. This is the reason
for the requirement that v < 7.
For notational simplicity, let (Y, ) denote (Y}, 3;)[7L;. Then

NV, B) = (0721, u (& +15,0) — q;(§)721s —1a5(&), G (€N T L) + OV B)IP).

In fact, there are numbers K > 1 and € > 0 such that if min(y;+1 — y;) is sufficiently
large and max [|ug®(r) — ¢;(* — y;)||m1(1;) is sufficiently small, then,

(1) V(Y. 8) = N(0,0)]| < K||(Y, B)|]? for [|(Y, B)[| < &
(2) [DN(Y, B)]| < KI|I(Y, B)| for [[(Y, B)| < €;

(3) IK]l < K;

(4) INV(0,0)] < 5%

We may assume ¢ < 1/2K?. Then ||F(0,0)| = [[KKN(0,0)]| < § and

IF(Y, 8) = F(0,0)]| < K[IN(Y, 8) = N(0,0)]| < K*e* < %
Therefore F maps the e-ball in [}*(H>'(Q;,7)x X (R*, 7)) into itself. For ||(Y, 8)|| <
e, |[DF(Y,B)|| < K| DN(Y,pB)|| < K% < L. Therefore F is a contraction of that
ball. The fixed point is a solution of (N1)-(N2). O

3. PROOF OF THE LINEAR THEOREM 2.4

In §3.1 we review some facts about a single traveling wave. In §3.2, we solve the
initial value problem (L1) in each €;, ignoring the jump condition (L2). In §3.3, we
state a result, the Jump Theorem 3.2, about the solution of the full linear system
(L1)~(L2) with h; = 0, w; = 0, and J;(0) = 0, i.e., zero forcing, initial condition zero,
and jump at t = 0 equal to zero to match the initial condition. Then we combine the
two solutions to prove the Linear Theorem 2.4. In §3.4 we state two key lemmas, and
in §3.5 we use these two lemmas to prove the Jump Theorem. The proofs of the two
lemmas are given in the remainder of the paper.
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3.1. A single traveling wave. The traveling wave ¢;(§), £ = & = © — y; — ¢jt,
satisfies the ODE

qj + ¢iq; + f(g;) = 0.
The function (u(§),v(€)) = (¢;(£), q;(§)), —0o < § < 00, is a heteroclinic solution of
the associated first-order system

(3.1) ug =v, ve=—cv— f(g;)

that connects the equilibria (e;_1,0) and (e;,0). Assumption (A2) implies that these
equilibria are hyperbolic saddles with n eigenvalues having positive real part and n
having negative real part.

Let £} be the adjoint operator for £; on L*(R),

(3.2) Lz = zee — cjze + D f(q;(§)) 2.

The kernel of L} is spanned by a function z;. Since g} is not in the range of L;,
f_oooo < zj,q; > d§ # 0. We choose z; so that

[e.e]

The spectral projection to ker(L;) is

P;U = (/ <zj,U>d§)q;..

We have the spectral decomposition U =Y + f¢; with

YGR(I—P]):R;C]:{Y/ <Z],Y>d€:0}

—00

3.2. Solution of (L1). In this subsection we consider each Qj separately. Given a

forcing function h; € L?(£2;,v) and an initial condition w; € H'(I;), we look for a

solution (Y}, 3;) of (L1) in H*'(Q;,v) x X (R*,~).

Proposition 3.1. Assume (A1) and (A2), and assume min(y,;+1 — y;) is bounded
below by a positive number. Fiz v, n < v < 0. Then the linear problem (L1) has a

solution ((Yl(l), fl)), ce (Yn(ql),ﬁﬁ))) € Y that is given by a bounded linear mapping

KO T2 < [TH () = D,
1 1

KO, s, yw) = (VY 817), (VD 83D)).
The bound is independent of y1, ..., Ym.

We remark that (L1) does not have a unique solution. The assertion of Theorem
3.1 is that there is a precisely defined linear map K() that picks out one solution of
(L1) for each value of (hy, ..., hy,wi, ..., wy).
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Proof. We shall need linear extension operators from L*(€);,7) to L*(R x R*,v) and

from H'(I;) — H'(R). Functions in L*(£2;,v) can be extended to L*(R x RT,~)
by taking them to be 0 outside Qj. For a method of extending functions in H'(I;)
to H'(R), see [7], Theorem 6.44. If min(y;+; — y;) is bounded below by a positive
number, then these extension operators can be chosen to have a uniform bound K
independent of the choice of y1,...,y,,. We shall denote all such extension operators
by £.

Let h; = Eh; € L*(R x RY, ), and let w; = Ew; € H*(R). Then consider the
initial value problem
(3.9 ]
Uy = Uge + ¢;Uc + Df(q;(€))U + hy(&,1), (§,8) e Rx R, U(E,0) =w,(E), £ €R.

The solution of (3.4) can be written as U({,t) = Y(&,t) + B(t)q; with Y (-,1) €
R(I —P;). Applying the operators I — P; and P; to (3.4), we obtain

(3.5)  Yi=Yee+cYe+Df(q;()Y + (I —Pphi(&t),  Y(£,0)=(I—Pjwy,
(36) B — Pj}_lj, B(O) - Pj’U_Jj.

Now R(I — P;) = RL; is invariant under £;, and L£;|R(I — P;) is sectorial and
generates an analytic semigroup eLit. We have

Y (€,1) = 5N — Py)w;(€) + /0 LTI —Py)hy (€, 7) dr,

t
B0 = Pyuy+ [ Phy(Er)dr
0
From Lemma 3.11 of [10] it is easy to show that Y € H*!(R x RT,~) and satisfies
1Y || 21 @it ) < Crll5]| @y + 1125l L2 @it 1)) < OVE (gl gy =+ 15 p2, 1)
Also, we clearly have
18l x1@) = [BO)] + 18l 2@+ ) < Colllgllan @) + 17 22 @xrt )
< CoK([will ;) + 1Rl 122, ,9)-
Finally, to solve (L1) in Qj, we let
v =viQ, gY =g
O]
3.3. The Jump Theorem and the proof of the Linear Theorem. Consider the

following linear problem: given jumps jj c HY™*OB(R* 5), j=1,...,m — 1, find
pairs (Yj(z),ﬁ](?)) € HY'(Q),7) x X,(R*,5), j = 1,...,m, such that the functions
U;(:1) = Y (€. 0) + 5,7 4)(&;) satisfy

(3.7) Up = Uge + ;U + DF(;())U,  (§,1) = (1) € O,

(3.8) U 0)=0, {=¢ €l

(3.9) (U, Uje))(T5) = J;(T).
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Note that this linear problem has zero forcing and initial condition zero.
Theorem 3.2 (Jump Theorem). Assume (A1) and (A2). Fiz v, n < ~v < 0. If

min(y;41 — y;) s sufficiently large, then the linear problem (3.7)~(3.9) has a solution
((Yl(z), 59)), c (Yn(f), 57(3))) € Yo that is given by a bounded linear mapping

m—1
£ T HE™ PR 7) = Yo, K (i, dns) = (5, 87), . (V2. 52).

1

The bound is independent of y1, ..., Ym.

As usual the solution is not unique, but one solution is given by a precisely defined
linear map.
Given Proposition 3.1 and Theorem 3.2, the Linear Theorem 2.4 is proved as fol-

lows. Given the h;, w;, and J;, let ((Yl(l),ﬁfl)), (%, 8W)) be the solution of
(L1) found in Theorem 3.1. For j = 1,...m, define the function (7](1)(5]-, t) on € by
UV (1) = YV (1) + B¢(€). Then define

() = J;(05) = (037, T3(T).

J

Note that .J; € H*™*025(R+ ~) and
J5(0) = [J;(0)] = [w](0) = 0.
Use Theorem 3.2 to find the functions (7](2) = Yj(z) (&,t) + B](-z)q;» (&;). Set

v =vV4v® o g=a480, j=1...m.

3.4. Two lemmas. The proof of the Jump Theorem 3.2 relies on two lemmas. In
this subsection we state the two lemmas and show how they yield Theorem 3.2.
Let N > 0. Assume that min(y,;+1 — y;) > 2N. In zt-coordinates, let

M ={(z,t):x=y;+N+cit, t >0}, j=1,....m—1,

M]ti-l :{(x,t):x:yj+1—N—|—cj+1t, tZO}, ]: 1,...,m—1,

M = the union of the ]\4]-Jr and M, j=1,...,m—1,

AT = the open subset of Q; between M;" and I';, j=1,...,m—1,
A

i+1 = the open subset of ;1 between I'; and M, j=1,...,m—1,

A = the union of the A and A7, j=1,...,m—1.

See Figure 3.1.

3.4.1. Tail Lemma. The Tail Lemma, which deals with canceling discontinuities along
the I';, is most easily stated in xt-coordinates.
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y

Yj )’j"‘N X; yj+1'N Yis1

FIGURE 3.1.

Let ¢; € Hy ™ O%(R*,v), j =1,...,m. On A, ie., near the union of the I';, we
look for a function U(z,t) that satisfies

(3.10) Uy = Uz + Df(q;(x — y; — ¢t))U, (z,t) in AT,
(3.11) Up = Uss + D f(qj41(% — yj1 — ¢j411))U, (1) in Ajy,y,
(3.12) Uz, 0) =0,  [(UU)I;) = ¢

The solution should decay exponentially in t as t — 0o and in z as (z,t) moves away
from I';.

Lemma 3.3 (Tail Lemma). Assume (A1) and (A2). Fiz v, n < v < 0. Then
there is a number N > 0 such that if min(y,; 41 — y;) > 2N, then the linear problem
(3.10)(3.12) has a solution U(z,t) in HZ'(A,~) that is given by a bounded linear
mapping

m—1
KB . H HOTXOB(RY ~) = Hg’l(A,ﬂy).
1

The bound is independent of yi,...,Ym. There are numbers C >0anda > 0,
independent of y1, ..., Ym, Such that the solution satisfies the estimates

(3.13) Ul < Ce @™ Mgyl Uy || < Cem®ommima)]ig,),
where all the norms are in H*™X025(RT ~).

Note that the assumption min(y;+1 —y;) > 2N implies that y;+N < z; < yj41—N,
sor; —y; — N >0and yj41 — N —z; > 0.

3.4.2. Interior Lemma. The Tail Lemma produces discontinuities along the lines in
M; the Interior Lemma deals with canceling them. To state the Interior Lemma, we
will work in a single moving coordinate { = §; = x — y; — ¢;t. In {t-coordinates, let
M, denote the line £ = a. Let ¢ € HJ ™**?*(R*,v). We consider the problem

(3.14) Up = Uge + ¢;Us + Df(;(E)U,  (€,1) € RXRT\ M),
(3.15) U, 0) =0, [(U,Ug)]l(Ma) = ¢.
Lemma 3.4 (Interior Lemma). Assume (A1) and (A2). With N given by Lemma

3.3 and min(y;41 — y;) > 2N, let a = —N or N~. Fix j, and fit v, n <~y < 0. Then
the linear problem (3.14)~(3.15) has a solution U = Y;(§,t) + B;(t)q;(§) with
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(1) Y; € Ho'(R x RY \ M,,~) and P;Y;(-,t) = 0 for each t;
(2) B; € X5(RF, ).
The solution is given by a bounded linear mapping
KW HPT OB (RY, 7) = Hy (R x RT\ M, 7) x Xg(RY,7),  KW(¢) = (Y}, 5)).

The bound is independent of 7 and y1,...,Ym. There are numbers C' > 0 and o > 0,
independent of Y1, ..., Ym, such that the solution satisfies the estimates
(3.16) U, |l < Cemewtemmdigl|, ||U]p,|| < Cem*awD g,

where all the norms are in H*™*025(RT ~).

Note that the assumption min(y;+; —y;) > 2N implies that z;_; < y; +a < x;, so
yj+a—xj_1 >0and z; —y; —a > 0.

3.5. Proof of the Jump Theorem. We use the Tail Lemma 3.3 and the Interior
Lemma 3.4 to prove the Jump Theorem 3.2 by an iterative procedure. We work in
xt-coordinates, in which the system (3.7)—(3.9) becomes

(3.17) Uy =Um+Df(q;)U, (x,t)€Q;, j=1,...,m,
(3.18) U(x,0) =0,

(3.19) (U, U)(L)) = J;(T;).

Let

A = 'HllaX ||jj(rj)||H0.75><0A25(R+’7).
Jj= m

.....

Choose N so that the Tail Lemma 3.3 is true, then let min(y]H y]) be sufficiently

large so that for j = 1,...,m, the coefficients Ce~3®i~%=N) and Ce=0Wit1=N=2;) jp

(3.13), and C'e_a(yﬁ“_xﬂ U and Ce®@i=%i=9) in (3.16), with a = £N, are at most
1

Kk < 3, so that 4k? < 1. Let K be the larger of the bounds for the linear maps
K® of the Tail Lemma and K™ of the Interior Lemma. K is independent of j and
Yy s Y-

For each j = 1,...,m, given the jump J; € HY™*“®(RT ~), we set jj[»o] =
j and use the Tail Lemma with ¢; = ~][_0]. For each j, the Tail Lemma pro-
duces a function U @02, ¢) defined on AT, and a function U]tiﬂl Oz, 1) defined
on A ; see Flgure 3.1. We extend each to be 0 elsewhere, and we set [t
> e (U i+l Ujy i ]). Utitll(z.¢) is a solution of the homogeneous problem
(3.17)—(3.18) on the complement of the M}, T, and M. ,. For each j =1,...,m,
it has the correct jump j 10 along FJ, but has undesu"ed jumps along M; + and M] 1

which we denote qﬁj OF and qu +1 respectively. In H?™x0-25(R¥ ~) we have

+[0 0
max(|[¢; [, 10727 1) < £l T < kA
To eliminate the undesired jump along .Mjr (resp. M;,,), we use the Interior
Lemma 3.4 with a = N (resp. with j replaced by j + 1 and a = —N) and ¢ = ¢;r[0]
(resp. ¢ = ¢ +1) We denote by U]i-ntﬂo] (resp. U;rjfl_ [0}) the solution produced by
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Lemma 3.4, translated into zt-coordinates, then restricted to €; (resp. €2;41) and
extended to be 0 outside ; (resp. Q;11). We set Um0 = S~ <Umt+[0 + Ulnt 1 )

7=1
Um0l (2. 1) is a solution of the homogeneous problem (3.17)—(3.18) on the complement

of the ]\/[Jr I'j, and M, ;. For j =1,...,m, its jumps along ]\/[Jr and M, ; are minus

those of U;all 0] (x,t), but it has a small undesired jump along I';, which we denote
—j]m. In HOT5X025(R+ ~), we have

17710 < w6y ™I+ o™l + o731 + o701 < 482A.

For j = 1, the first of the four summands is missing, and for j = m, the last of the
four summands is missing.
The function U = ytilll 1 intl0) ig a solution of the homogeneous problem
(3.17)—(3.18) in the complement of the I';. For each j, its jump along I'; is J][-O} — JJ[-”.
We now iterate the procedure, beginning by using the Tail Lemma for each j with
;= Jm. For each 7 =1,..., m we obtain
e sequences of functions U; @i+ 5]( 2 1) defined on A7 and Utall Mz, 1) defined
on AJ_H, k=0,1,2,.
) sequences of jumps qu " defined on M; + and gb] +1 defined on M, k =
0,1,2,.
. sequences of functions U W Gefined on € \ M and U} 01 Jefined on
Qi \ M, k=0,1,2,.
We set

[tail le] Z ( e+ Utall [k) oyt Z (U““* G Umt ) ’

Jj=1 Jj=1

3

Ukl = gkl - it 7] is a solution of the homogeneous problem (3.17)—(3.18)
N J[k—i-l]

in the complement of the I';. Its jump along I'; is J][-k ;' where

(3.20) ||j][-k}||Ho.75on25(R+ﬁ) < (4%2)kA.

We wish to obtain the solution whose existence is asserted in the Jump Theorem
by summing the U*. The summation will be done in each €2;. The restriction of U [k]
to €, corresponds, in {;t-coordinates, to

Uj[k} _ U;ail— K U;ail-‘r G U;nt— G U;nt+[k}.

Given a subset S of 2, we use S to denote the corresponding subset of Qj. With this
notation, the first (resp. second) summand is nonzero only on A} (resp. Af), and the
third (resp. fourth) summand has a jump along M;" (resp. M ;’ ). Nevertheless the

sum has no jumps along M ]i For j = 1, the first and third summands are missing;
for 5 = m, the second and fourth summands are missing.
The functions U 7t broduced by the Interior Lemma are in the form U

v (g )+6f[k ¢}(&), with Y, € HP'(Q;\ M, ) and 57" € XLRY ). We

int+ [k}
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set

Y;-[M _ U.;ail— k] 4 0—;ail+ (K] + Y;-_ (K] + Y;»+ [k}’ 5)[@(1; = ﬁ qj + ﬁ k] 2

Using || - || to denote || - || go7sx025(m+ 4y, from the Tail Lemma, the Interior Lemma,
and (3.20), we have
(3:21)  max (1T ¥l ren i s NOF g
(3.22)

+ [k + [k +[k 7k
mae (1Y ¥ g @t s 18 Ml e ) < K0T < Kl T < Kon(n?)* A,

) < KTV < K(4n)ea,

+17’Y

Finally we set

_ (k] _ (k] T

Y, =Y V" B =) 8", Ui =Y+ B
k=1 k=1

Now each summand of Yj[k] is in Hg (S, ~) for an open subset S of Qj bounded by a

vertical line, and by construction the sum Y}M has no jumps along those lines. Hence

by Lemma 2.3 the sum is in Hy'(Q;,7). From estimates 3.21-3.22 and x < 3,

k
1V 10, ) < AK(4R%)FA

Since 4x2 < 1, Y; is in HY'(Q;, 7). Similarly, using (3.22), §; is in X}(R*,~). The
jump in the U; across I'; is

71E] FlE+1]y _ 70] 7
SO (A=) = ) =,

k=1
as desired. (The series converges by (3.20).) Moreover, independent of j,

4K

max <||Y;'||H271((~2j,'y)’6j||X&(R+W)) = 1 — 42

4. EXPONENTIAL DICHOTOMIES AND LAPLACE TRANSFORM

In this section we gather material we will need to prove the Tail Lemma and
Interior Lemma. The first four subsections are general; the last gives a lemma about
the Laplace transform of the linear differential equation (1.2).

4.1. Exponential dichotomies. Let us consider a linear differential equation Uy =
L(§)U, € € I, on a Banach space E. Here I C R is an interval, and L(§) : F — F
is a linear operator for each £ € I, but it may be unbounded, and its domain may
be a proper subspace of E. The solution operator U(§) = T'(&,¢)U(¢) may have a
domain that depends on the pair (£, (). Of course, when F is finite dimensional, L(§)
is bounded for each &, and T'(, () has domain E for each (&, ().



17

Definition 4.1. We say U = L(§)U has an exponential dichotomy on E for £ € I
if there exist bounded projections Ps(§) + P,(§) = I in E, continuous in £ € I, and
constants K, p > 0, such that the solution operator T'(§, () satisfies

(4.1a) T(,C): RPs(C) — RPs(&) is defined for £ > (;
(4.1b) T(,¢): RP,(C) — RP,(&) is defined for £ < (;
(4.1c) IT( Q)P < Ke el &> ¢;
(4.1d) 1T QPN < Ke™ed, g < ¢

We use the notation Es(§) = RP;(§), E.(§) = RP,(§). In general exponential
dichotomies are not unique. However, if I = (—o00,&], then the unstable subspace
E,(§) is independent of the dichotomy chosen, and if I = [¢y, 00), then the stable
subspace F(&) is independent of the dichotomy chosen.

The following result gives the basic facts about persistence of exponential di-
chotomies under perturbation.

Theorem 4.1. (Roughness of Exponential Dichotomies) Let I be an interval, and let
Ue = L(§)U, € € 1, be a linear differential equation on a Banach space E. Assume
that U = L(&)U has an exponential dichotomy on I with projections PX()+PY(&) = 1
and constants Ko, po > 0. Let B(§) : E — E be a bounded linear operator for each
§el, with Be L>(I). Let § = supg; || B(§)|| < oo.

Consider the perturbed linear equation

(4.2) Ue = (L(&) + B(§))U.
Let 0 < p < po, and assume that 0 is sufficiently small so that
2Ky 2K?
4.3 C0 <1 and C36 < 1, where O = ——, Cy = — )
(43) ' ’ =50 (p— )1 - Chd)

Then (4.2) also has an exponential dichotomy on I with projections P(&)+P,(&) =1
and the exponent p. The multiplicative constant is K = Ky(1 — C16)71(1 — Cy9)7L,
and

Cy0
1—C%

If E is finite-dimensional, then the proof of Theorem 4.1 is well-known [2]. If F is
infinite-dimensional, the proof must be adjusted because the solution operator is usu-
ally not invertible on F; see [3, 9]. For a shorter proof in the infinite-dimensional case,
see [12] (simply replace the rate function a(z) by e* and the decay rate (a(x)/a(y))="
by e~P@=v)),

1P5(&) = PY()] <

4.2. Second-order linear PDEs. Let I be an interval. Consider a second-order
linear partial differential equation on C™ with zero initial conditions, of the form

(44)  Ur=Ug+ U+ AE DU, (1) €I xRY (U, Ue)(E,0) =0.

We assume that A(,t) defines a bounded, piecewise continuous mapping from £ € R
to Cl (R+>
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Applying Laplace transform £ in ¢ and writing U (&,5) = LU(E,t), we obtain

The convolution is performed along a vertical line (p) = ¢ in C where the following
integral converges:

A s A o+ioco - -
(A )50) ) =5 [ AlenUEs—pdp
We have (A(g, VRO, -)) (s) = LIA(E, )LTT(E, ).
Converting (4.4) and (4.5) to the equivalent first-order systems, we obtain
(4.6) U=V, Ve=U—cV—-AEHU, (UV)(E0)=(0,0);
(4.7) Ue=V, Ve=sU—cV = (A€, ) 4 0(,1) (5)

We shall regard (4.6) as a linear differential equation in & on the Banach space
Hék+0'5)Xk(R+,7), 0 < k < 0.25, which is a space of functions of t. Because of
Lemma 2.2, the choice k = 0.25 is most natural, but some of our arguments will
require this greater generality.

We wish to regard (4.7) as a linear differential equation in £ on a space of functions
of s.

We recall that a function f(s) is in the Hardy-Lebesgue class H(7),v € R, if

(1) f(s) is analytic in R(s) > v;
(2) suPgs, (J7o, 1 (0 +iw) | dw)'/? < co.
H(7) is a Banach space with norm defined by the left side of (2).

According to the Paley-Wiener Theorem [25], u(t) € L*(R*,) if and only if its
Laplace transform u(s) € H(7), and the mapping u — @ is a Banach space isomor-
phism.

For k, ki, ke > 0 and v € R, let

H* () = {uls) : uls) and (s — ) u(s) € H(7)},
luallar iy = ullaay + (s = 9) ullaacs),
HEE () = HE () x HE ().

An equivalent norm on H¥(y) is

() 1/2
[ell3eny) = sup (/ lu(o + i) (1 + |o + iw[*) dW> :
o>y -0

It can be shown that u(t) € HY(RT,~) if and only if 4(s) € H*(v), and the mapping
u — 1 is a Banach space isomorphism. Tt follows that (u,v) € Hy ™ (R*,5), ky, ky >
0, if and only if (@, ©) € H*¥>*2(v), and the mapping (u,v) — (4, 0) is a Banach space
isomorphism.

We shall regard (4.7) as a linear differential equation in £ on the Banach space
HEH0B3k (1) 0 < k < 0.25.
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The following lemmas is a consequence of the fact that £ is an isomorphism from
Hék+0.5)><k(R+7 7) to H(k+0.5)><k(fy>.

Lemma 4.2. The following are equivalent.

(1) (4.7) has an exponential dichotomy on H*+0-9%k(~) for & € I, with projections
Py(&) + P,(&) = I and solution operator T'(&, ().
(2) (4.6) has an exponential dichotomy on Hék+0'5)Xk(R+,fy) for & € I, with pro-
jections Py(€) + P,(€) = I and solution operator T(€,¢).
Moreover, pj(f) =L7'P(OL, j = s,u; T(€,¢0) = LT, Q)L for €,¢ € I; and the
constants K, p for the two dichotomies are equal.

An important question is whether the solution operator T(¢,¢) can be used to
define a solution to (4.4) that is in H*'. For now we deal with this question by
making a definition.

Definition 4.2. (1) We say that (4.4) has property (S) on [a,00) if (4.6) has an
exponential dichotomy on HJ™*%2(R+ ~) for ¢ € [a, 00), with projections Py(€) +
P,(&) = I and solution operator T'(£, ), and there is a number C' > 0 such that the
following is true. Let & > a and let ¢ € RP,(&y). For € > &, define (U, V)(£,t) =
T(£,&)¢. Then U € HZ' (&, 00) x R, ~) and is a solution to (4.4). Moreover,

||U||H2'1((§0,OO)XR+,“/) S C||¢||HO.75XOA25(R+7,\/).

(2) Similarly, we say that (4.4) has property (S) on (—o0, a] if (4.6) has an exponen-
tial dichotomy on HS-"™*0%(R* +) for ¢ € (—o0, a], with projections Py(&)+P,(&) = I
and solution operator T(¢,¢), and there is a number C' > 0 such that the following
is true. Let & < a and let ¢ € RP,(&). For & < &, define (U, V)(€,t) = T(£,&)¢.
Then U € HY'((—00,&) x RT,~) and is a solution to (4.4). Moreover,

||U||H2'1((—OO,§0)XR+,’)/) S C’|¢HHOA75XO.25(R+’7).
Lemma 4.3. (1) Assume that (4.4) has property (S) on [a,00). Let xy > a and

¢ < 0. Then there is a number C' > 0, which depends only on the constants K, o of
the dichotomy, such that

||U|g(x0,c) ||HO‘75><0'25(R+,7) < é(l + |C|)6_a(x0_a) ||¢||H0475x0.25(R+7.y).

(2) Assume that (4.4) has property (S) on (—o00,a]. Let o < a and ¢ > 0. Then
there is a number C' > 0, which depends only on the constants K, a of the dichotomy,
such that

HU|@(ZO,C) ||HO‘75XO'25(R+W) < C’(l + ‘C‘)e_a(a_xo) ||¢||H0475x0.25(R+7.y).

Proof. We just prove (1). The mapping that takes ¢ € H{™*"?%(R* ~), thought of
as a space of functions on the line x = a, to Ulya,c) € HY™*025 (RY 4), thought of
as a space of functions on the line ¢(xg, ¢), is a composition of three mappings:

¢ SN U‘w:mo from H8'75X0'25(R+,’7) to H8'75X0'25(R+,”y);
Ula=so = Ul(aosoo)xr+ from HY™OP(RY, y) to HY'((2g,00) x RY,y);
U|(m0,w)xR+ — U|g(w070) from Hg’l((xo, o00) x R*,7) to H8'75X0'25(]R+,7).
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The norm of the first map is at most Ke~*~®  the norm of the second is given by
Definition 4.2 (1), and the norm of the third is given by Lemma 2.2. O

4.3. A(¢) independent of t. Following [10], we introduce the following families of
norms on C" and C" x C".

Definition 4.3. Let ||u|| denote the usual norm on C". For s € C and k; > 0, let
E*(s) denote C" with the norm

lull g sy = (14 Is[™) ]l
and let E¥1**2(s) denote C" x C" with the norm
() | prrcra sy = (14 IsI™)lull + (1 + [s]*)[Jv]].

We can use these norms to define equivalent norms on H* (v) and H***2(v):

i~ 1/2
(1) il =10 ( [ oo + )l ) "
% 1/2
19) 0wy =500 ([ 1000+ )i )
If A(E,t) = A() is independent of time ¢, then (4.4), (4.6), and (4.7) simplify to
(4.10) Up = Ug + cUs + AU, (U, Ug)(€,0) = 0;
(4.11) U=V, Ve=U—cV-AU, (UV)(ED0)=(0,0);
(4.12) U=V, Ve=sU—cV—A@E)U.

We can regard (4.12) either as an ordinary differential equation on a space of functions
of s, or as a family of ordinary differential equations in & € I on C", with parameter
sin a set § C C, having solution operator T'(,(, s).

Definition 4.4. We say that (4.12) has an s-dependent exponential dichotomy for
s€Sand £ €1 if for each s € S, (4.12) has an exponential dichotomy on C" x C"
for £ € I, and in addition the projections P;(¢, s), j = s, u, are analytic in s for fixed
€. In the dichotomy, the constants K (s) and p(s) depend on s.

We say that (4.12) has a uniform exponential dichotomy on the spaces E*+0-5)xF ()
for s € S and £ € [ if it has an s-dependent exponential dichotomy, and there are
constants K, a > 0 such that, when norms in the spaces E* 0% (s) are used,

(1) each K(s) < K, and
(2) p(s) = a1+ |s|™?).

The following lemma is proved in [10] (Lemma 3.1).

Lemma 4.4. Let 0 < k < 0.25. Suppose (4.12) has a uniform exponential di-
chotomy on the spaces EFT09%k(s) for R(s) > v and € € 1. Then (4.12) has an
exponential dichotomy on H*+0-9)%E () for & € T with projections derived from those
in EFT09%k(s) multiplicative constant K, and exponent . Moreover, (4.10) has
property (S) on both [a,00) and (—o0, a).
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4.4. A(&,t) has small dependence on t. If A({,t) = A(E) + B(&,t), then (4.4),
6), and (4.7) become

(4.
(413) U= Ug +cUs + AQU + BEOU, (U, U)(E,0) = 0
(414) U=V, Ve=U—cV - AQU - B&OU, (U, V)(€0) = (0,0),
(4.15

) U=V, Ve=sU—cV = AQU - (BE)+U(E) (5)

Lemma 4.5. Let 0 < k < 0.25. Suppose the t-independent system (4.11) has an
exponential dichotomy on Hék+0'5)Xk(R+,7) for R(s) >~y and § € I. Let K > 0 and
a > 0 be the constant and exponential for the dichotomy. Let K > K and 0 < & < a.
Then there is a constant § > 0 such that the following is true. If B(£,t) defines a
bounded, piecewise continuous mapping from & € R to CY(R,), with sup ||B(&,1)]| <6

and sup || By(§,t)|| < 0, then the system (4. 14) also has an exponential dichotomy on

HSHO 5)Xk(]1§+, ) for & € I, with constant K and exponent é.

Proof. 1t is straightforward to show that for every &, the mapping U(-) — B(&,-)U(+)
satisfies

(4.16) |[B(&, ) U@ < 0Ul|2@e sy, I1BE U g0y < 201U g res )

Expressed as the interpolation of two spaces, HE(RT,~y) = [L*(RT,~), H} (R, )]s
Therefore we can use the interpolation inequality [15, 10] to show that

1B Mg ) < (IBE lzawe)' ™ - (IBE ) lmyee)* < 26.

If ¢ is sufficiently small, all the conditions in Theorem 4.1 are satisfied. Hence the

perturbed system (4.14) has an exponential dichotomy on Hék+0'5)Xk(R+,7) for £ €
I. 0J

Suppose that for both £ = 0 and k = 0.25, the t-independent system (4.12) has
a uniform exponential dichotomy on the spaces E%5*%(s) for R(s) > v and £ € R.
We may assume that these dichotomies have the same constant K > 0 and exponent
a > 0. By Lemma 4.4 and 4.2, for both k£ = 0 and k = 0.25, the system (4.12) has an
exponential dichotomy on H, (0. E’)Xk(]RJr 7v) for £ € R with constant K and exponent
a. Therefore the hypotheses of Lemma 4.5 are satisfied for £ = 0 and k£ = 0.25 with
I=R. Let K > Kand 0 < & < a, and let § > 0 be a number given by Lemma 4.5
that works for both k£ = 0 and k£ = 0.25.

Lemma 4.6. In the above situation, assume sup || B(§,t)|| < d andsup || B:(&,t)|| < 0.
Let a € R. Then (4.13) has property (S) on both [a,c0) and (—o0, al.

Proof. We shall only consider the interval [a, 00).

By Lemmas 4.5 and 4.2, the perturbed system (4.15) has an exponential dichotomy
on HOTx0.25(~) for ¢ € R with constant K and exponent &. Let Py(£) and P,(€)
denote the projections for this dichotomy, . Let & > a; let ¢ € RP,(&), so that

é € RP,(&); and let (U, V)(€) = T(€,&)¢ for € > &. Then
(417) H (U, V)(g)HHo&xo(fy) < ||(U, V)(£)||H0A75x0.25(ﬁ{) < K’e‘d(ﬁ_&)) ’|q§||7{0‘75x0.25(7).



22 LIN AND SCHECTER

For R(s) > =, let

Rewrite (4.15) as the first-order system

(4.18) <‘Ii)§ _ <SI _OA(g) _]C) (5) + <g(£ s))

For fixed s, we can regard (4.18) as a diferential equation on E%®*%(s), in which
case we regard (0, g(&, s)) as an element of E%°*%(s). We denote the solution operator
for (4.12), with parameter s, by T'(&,(,s), and we denote the projections for the
dichotomy on E°®*%(s) by P,(,s) and P,(&, s).

Alternatively, we can regard (4.18) as a differential equation on the function space
HO5x0(v). Using (4.16), (4.17), and the isomorphisms provided by Laplace transform,
for o > ~ we have

(4.19)
19(&, 0+ i)l 2@y < 19, Mlneyy = IBE, DUE 2@y < ONUE, )l 2@+ )
< U, V) ) mosxoms ) < (U, V)(E, )| morsxo.2s @+ )
< S e~ &%) ||¢||H0475x0.25(R+7.y).

Now (4.12) has an exponential dichotomy on H%5*%(y) for £ € R, with projections
derived from those on E%5*0(s). Since (4.19) implies that (0, g(&,-)) is bounded in
HO5*0 (), if we regard g as given in (4.18), then the unique solution of (4.18) that is
bounded in H%5*0(v) for £ > & is given by

A . 13
@m)wwwagzﬂa@@a@JM@+lzwxwa«mmy@ﬁmc

£
+/T®Q$&&$&M9W@i

o

Therefore the previously defined function (U , V) is given by this formula. Then
(U, V) = LY(U,V) can be expressed as (UD, V)4 (U V@) (UG V@) where
(UV), V) is the inverse Laplace transforms of the jth summand of (4.20).

By Lemma 4.4, UD € H'((&y,00) x R, ~) and has norm bounded by a constant
times ||@|[ yo.sx0 g+ ), which is in turn bounded by a constant times |[¢|| jo.r5x025 g+ )

To show that UY) € H'((&,00) x RY,7), j = 2,3, we shall show that e U0,
et e‘”tUéj), and e‘”tUég) are in L?((&y,00) x R*, ).

We shall treat only U®). Motivated by the proof of Lemma 3.8 in [10], we use the
uniform exponential dichotomy of (4.12) on the spaces E%°*%(s) for £ € R to estimate

(4.21) | T(E, ¢, 5)Pl(C, 5)(0, 9(C, 8))llpo.swogsy) < Ke HHHTIEO (0, g(C, 5))]| oo
_ Ke—a(1+\s|0.5)(f—<)||g(<’ $)||> g > (¢,
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where || - || is the usal norm on C". Let
a4 ¢ > ()
h(&) =
0, £<0.

Then from (4.21),
IO E ) < (@ +[s1*) TP, VE)E, 8)l posogs)
g 0.5
< (L4 s[*)7H [ Kem @D g(¢,5) [ dC = K (1 +[s%°) " (hx [lg(-, 5)[)(€).
&o

From Young’s inequality for convolutions,

(4.22)
1T )2 < K1+ s 7Rl L llg (- 9) e < K (14 15%) 2 g (-, 8)]| 2
<K+ [s) " a" g, 8)l e

Next we fix o > 7 and show that U® and, sU®, as functions of (¢, s) with s = o +iw,
w € R, are in L*((&y,00) x R). Using (4.22) and (4.19), we have

/ / (1+ |0+ iw) 2| T (€, 0+ iw)|? dedw < K™ / 19(-+ 0 + i) dov
—o0 J&o

—00

:KQOFQ/S / ||g(§,a+w)ll%zwazfSKQOFQ/5 l9(&, )y e

< K2Q_252K2 / 6_2&(5_60)||¢||§{0.75x0.25(R+W) dw.
€o

Therefore
(1+‘U+iw|)’|U(2)(', U+i')||L2((§o,oo)xR) < Cg”(ﬁHHo‘?sxo.%(Rt.y), Cy = Koz_lék@&)_o"r’.

Taking the inverse Laplace transform, we have

le™ " U || r2((go 00yxmy + €™ U2 | 260,00y ) < Call $llprorsxos s o).

Letting 0 — 7, we obtain the same estimate with o replaced by 7.
A similar argument yields

_ 2 _
||6 %UE( )||L2((§0,oo)><]R) — ||€ 'ytV(2)||L2((§0,oo)><R) < Cg||¢||HO.75><0425(R+,»Y).
Finally, a similar estimate for ||e_7tU§(§)||L2((€07m)XR) = ||e"7tV§(2)||Lz((§O,OO)XR) follows
from the estimates for U®), Ut(2), and V® by noting that (U®, V) is a solution of
(4.14), and using the second differential equation to estimate ||e_7tV£(2) || 2((¢0,00) x R) -
The proof is completed by noting that all constants are independent of &. O
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4.5. Exponential dichotomies for the Laplace transform of (1.3). In this sub-
section we consider the Laplace transform of the linear differential equation (1.3),
which we write as a system:

(4.23) U=V, Ve=(sI=Df(g(&))U—¢V, EeR.

For each fixed s we regard (4.23) as defining a differential equation on C™ x C".
Hypothesis (A2) implies that (4.23) has an s-dependent exponential dichotomy for
R(s) >mn, s#0.

Lemma 4.7. Assume (A2). Fiz vy, n <~y <0, let ¢ >0, and let Sc = {s : R(s) >
v and |s| > €}. Then (4.23) has a uniform exponential dichotomy on the spaces
EYTX05(5) for s € S, and € € R. The multiplicative constant K (¢) depends on €
and approaches infinity as € — 0, but for some o > 0, the exponent is a(l + |s|*9)
independent of €.

Moreover, let Ps(ej_1,s) and P,(e;, s) be the spectral projections at the two limiting
points (e;—1,0) and (e;,0). Then there are constants M > 0, N > 0, §; > 0, and
09 > 0 such that for s € S, 0 <e < M,

1P, ) — Puleyn, ]| < SSED0 oy
" o0 ¥
16K=(e k
||Pu(§’8)_Pu(6]’S)|| S oz(l—l—‘s‘o'f’)’ gzNa

where k =1 for |s| > M, and k =2 for e < |s| < M.

Proof. The proof is adapted from that of [10], see also [13].
Step 1: exponential dichotomy for |s| > M. Let M > 0. For s € Sy, we treat
(4.23) as a perturbation to the system

(4.25) U=V, Ve=sU-cV.

From [10], (4.25) has a uniform exponential dichotomy on the spaces E%7*0-5(s) for
R(s) > v and £ € R, with multiplicative constant K, and exponent pg = a(1+]s|%?).

Let s € Syr. Let 01 = supg [Df(q;(€))]. Although 6, is not small, the conditions
C101 < 1 and C58; < 1 in Theorem 4.1 can be satisfied if we choose p = %2 (1+ [s|°?).
Then po — p = (1 4 [s]°?) is large for s € Sy with M is sufficiently large. Hence
for s € Sy with M sufficiently large, (4.3) in Theorem 4.1 is satisfied, so (4.23) has
an s-dependent exponential dichotomy for £ € R. The multiplicative constant K is
independent of s, and the exponent is p = 42 (1+]s|®®). The projections satisfy (4.24)
with & = 1. Thus we in fact have a uniform exponential dichotomy on the spaces
EOT5X025(g) for s € Sy and € € R.

Step 2: exponential dichotomy for 0 < |s| < M. Using M found in step
1, we consider the spectral equation (4.23) with s in the compact set {s : R(s) >
v and |s| < M}.

Consider the constant-coefficient systems

(4.26) U=V, Vi=(sI—Df(e))U—¢;V, k=7j—1,5.
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in which s is a parameter. Hypothesis (A2) implies that these systems have n eigen-
values with positive real part and n eigenvalues with negative real part. For s in
the compact set {s : R(s) > v and |s| < M}, the systems (4.26) have exponential
dichotomies for £ € R with the common exponent p; > 0 and the common multi-
plicative constant K > 0.

Let N > 0, and let

(4.27) 02 = max(sup{|[Df(g;(§)) = Df(e;)ll : § < =N},
sup{[[Df(q;(§)) — Df(&;)] - € = N}).

As N — o0, §5 — 0, so for N sufficiently large, (4.3) in Theorem 4.1 is satisfied.
Therefore, for R(s) > v and |s| < M, (4.23) has exponential dichotomies in £ < —N
and in N < . The dichotomies are not unique, but the unstable subspace E, (&, s),
¢ < —N, and the stable subspace E (&, s), £ > N, are unique and depend analytically
on s. We shall use them to construct an exponential dichotomy on R.

We extend E,(¢,s), £ < —N, and E(&,s), £ > N, to £ € R by defining

E.&,8)=T(,—N,s)E.,(—N,s) for — N <¢ < o0,
Es(&,s) =T(&, N,s)Es(N,s) for —oo <& < N.

From (A2), if R(s) > yand 0 < |s| < M, T(N,—N,s)E,(—N,s) is transverse to
E4(N, s). The dichotomy has been extended to £ € R for $(s) > v and 0 < |s| < M.
The exponent of the dichotomy can be taken to be a;(1+ |s|%?) with a; independent
of s.

For 0 < € < M, in the compact set {s : R(s) > yande < |s|] < M}, the
angle between E,(+N_,s) and E,(£N,,s) is bounded below by a constant that
approaches 0 as € — 0. Thus, the multiplicative constant K;(e) for the dichotomy on
{s:R(s) >~y and e < |s| < M} approaches infinity as € — 0.

Step 3: completion of proof. We combine the two cases and select a =
min{%, o }. Then (4.23) has a uniform exponential dichotomy on the spaces E*7*025(s)
for s € S, and € € R. The exponent is a1 + |s|*%). The multiplicative constant is
K(€) = max(K, Ky (¢)).

The fact that the exponential dichotomy is analytic in s follows from a simple
perturbation argument. Assume that for a given sg € C, the system (4.23) has an
exponential dichotomy on R. Then the contraction mapping principle can be used to
find the stable and unstable subspaces of (4.23) for |s — sg| < €. Since the equation
depends analytically on s, so do the stable and unstable subspaces. O]

5. PrROOF OF THE TAIL LEMMA 3.3

The proof of the Tail Lemma uses the material in Subsection 4.4.
Fix j. We use coordinates (&,t), { = — x; — ¢;t. Notice that

- 1
Gy — gt =84~y + (G -t =8+ 1~y + 3G — gt
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§jo1 =2 = Yjr1 — ¢t = §+ i1 — Yjr1 + (G — ¢t

1
=&+ @i — Y — 5(Gn — )t
The line I'; becomes £ = 0. The lines M;r and M, become
~ 1
My={(t):E=y;—x;+ N — §(Cj+1 —cj)t, t >0},
- 1
M, ={( 1) §=yjp—x;— N+ §(Cj+1 —¢)t, t >0}

Between M;’ and £ =0, (3.10) becomes

1
Up = Uge +¢c;Us + A, 1)U, A(§,t) = Df(q;(§ + x5 —y; + 5(0j+1 —cj)t).

Between ¢ = 0 and Mj_ﬂ and , (3.11) becomes

_ 1
Up = U +¢j11Us + AU, A€, t) = Df(qj1(§+ i1 — Yjr1 — (¢ — ¢)t).

2
Let K and p be the constants from (A1l’). We claim that for (§,¢) between ]\;[;r
and & = 0, and between £ = 0 and Mj_+1= |A(E,t) — Df(e)]| < Ke™N and A€, t) <
Ke N,
To see this, first note that for y; —2; + N < £ <0 and t > 0,

JA(E,t) — Df(e;)|| < K e HEtzi—y+3(cj41—¢))b) < Ke M&te—u) < [Ce=hN

Then note that for £ < y;—x;+N and (&, t) above J\;[;r, §+:Ej—yj+%(cj+1—cj)t > N,
SO

A(E,t) — Df(e))|| < Ke#€ivit3(ein=e)0) < fo—nN,

Similarly, A;(¢,t) < Ke ™", Analogous arguments apply to the right of £ = 0.
Using smooth cut-off function, we can extend A(,t) to all of (R\ {0}) x RT, so
that for all (¢,t), ||A(&,t) — Df(e))|| < Ke N and Ay(€,t) < Ke "V, (K may have
to be increased slightly independent of N.)
It is shown in [10] that the system

Oc=V, Teesl -2 — Df(e,)0

has a uniform exponential dichotomy on the spaces E*#+05xk(5) 0 < k < 0.25, for
R(s) >~ and £ € R. By Lemmas 4.4, 4.2, and 4.5, for N sufficiently large, the linear
system

U& =V, ngUt—EjV—A(f,t)U

has an exponential dichotomy on HO(HO'S)Xk(v) for £ € R, with, for each k, constants
K and & that are independent of y;, y;11. The estimate (3.13) follows from Lemma
4.3. The remainder of the Tail Lemma follows from Lemma 4.6.
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6. PROOF OF THE INTERIOR LEMMA 3.4

The proof of the Interior Lemma uses the material in Subsection 4.5.
After Laplace transform, the system (3.14)—(3.15) becomes

(6.1) 0 =Use +¢;Us = sU + Df(q;())U, (U, Ug)l(Ma) = §(s)-
Writing (6.1) as a first-order system, we obtain
(6.2) Ue =V, Ve=(sI = Df(g;(6))U = &V, [(U,V)[(Ma) = 9(s).

Since the jump ¢(t) is in HY ™% (5), ¢(s) is in HOT5*025(~). We look for solutions
of (6.2) that decay to zero as & moves away from M,.

Equivalently, we can rewrite U(,t) in (3.14) as U(E,t) = Y (&, t) + B(t)¢'(§) with
P;Y (-,t) = 0 for each ¢t. The system (3.14)—(3.15) becomes

Yi = Yeete;Ye D f(g;(6)Y =B(1);(€),  Y(£,0) =0,5(0) =0, [(¥,Ye))(Ma) = o(s).

Write h(t) = B(t). Then taking the Laplace transform, we obtain
(6:3)  Yee+¢;Ye + Df(q;(€)Y —sY = h(s)d'(€), [V, Yo)l(a) = (),
with P;Y (-, s) = 0 for each t. Written as a first order system, (6.3) becomes

(6.4) (Y, Z)e = (Z,(s] = Df(q;(£))Y = ¢;2) + (0, h(s)q;(€)),  [(Y, Z)](a) = o(s).

Step 1: |s| > e. Let € > 0. We shall show that for R(s) > n and |s| > e,
system (6.2) has a unique solution (U, V)(f, s) that decays exponentially as & — +00.
Moreover, the solution depends analytically on s, and there are constants Cy(e) > 0
and ay(€) > 0 such that for R(s) > n, |s| > ¢, and pi(e) = ay(e)(1 + |s]*?), the
solution satisfies

(65) || ((7, V) (5, 8) ||E0A72x0.25(s) <y (6)6_p1(6)‘5_a‘ ||(§(S) HE0.75x0A25(S).

To prove this result, we note that by Lemma 4.7, for R(s) > n and |s| > e,
the system (4.23) has a uniform exponential dichotomy on the spaces E%75x925(s)
for £ € R. Let T(&,(,s) denote the solution operator, and let the projections be
Pi(&,s)+ P,(§,s) = I. The unique solution of (6.1) that decays as £ — £o00 is then

~

(U, V)(&,s) = =T(¢, a,s)Py(a,s)p(s), € <a,
(U, V)&, s) = T(E a,5)Ps(a, s)d(s), {>a.
Estimate (6.5) follows from the definition of uniform exponential dichotomy.

Step 2: |s| < e. We shall show that there exists € > 0 such that for |s| < e,
(6.4) has a unique solution ((Y,Z)(&,s),h(s)) such that P;Y(-,s) = 0 for each s
and (}7, 2)(5, s) decays exponentially as & — do00. Moreover, the solution depends
analytically on s, and there are constants Cy > 0 and ay > 0 such that for |s| < €
and py = ag(1 + |s|°?), the solution satisfies

(67) || (Y, Z) (5, 8) ||E0A72x0.25(s) < Cze—pzlﬁ—al Hqg(s) ||E0A72x0.25(s).

To prove this result, we note that for each small s, there exist two exponential
dichotomies for (4.23) one for £ < a, the other for £ > a. We denote the projections

(6.6)
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by P (&, s)+ P, (&,s) =1 for £ <aand Pf(§,s)+ P (&, s) =1 for { > a. The spaces
E; (& s) = RP;(&,s) and Ef(¢,s) = RPf(&,s) are uniquely defined and depend

u
analytically on s. Complementary invariant spaces, and hence the projections, can

be chosen to depend analytically on s. Assumption (A2) implies that RP, (£, s) N
RPF(€,s) = {0} for s # 0, and RP7(£,0) N RPT(&,0) is spanned by (7/(£),7"(£))-
Bounded solutions of (6.4) can be expressed as follows:
(6.8)
for € <a, (Y,2)(&5) =T(¢a,9)P; (a,5)(Y, Z)(a—,s)

3 . € .
+/ T(&C,S)Ps_(C,8)(07h(8)q;-(<))d<+/ T(8, ¢, 9)P, (€, 5)(0, h(s)g;(C))dC;

—00

for € >a, (Y,2)(& s)=T(E a,s)PS(a,s)(Y,Z)(a+,s)

¢ . ¢ .
+/ T(£.¢,5) P (¢, 9)(0, h(S)Q}(C))dC+/ T(£.¢,5) P (¢, 9)(0, h(s)g;(¢))dC.

o0

Let
:u;(aa S) = Pu_(aa S)(Ya Z)(a_>s)> :u:(% S) = P:(CL, S)(}A/> Z)(CL—I—,S),
v(s) Z/_ T(C%C,S)Ps_(C,S)(O,q;(C))dCﬂL/ T(a, ¢, s)P(C,9)(0,q;(¢))dC.

From (6.8), the jump condition at £ = a is satisfied provided

(6.9) i (a,s) = iy (a,8) = hs)u(s) = o(s).
We have P;Y = 0 provided

(6.10) /_OO < 2(),Y;(&,5) > dE = 0 for each s.

oo

For each s we regard the left-hand side of (6.9) as a linear map
Ll(s) : Eu_(a'> S) X E:(aa S) XR— R2n> (:u;a ,u:> h) - :u: =y — h'U(S).

Moreover, since Y;(£,s) depends linearly on (u; (a,s), ut(a,s), h(s)) through (6.8),
for each s we can regard the left-hand side of (6.10) as a linear map

La(s) ¢ Bolas) x B (as) xR R (ipofuh) = [ <5(0.7(6.9) > de

Define L(s) : E; (a,s) x Ef(a,s) x R — R* x R by L(s) = (Li(s), La(s)). L(s)
depends analytically on s. Since dim E (a,s) + dim Ef(a,s) = 2n, L(s) is a linear
map from a space of dimension 2n+ 1 to a space of the same dimension. The formula
(6.8) gives a solution to (6.3) if and only if (u; (a, s), uf(a, s), h(s)) is a solution of

(6.11) L(s) (g 1 1) = (6(5), 0).

We shall show that L(0) is invertible. It follows that L(s) is invertible for small s,
so for all small s there is a unique solution (u (a,s), uf(a,s),h(s)) of (6.11) that
depends analytically on s. The estimates in the Lemma follow from the formulas
(6.8) and the compactness of the set |s| < e.
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To prove that L(0) is invertible, we will show that its kernel is trivial. Let
(py,, 1ty h) belong to ker L(0). The adjoint equation of (4.23) has a bounded solution
U = (cjz; — zje, ). V(a) is orthogonal to the codimension-one space E (a,s) +
E.(a,s). In addition, we claim that < ¥(a),v(0) >= 1:

< U(a),v(0) >= U(a) v(0)

=wmf/aTwam&wuwawomuwmf/mTwamRﬂam@¢«wm

—00

- [ wOTO g+ [T 80T 0,600

oo

~ [ 50 @+ [T a0 g@ic= [ <5040 > dc =1

Hence we can multiply the equation L (0)(u.,, ut,h) = pf — p, — hv(0) = 0 by
U(a)" and obtain h = 0. Therefore uf — u; = 0. Since E (a,0) N Ef(a,0) is
spanned by (¢j(a), ¢j(a)), there is a number k such that uf = p; = k(qj(a), ¢j(a)).
With these values of (y,u, h), the function (Y (€, O) Z(€,0) produced by (6.8) is
simply k(q;(£),qj(£)). Then the equation Ly(0)(py , pi, k) = 0 reduces to

/ <zj,kq;- >=k=0.

—00

We conclude that (u,, uf, h) = (0,0,0). Thus L(0) has trivial kernel, so it is invert-
ible.

Step 3: combining solutions from Steps 1 and 2. Using € > 0 given by Step
2, we consider (U,V)(&, s) defined by (6.1) for Rs > v and |s| > €. For Rs > v and
|s| > €, define

h@=/m<4&0@$>m

—00

Y(&s)=(I—P)UEs)=U(&s) — h(s)q;(€),
Z(&,s) = V(& s) — h(s)q} ().

For s > v and |s| >, (Y, Z)(€,5), h(s)) is the unique solution of (6.4) such that
P;Y = 0 and (Y, Z)(€,s) decays exponentially as £ — £oo. (Y, Z)(€,s) satisfies
(() 7) with Cy replaced by Ci(€) and py replaced by p(€).

We have now defined (Y, 2)(&,s), h(s)) for all s with Rs > ~. These functions
have been defined twice for |s| = €, but from their uniqueness, the two solutions agree.
Thus ((Y, Z)(f s), h(s)) is analytic in Rs > ~.

Step 4: 3(t). We shall show that 8 € L2(R*,~) and that ||5||L2 R+ ) 15 at most a
constant times ||@|| go.7s @+ ).

From Steps 1 and 3, for Rs > v and |s| > ¢,

()] < 2ll2@ U 9)l 2y < Mlzll2@ Crl€)|9(s) ] o rsxos o)
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It follows easily that there is a constant C' > 0 such that for Rs > ~,
|h($)| < C||Z||L2(R) ||¢(S) ||E0A75x0.25(s).

Therefore

. oo 2
Bl = Wiy =sup ( [ Into -+ 1))

o>y —0o0

1
SN 2
S C||Z||L2(R) sup </ |¢(O’ + iw>|%o.75x025(g+iw)dw)

o>y %)
= Ozl 2w |@l|2075 () = Cll2l L2 @) || Pl o5 R+ )

Step 5: (Y, 2)(&,t). Let C = max(Ci(e),Cy), o = min(ay(e),an), and p =
a(1+1s]|%®); then from Step 3, for Rs > ~,

(6.12) (Y, Z)(€, 8)|| gorexoas(sy < Ce 67| g ()| goraxozs (s).

Thus on —oco < & < a (resp. on a < & < 00), (V,Z)(&,s) satisfies the unstable
subspace part (resp. the stable subspace part) of the estimate required for a uniform
exponential dichotomy on the spaces E%72%%25(s) for fts > ~. Then as in Lemma 4.4,
it follows that Y € Hg’l(]R x R*\ M,,7), and there is a constant C' such that

1Y 120 gy < Clidlzromsnozs e o)

Finally, estimate (3.16) in the Interior Lemma follows from Lemma 4.3.
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