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Abstract Motivated by a problem in which a heteroclinic orbit represents a moving inter-
face between ordered and disordered crystalline states, we consider a class of slow—fast
Hamiltonian systems in which the slow manifold loses normal hyperbolicity due to a trans-
critical or pitchfork bifurcation as a slow variable changes. We show that under assumptions
appropriate to the motivating problem, a singular heteroclinic solution gives rise to a true
heteroclinic solution. In contrast to previous approaches to such problems, our approach uses
blow-up of the bifurcation manifold, which allows geometric matching of inner and outer
solutions.

Keywords Geometric singular perturbation theory - Blow-up - Pitchfork bifurcation -
Transcritical bifurcation
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1 Introduction

In [18], the authors consider a multi-order-parameter phase field model developed by Braun
et al. [4] for the description of crystalline interphase boundaries. Assuming large anisotropy,
a parameter € is small. The authors are led to consider a second-order system of the form

Xer = gx(X, ), (L.1)
€ yer = gy(x, y); (1.2)
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aheteroclinic orbit of this system that connects certain equilibria represents a moving interface
between ordered and disordered states. The system (1.1), (1.2) can be regarded as Hamilto-
nian with potential energy —g(x, y); the two equilibria are of course assumed to have equal
potential energy.

The mathematical interest of the problem stems from the fact that, when converted to
a 4-dimensional first order system, the 2-dimensional slow manifold undergoes a pitchfork
bifurcation along a line as a slow variable changes (and thus is not actually a manifold,
although we will refer to it as one). This bifurcation results in loss of normal hyperbolicity
of the slow manifold along the line. The limiting problem has a heteroclinic solution that
connects equilibria on the slow manifold, but it passes through the bifurcation line and in
fact has a corner there due to the pitchfork bifurcation. The question is whether, for small
€ > 0, there is a true heteroclinic solution near this singular solution.

This question has been resolved in the affirmative by Fife [10], who used a shooting
argument, and by the authors of [18] based on the contraction mapping principle. Key to the
analysis of [18] is an inner solution, used near the bifurcation point. The existence of the
inner solution, which is a solution with appropriate limiting behavior at 00 of a nonauton-
omous second-order ODE, had already been shown in [1]. The paper [18] is mostly devoted
to matching of the inner and outer solutions.

In this paper we consider from the viewpoint of geometric singular perturbation theory
[9,13,14] a class of problems that includes the one studied in [18]. In problems involving loss
of normal hyperbolicity of the slow manifold, geometric singular perturbation theory typi-
cally does not help to find and study the inner solution, but it often does simplify matching of
inner and outer solutions. Matching becomes a geometric problem of identifying the behavior
of certain manifolds of solutions, which can often be resolved using standard results.

Using the blow-up procedure for dealing with loss of normal hyperbolicity of the slow
manifold [8,15], we blow up the bifurcation line to a 3-sphere crossed with a line. The inner
solution corresponds to a solution of the blown-up system that connects two equilibria on one
of these spheres. Within the sphere, one equilibrium has a two-dimensional center-unstable
manifold, and the other has a two-dimensional center-stable manifold. Results in [1] on the
linearization of the nonautonomous second-order ODE along the inner solution imply that
these manifolds intersect transversally along the inner solution. We show that this implies
that for small € > 0, the 2-dimensional unstable and stable manifolds of the equilibria to
be connected meet transversally within a 3-dimensional energy surface. This result yields
existence of the desired heteroclinic solution.

We begin in Sects. 2 and 3 by describing a slightly simplified version of the system stud-
ied in [18]. Then in Sect. 4 we describe a more general version of this system, in which the
2-dimensional slow manifold undergoes a pitchfork bifurcation along a line as a slow variable
changes; we give assumptions and state our result. The result is proved in Sects. 5 to 9. In
Sect. 10 we state the analogous result for transcritical bifurcation of the slow manifold, and
indicate where changes in the proof are required.

2 Model System

We consider the second-order system (1.1), (1.2), with
1 5, 14
g(x,y) =h(x) — XYY 2.1

The function / is C? and will shortly be described more precisely.
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Write (1.1), (1.2) as a first-order system (the slow system):

Uiz = uz, 2.2)
uze = g(uy, uz) = h'(uy) — %u? 2.3)
€Uz = s, 2.4)
€ugr = gy(ur, u3) = u3 — uyus. (2.5)

In (2.2)—(2.5) let T = €o. We obtain the fast system:

Ulg = €Uy, (2.6)
1

Use = €gx(ur,uz) =€ (h'(ul) - EM%) , 2.7

Use = U, 2.8)

Use = gy(u1, u3) = U3 — uyu3. (2.9)

For each €, (2.6)—(2.9) has the first integral

1 1
H(uyi, uz, uz, usg) = 5“% + 5“‘2‘ — g(uy, u3).

Indeed, for € > 0, (2.6)—(2.9) is a Hamiltonian system, with Hamiltonian H, in the sense
that there is a nonsingular skew-symmetric matrix

=N e )

Quy  duz  Oug

T
T 0H 0H 0H oH
such that (u1, Uz uze Usy) =J (W > )

The equilibria of (2.6)—(2.9) for € > 0 are:

o (u1,0,0,0) with &' (u;) = 0.
b (”170,M3,0)Withu1:u%andh/(ul)_%ul:().

We make the following assumptions on /. Let

h(x) ifx <0,
h(x) — %x if x > 0.

£(x) = [

Then we assume:

(1) There are exactly three points x_, xg, x4, withx_ < 0 < xo < x4, at which £(x) = 0.
2) U(x_)=h"(x-)>0.

(3) C(xo) =h"(xo) =5 <0.

@) U(xp)=h"(x;)—31>0.

& [Texydx=0.

6) h(x-)=0.

See Fig. 1.
With these assumptions the equilibria of (2.6)—(2.9) for € > 0 are

1 1
(x*70903 0)5 (x(]a()v:l:x()zvo)v (x+705:|:xi50)5
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Fig. 1 Graph of z = h/(x). The z =1 ()

shaded areas are equal
z=x/2

and possibly others with uy = u3 = u4 = 0and u; > 0.
Our goal is to show that for small € > 0, there is a heteroclinic solution of (2.6)—(2.9) from

1 1
(x-,0,0,0) to { x4,0,x7, O). There is another from (x_, 0, 0, 0) to (x+, 0, —x7, O), but

we shall not consider it.

Lemma 2.1 h(x;) = %xi.

Proof

X 0

+ x4
0= [eoax = [weoac+ [ (h/(x) - %x) ax
x- 0

X—

1 1
= h(0) + (h(x+) - in - h(O)) = h(xy) — in.

Using assumption (6) and Lemma 2.1, we see that

1
H(x_,0,0,0)=H (x+, 0,x7, 0) =0.

1
It is easy to check that for € > 0, (x_, 0, 0,0) and (x+, 0, x}r, 0) are hyperbolic equilibria

of (2.6)—(2.9) with two negative eigenvalues and two positive eigenvalues. The heteroclin-
ic solution that we will find corresponds to an intersection of the 2-dimensional manifolds

1
W¥(x_,0,0,0)and W} (x+, 0,x7, 0) that is transverse within the 3-dimensional manifold

H~1(0) (which is indeed a manifold away from equilibria).

3 Fast Limit and Slow Systems

Setting € = 0 in (2.6)—(2.9), we obtain the fast limit system:

U =0, 3.1
Uz =0, (3.2)
Usg = U4, (3.3)
Uso = gy(u1, uz) = —ujuz + u3. (3.4)
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The equilibria of (3.1)—(3.4) are the 2-dimensional plane
E = {(uy,u2,0,0) : u; and u, arbitrary}
and the 2-dimensional parabolic cylinder
F = {(u1, u2,u3,0) : u; = u3, uy and u3 arbitrary}.

These two surfaces meet along the u;-axis. See Fig. 3.
The matrix of the linearization of (3.1)—(3.4) is

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 1171 0 o 0 1 (3-5)
gxy(ui,u3) 0 gyy(uy,uz) 0 —u3 0 —u +3u% 0

Therefore equilibria (u1, ua, usz, us) of (3.1)—(3.4) are normally hyperbolic if and only if
8yy(uy, uz) = —uy + SM% > 0, in which case there is one positive and one negative eigen-
value, in addition to two zero eigenvalues. Hence (3.1)—(3.4) has three manifolds of normally
hyperbolic equilibria:

E_ ={(u1,u2,0,0) : u; <0 and u, arbitrary},
1
F = [(m, us, —uf,O) cup > 0and un arbitrary] ,
1
Fy = [(Mr us, ufO) cup > 0and up arbitrary] .
In addition, there is a manifold of equilibria E4 = {(u1, u2,0,0) : u; > 0 and u> arbitrary}

that is not normally hyperbolic. See Fig. 3.
Setting € = 0 in (2.2)—(2.5), we obtain the slow limit system:

Uiz = uz, (3.6)
ure = gy (1, uz) = —%uﬁ + 1 (uy), 3.7)
0 = ua, (3.8)
0= gy(u1,u3) = —uguz +us. (3.9)

E_, Ey, F_, and F; are manifolds of solutions of the algebraic Egs. 3.8, 3.9. Equations 3.6,
3.7 then give the slow system on these manifolds. We are interested only in the slow system
on E_ and F.

Slow system on E_ (u; < 0, u arbitrary):

Ui = ua, (3.10)
uzr = gx(uy,0) = h'(uy). (3.11)

Slow system on F (u1 > 0, up arbitrary):
Ulr = Uy, (3.12)

1 1
Uz = gx (Ululz) =—5u + h'(uy). (3.13)

Phase portraits of (3.10), (3.11) and (3.12), (3.13), both extended to #; = 0, are shown in
Fig. 2. Note:
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Fig. 2 a Phase portrait of (3.10)—(3.11), u1 < 0. b Phase portrait of (3.12)—(3.13), u; > 0

Fig. 3 Phase portrait of the slow
limit system (3.6)—(3.9) on E_ U F
and F. The space ug = 0 is B
shown
E,
E_
U
F.
I-
Ty T
X_ B
U

(1) For (3.10), (3.11), (x_, 0) is a hyperbolic saddle, and a branch of its unstable manifold
meets the u> axis at a point (0, u3).

(2) For (3.12), (3.13), (x4, 0) is a hyperbolic saddle, and a branch of its stable manifold
meets the u; axis at the same point (0, uﬁ).

We must have 0 = H(0, u3,0,0) = %(ué)z — h(0),sou; = (2h(0))%.
Figure 3 shows the phase portrait of the slow limit system (3.6)—(3.9) on E_ and F . Let

e [I'_ denote the set of (i1, uz,0,0) such that x_ < u; < 0 and (u1, up) is in the unstable
manifold of (x_, 0) for (3.10), (3.11);

1

e [y denote the setof  uy, us, ulz ,0) suchthat 0 < u; < x4 and (u1, up) is in the stable
manifold of (x4, 0) for (3.12), (3.13).
The following result is proved in [10] and [18]:
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Theorem 3.1 Forsmalle > 0, there is a heteroclinic solution of (2.6)—(2.9) from (x_, 0, 0, 0)
1
to (x+, 0,x7, O) that is close to T_ U {(0, u3,0,0)} UT.

In the following sections we shall prove a somewhat more general result.

4 General System

We consider the system

Xz = 8z (X, y,€), 4.1
yer = g5(X. 3. ©), (4.2)

where g is smooth and
§(x.y.€) =h(x,e) + yk(x, . €). (4.3)

We assume:

(P At (%, 5,€) = (0,0,0), k=ks=ky=ke =ky5 =0, ks <0, kyy5 > 0. (4.4)

Hence
lz(i,&,o)zkiz—%xy+2y3+... @5)
with A arbitrary, u > 0, and v > 0; “...” represents other cubic terms and higher order terms.

A simple change of variables allows us to assume p = v = 1. More precisely, the change
of variables

I T )
X=—x, y=—y, T=—7
v v
converts (4.1), (4.2) to
Xrr = gx(X, Y, €), (4.6)
yer = gy(x, y, €), (4.7)
with
gx,y,€) =h(x,e) + yk(x, y, €),
where g(x,v,€) = ;—ig (%x, Ly, €),h(x,e) = l‘:—?ﬁ (%x, e), and k(x,y,e) =
2 —
Vv

ﬁk (&x, 2y, €); hence

1 1
k(x,y,0) = ox® = S xy+ 7y 4o
(x,y,0) = wx XYyt

withw = ﬁ ; “...7 represents other cubic terms and higher order terms. For the model system,
the rescaling is not necessary; 4 is independent of € and satisfies the assumptions given in
1 1
Sect. 2, and k(x, y, €) = —5xy + Zy3.
We note that

1
8x(x,y,0) = hy(x,0) + yky(x,y,0) = hy(x,0) + y (wa — 3y + - ) , (4.9

gy (%, ,0) = k(x, y,0) + yky(x,y,0) = wx? —xy +y* + .- ; 4.9)

@ Springer



636 J Dyn Diff Equat (2010) 22:629-655

in (4.8), “...” represents higher order terms; in (4.9), “...” represents other cubic terms and
higher order terms.
Write (4.6), (4.7) as a first-order system (the slow system):

Uiy = U, (4.10)
ure = gx(ui, u3, €), (4.11)
€U = U4, 4.12)
€uqr = gy(uy, uz, €). (4.13)

In (4.10)—(4.13) let T = €o. We obtain the fast system:

Ulg = €U, (4-14)
Uy = €gx(uy, u3, €), (4.15)
U3y = U4, (4.16)
use = gy(ur, us, €). 4.17)
For each €, (4.14)—(4.17) has the first integral
L, 15
Huy,upy, us, ug) = §u2+§u4—g(u1,u3,e), (4.18)

and is Hamiltonian in the sense described in Sect. 2.
Setting € = 0 in (4.14)—(4.17), we obtain the fast limit system:

Uiy =0, (4.19)
Ury =0, (4.20)
Use = Ua, 4.21)
use = gy(ur, us, 0). (4.22)

There exist u, >0 and u s >0 such that this system has two 2-dimensional manifolds of
equilibria (see [11, Ch. 1]), defined as follows:

E = {(u1,u2,u3,0) : |uy| < ue, up arbitrary, u3 = e(uy) = wuy +-- -},

F = {(u1,u2,u3,0) : [u3] <uy,us arbitrary, uy = f(uz) = u% +.-
E and F meet along the u>-axis. For the model system, we can take u, = u s = 00;e(u;) =0

and f(u3) = u3.
The matrix of the linearization of (4.19)—(4.22) is

0 0 0 0

0 0 0 0

0 0 0 1 (4.23)
8xy(u1,u3,0) 0 gyy(ur,u3,0) 0

Therefore equilibria (11, uz, uz, us) of (4.19)—(4.22) are normally hyperbolic if and only
if gyy(u1,u3,0) > 0, in which case there is one positive and one negative eigenvalue, in
addition to two zero eigenvalues.

We have g,y (x, y,0) = —x+3y2+~ --. Therefore,on E, gy, (u1, e(u1),0) = —u;+-- -,
andon F, gyy(f(u3),u3,0) = —(u§—|—~ . )—|—3u§+~ = 2u_%+ ---. We define E_ (respec-
tively E) to be the subset of E with u; < 0 (respectively u; > 0), and F_ (respectively
F) to be the subset of F' with u3 < 0 (respectively u3 > 0). E_, F_, and F are normally
hyperbolic for (4.19)—(4.22).
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The equation #; = f(u3) can be solved for u3 as a smooth function of w with w? =u:
u3 = m(w) = w + - - -. Then there exists u,, > 0 such that
),

1 1
F, = [(ul,uz,ug,O) :0 < uy < upy, uy arbitrary, and u3 = m (u]z) =uj+-- ] .

—ol—

1
F_ = [(ul, uz, u3,0): 0 <uy < uy,uy arbitrary, and uz = m (—uf) = —u

1
For the model system, we can take u,, = 0o, and m(w) = w, so F_ is given by uz = —uf
1

s

and F, is given by u3 = uj.
Setting € = 0 in (4.10)—(4.13), we obtain the slow limit system:

Uiy = ua, (4.24)
uzr = gx(u, u3, 0), (4.25)
0= u4, (4.26)
0= gy(ur,u3,0). 4.27)

E_,E,, F_, and F; are manifolds of solutions of the system of Eqs. 4.26, 4.27. Equa-
tions (4.24), (4.25) then give the slow system on these manifolds. We are interested only in
the slow system on E_ and F.

Slow system on E_:

Uiy = uy, (4.28)
urr = gx(uy, e(ur), 0), (4.29)

with —u, < 1y < 0 and u, arbitrary.
Slow system on F:

Ul = U, (4.30)

1
Uzr = 8x (ul,m(u]z),O), 4.31)

with 0 < u; < u,, and u; arbitrary.
We assume:

(P2) The system (4.28), (4.29) has a hyperbolic saddle equilibrium (x_, 0) with —u, <
x_ < 0. One branch B_ of its unstable manifold arrives at a point (0, u%) on the
uz-axis with u3 > 0.

(P3) The system (4.30), (4.31) has a hyperbolic saddle equilibrium (x4, 0) with 0 < x4 <
u,. One branch B, of its stable manifold arrives at the same point (0, u%) on the
up-axis.

It follows that:

(1) System (4.14)—(4.17) has the smooth families of equilibria p_(¢) and p,(€), with

1

p—(0) = (x_,0,e(x-),0) and p;(0) = (x+, 0,m (x?r) , 0). For € > 0 these equi-

libria are hyperbolic, with two eigenvalues with positive real part and two with negative
real part. For the model system p4 (¢) are independent of €.
(2) H(p-(0)) = H(p+(0)).
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Remark 4.1 Conversely, itis easy to show that (P2) and (P3) follow from (1), (2), if we further

assume that g(x, v, 0) > g(x_, e(x_), 0) on {(x, e(x)), x_ < x < 0}U {(x,m(x%))
1

x < x4} (see [2]). Note that (x_, e(x_)), (x+, m (x?r)) are equal nondegenerate minima
of g(-, -, 0).
We assume:
(P4) H(p—(€)) = H(p4(e)) fore = 0.
Let
e ['_ denote the set of (uy, uz, e(uy), 0) such that (uy, up) € B_;

1
e [y denote the set of (ul, Uz, m (ulz) , O) such that (u1, uy) € By.

We shall prove

Theorem 4.2 Assume (P1)—(P4). Then for small € > 0, there is a heteroclinic solution of
(4.14)—(4.17) from p_(¢€) to py(€) that is close to I'_ U {(0, u3,0,0)} UT'y.

5 Blow-Up

To the fast system (4.14)—(4.17) we append the equation ¢, = 0, obtaining the following
system on uupu3u4€-space:

Ulg = €UY, 5.1
uye = €gx(uy, u3, €), (5.2)
U3y = U4, (5.3)
use = gy(ur, us, €), 54

€ = 0. (5.5)

In ujuruzuse-space we shall blow up the uy-axis, which consists of equilibria of (5.1)—
(5.4) with € = 0 that are not normally hyperbolic within uu>u3u4-space, to the product of
uz-space with a 3-sphere. The 3-sphere is a blow-up of the origin in uu3us€-space.

The blowup transformation is a map ® from blow-up space R x $3 10, o) tou U U3 ULE-
space defined as follows. Let (u3, (u1, u3, 4, €), 7) be a point of R x $3 x [0, 00); we have
ﬁ% + ﬁ% + ﬁi + €2 = 1. Then the blow-up transformation & is given by

up =7y, uwp=uy, uz=ri3, us=rli4, €=Tr¢. (5.6)

Under this transformation the system (5.1)—(5.5) pulls back to a vector field X on blow-up
space for which the blow-up cylinder ¥ = 0 consists entirely of equilibria. The vector field
we shall study is X = 7~ X. Division by 7 desingularizes the vector field on the blow-up
cylinder but leaves it invariant.

Note that

“NE_ x {0}) = @ {(uy, uz, u3,0,0) : —ue < uy < 0, uy arbitrary, uz = e(u)}
is a 2-dimensional submanifold of blowup space. Let E_ denote ®~ LE_ x {0} together

with its limit points in the blow-up cylinder 7 = 0. We define £, F_, and F, analogously.
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Fig. 4 Blow-up space and the
singular connecting orbit. Note
that the blow-up has separated
the four manifolds E+ and F4

2 \___
r y NI |
- i

p,(®)

Let p_(e€) (respectively p4(€)) be the unique point in blow-up space that corresponds to
p—(e) (respectively p (€)); we calculate the coordinates of these points using (5.6). In order
to prove Theorem 3.1, we wish to show that for small € > 0 there is an integral curve of X
from p_(¢€) to p(€). Equivalently, we shall show that for small € > 0 there is an integral
curve of X from p—(€) to p4(€).

Corresponding to I'1 are curves [y in blow-up space. We shall see that:

e I'_ approaches a point §_ = (u%, g—, 0) on the blow-up cylinder.
° f‘+ approaches a point g4+ = (u3, g+, 0) on the blow-up cylinder.
e On the blow-up cylinder, each 3-sphere u; = constant is invariant.

Proposition 5.1 There is an integral curve T of X from G_ to G, that lies in the 3-dimen-
sional hemisphere given by up = u3,r =0,€ > 0.

Theorem 5.2 For small € > 0, there is an integral curve ING) off(from p—(€) to p4(e).
Ase > 0,T(e) > I'_U{g_}UTgU{g+} UT4.

See Fig. 4. I'_ and l:+ are outer solutions; Ty is the inner solution. The union in Theo-
rem 5.2 is the singular solution. Theorem 5.2 implies Theorem 4.2. The next four sections
are devoted to the proofs of Proposition 5.1 and Theorem 5.2.

6 Charts

We shall need three charts on open subsets of blow-up space.

6.1 Chart fore > 0

On the set of points in R x $3 x [0, co) with € > 0, this chart uses the coordinates b; =
- __2 - o1 - -2 __1
U1€ 3,up, by = u3€ " 3,by = ug€ " 3,and r = ré 3. Thus we have

up =r2b1, U = ur, uz=rbs, u4=r2b4, e=r3, (6.1)
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with r > 0. After division by r, the system (5.1)—(5.5) becomes

bis = u2, (6.2)
uzs = r2ge(r’by, rbs, r), (6.3)
b3s = by, (6.4)
bays = r gy (r’b1, rb3, 13) = —b1b3 + b3 + O(r), (6.5)

re = 0. (6.6)

In calculating bss we have used the assumption k. (0, 0, 0) = 0; without this assumption,
by4s would include a constant term. For the model system, uy; = 20 (r2b)) — %rzbg) and
bss = —bibs + b3.

Since r =re é, (6.2)—(6.6) on {(by1, uz, bz, ba, r) : r > 0} represents the vector field

on the set of points in R x S3 x [0, 00) with € > 0.

We remark that multiplication of a vector field by a nonzero function is equivalent to a
reparameterization of time, so in (6.2)—(6.6) we have used a new symbol, s, for time. We will
try to be careful about this where it is important.

System (6.2)—(6.6) is used to construct the inner solution. The advantage of the blow-up
method is that there are two additional charts that can be used to match it with the outer
solutions.

6.2 Chart foru; <0

On the set of points in R x $3 x [0, 00) with i < 0, this chart uses the coordinates
— _ 1 _ _ 1 _ _ _ 3
v=r(—uy)?,uz,a3 = u3z(—u1)"2,a4 = —ugi; ' and § = €(—uy)~ 2. Thus we have
_ .2 _ _ _ 2 _ .3
Uy = —v°, ur)=upy, uz=vaz, Us=v-a4, €=1096, (6.7)

with v > 0. After division by v, the system (5.1)—(5.5) becomes

o = s (6.8)
Uz = v*8g(—v?, vas, v*8), (6.9)
azy = a4 + %5“2613, (6.10)
a4 = v73gy(—v2, vas, v38) + Suray = az + a% + Surayg + O(v), (6.11)

b = 280, (6.12)

For the model system, uy; = v28(h (—v?) — %vzag), and aqyy = a3z + ag + Suray.
Sincev = f(—ﬁl)%, (6.8)—(6.12) on {(v, uy, az, as, §) : v > 0} represents the vector field

v X =7 (=it IX = (—iay) 2 X
on the set of points in R x $3 x [0, o) with u; < 0.
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6.3 Chart for iy > 0

On the set of points in R x 3 x [0, c0) with u; > 0, this chart uses the coordinates
1 _1 _3
w = Fil},ua, c3 = ii3il, >, cq = igit; ', and y = &, >. Thus we have
2 _ _ 2 .3
Uy =we, uy=up, U3 =WwWC3, Us=wWc4, €=wYy, (6.13)

with w > 0. After division by w, the system (5.1)—(5.5) becomes

1

w; = Swyus, (6.14)
2

uy = wryge(w?, wey, wly), (6.15)

1
C3r = C4 — 5)/“203, (6.16)
e = wgy(w wes, wy) — yuses = —c3 + 3 — yusea + O(w),  (6.17)
3
Vi = —iyzuz. (6.18)
For the model system, uy; = w2y(h/(w2) — %wzcg), and ¢4y = —c3 + cg — yusca.

1

Since w = Fﬁf, (6.14)—(6.18) on {(w, uz, c3, ca, y) : w > 0} represents the vector field

_1 A
wlX =7 ta, ’X =i, *X

on the set of points in R x $3 % [0, oo) with u; > 0.

6.4 Important Sets and First Integral

1. Note that
<I>_1{(u1, U, u3, uq,€) : € = 0and u% + u% + uﬁ > 0}
= {(up, (uy,us, ugq,€),r):€ =0andr > 0}.

It is invariant under X; hence so is its closure, which is the subset € = 0 of blow-up
space. In the chart for i1; < O (respectively i; > 0), the corresponding invariant set is
8 = 0 (respectively y = 0).

2. Inthe chart for u; < 0, E_ corresponds to

1
E_, = ((v, uz, v le(=v%),0,0): 0 < v < u? and us arbitrary]

1
= {(v, uy, —wv+---,0,0):0<v <u and uy arbitrary] .
For the model system, E_, = {(v,u2,0,0,0) : 0 < v}. For the system (6.8)—(6.12),
E_, is a 2-dimensional manifold of equilibria that is normally hyperbolic within the
space § = 0. Note that normal hyperbolicity is not lost at v = 0, which corresponds to
up = 0.
Similarly, in the chart for i; > 0, E, F_, and F; correspond respectively to

1
o E . = [(w, ur, wle(w?),0,0):0 <w < u2 and ur arbitrary]

1
= ‘(w,uz,a)w—l—n- ,0,0):0 <w < u? and uy arbitrary];
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1
o F .= 1{(w,uz,wlm(=w),0,0):0<w<uanduy arbitrary]
1
=1{(w,ur,—14+---,0,0):0 <w < u? and us arbitrary];

1
o Fio= 1w, uyw'lmw),00):0<w<ulandus arbitrary]

1
=1(w,uz,14+...,0,0):0 <w < u? and us arbitrary].

For the model system, E4. = {(w,u2,0,0,0) : w > 0}, F_, = {(w, u2, —1,0,0) :
w > 0}, and Fy. = {(w, uz,1,0,0) : w > 0}. For the system (6.14)—(6.18), each is a
2-dimensional manifold of equilibria. F_. and F. are normally hyperbolic within the
space y = 0. Normal hyperbolicity is not lost at w = 0, which corresponds to u; = 0.
3. Inthechartforii; < 0, p_(€) corresponds to a unique point p_,(8), and I'_ corresponds

to

My = {(v,u2,a3,0,0) : (=, u2,va3,0) € T_}).
As v — 0,I_, approaches (0, u3,0,0,0). I_ ends at §_ = w5,4-,0),4- =
(—-1,0,0,0). .
Inthe chartforit; > 0, p4 (€) corresponds to a unique point p4.(y), and I' ;. corresponds
to

Ty = {(w,u2,¢3,0,0) : (w?, uz, wes, 0) € Ty ).

As w — 0, T4, approaches (0,u3,1,0,0). Let ¢ = %(5% — 1. f‘+ ends at g4 =

A A 1
U3, 4+,0), ¢+ = (@, @2,0,0).
4. The first integral H for (5.1)—(5.5) becomes:

o Inblow-up space: H (uy, (it1, i3, il4, €), 7) = su3 + % — g(F2iy, Fiis, FRe).
o In the chart for € > 0: Hy(by, uz, b3, ba, 1) = Su §+1 4b2 g(r2b1 rbs, rd).

e Inthe chart foru; < 0: H, (v, uy, az, a4, §) = % %—I— v? a4 g(— v2, vas, v38)
e Inthe chart for i) > 0: H.(w, uz, c3,c4,y) = % + %w c4 g(w wes, we y)

H is a first integral for X and hence for X. Hp, H,, and H, are first integrals for (6.2)—(6.6),
(6.8)—(6.12), and (6.14)—(6.18) respectively. Therefore:

In blow-up space, each 3-sphere u; is constant, ¥ = 0 is invariant for X.

In the chart for € > 0, each space u> = constant, » = 0 is invariant for (6.2)—(6.6).

In the chart for 1 < 0, each space u; = constant, v = 0 is invariant for (6.8)—(6.12).
In the chart for i1 > 0, each space u, = constant, w = 0 is invariant for (6.14)—(6.18).

Of course the last three conclusions also follow easily from inspection of the systems them-
selves.

7 Proof of Proposition 5.1

Let X denote the restriction of the vector field X to the invariant 3-sphere M = {u}} x $3 x

{0}, S = {(ir, it3, it4, €) : 43 + i3 + i3 + € = 1}. From Sect. 6 we have the following
charts on M.
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Fig. 5 Phase portraits of a
(7.4)—(7.6) and b (7.7)—~(7.9). S Y
We*(0,0,0) and W (1, 0, 0)
are shaded

P

1
as C3
(a) (b)
Chart on the open subset of M with € > 0: b; = L_uE*%,b3 = 12367%, by = 124@7%. In
this chart, the vector field € -3 X is
bis = u3, (7.1)
b3s = by, (7.2)
bys = —b1b3 + b3. (7.3)
Chart on the open subset of M with i; < 0: a3 = ﬁg(—ﬁ1)_%,a4 = —ﬁ4ﬁl_1,8 =
E(—Iftl)’%. In this chart, the vector field (—121)’%}? is
1
azy = a4 + E(Suﬁas, (1.4
ay = az + ag + dusay, (7.5)
3
8 = =8%u}. (7.6)
2
_1 1 _3
Chart on the open subset of M with ity > 0: ¢3 = u3it, >, c4 = iigid] ,y = €, >. In
_1 .
this chart, the vector field it, * X is
1 *
C3t = C4 — 5)’”2C37 (7.1
c4 = —C3 + cg — yujca, (7.8)
3
v = —>y%us. (7.9)

2

The system (7.4)—(7.6) has an equilibrium at the origin with 2-dimensional center-unsta-
ble manifold. Abusing notation a little, we let W< (0, 0, 0) denote the part of this manifold
with § > 0. Then W€<“(0, 0, 0) consists of all solutions of (7.4)—(7.6) that approach (0, 0, 0)
ast — —oo. See Fig. 5a.

The system (7.7)—(7.9) has equilibria at (—1, 0, 0), (0, 0, 0), and (1, 0, 0). The equilib-
rium at (1, 0, 0) has a 2-dimensional center-stable manifold. Continuing to abuse notation,
we let W (1, 0, 0) denote the part of this manifold with y > 0. Then W (1, 0, 0) consists
of all solutions of (7.7)—(7.9) that approach (1, 0, 0) as t — oo. See Fig. Sb.

Let W< (g—) and W (g) denote the corresponding manifolds in M, extended to be
invariant. W< (g_) (respectively W< (g )) consists of all integral curves of X that approach
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g— (respectively g4 ) as § — —oo (respectively & — 00). To prove Proposition 5.1 we will
find an integral curve of X in We(G_) N W (4.

The solution of (7.1) with b1 (0) = 0is by = ujs. Substituting into (7.3) and combining
(7.2) and (7.3) into a second-order equation, we obtain

bass = —ubshz + bj3. (7.10)
By [1,18], [3, p. 1001, (7.10) has a solution b3 (s) with b3; > 0 such that
1l 3
(S1) b3y(s) = O (|s|—%e—%<u’£>2lsl2) as s — —00,
(S2) bs(s) = (uls)? + O(s~3) as s — oo,
(S3) b3y(s) < Cls|™2,s #0.

(u3s, b3(s), bas(s)) is a solution of (7.1)—~(7.3). We claim that it represents an intersection of
W€ (g—) and W (g4) in the portion of M with € > 0.
The change of coordinates between the chart for € > 0 and the chart for #; < 0 is

az = b3(—b1)_%, as = —bsb7', 8= (_bl)—%_
Using (S1), (S3), and by = u3s, we see:

(a3(s), as(s), 8(s)) — (0,0,0) as s - —oo. (7.11)
The change of coordinates between the chart for € > 0 and the chart for #; > 0 is
1 _ _3
c3=Dby(b1)" 2, ca=bsb', y=(b)7. (7.12)
Using (S2), (S3), and by = u}s, we see:
(c3(s), c4(s), ¥ (s)) = (1,0,0) as s — oo. (7.13)

Equations (7.11) and (7.13) yield the result.

Remark 7.1 (a3(s), as(s), 6(s)) is not a solution of (7.4)—(7.6): it is an integral curve of
€ ’%)A( in (az, as, 8) coordinates, whereas solutions of (7.4)—(7.6) represent integral curves
of (—ﬁl)_% X. However, the reparameterization of time t = — % (uj)% (—s)% converts
(a3(s), as(s), 8(s)), s < 0, to a solution of (7.4)—(7.6), which we denote (a3 (t), as(t), §(1)).

Similarly, the reparameterization of time t = % (u3) 3 K 3 converts (c3(s), ca(s), y(s)), s >
0, to a solution of (7.7)—(7.9), which we denote (c3(¢), c4(2), 5(1)).

Remark 7.2 Using (S1), (S2), and the previous remark, one can show that az (¢) is O(|t|™ 3 el
ast — —oo, but c3(t) — 1 is only Ot~ 2%) ast — oo. The reason for the difference can be
seen in Fig. 5: in the chart on M for 1 < 0, a center manifold for the origin is the §-axis;
in the chart on M for i1; > 0, center manifolds of (1, 0, 0) are skew curves. Since solutions
in W< (0, 0, 0) approach the center manifold exponentially as # — —oo, and the eigenvalue
is 1, we see that a3(¢) (and a4(¢)) should be O(e') as t — —o0o. No such conclusion can be
drawn about c¢3(¢) and c4(¢).

8 Transversality

Let fo = {(uy1, u3, Uy, €) : (u3, (1, u3, g, €),0) € o}, where T is given by Proposi-
tion 5.1.
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Proposition 8.1 W< (§_) and W (§.) intersect transversally within M along T

Note that W (g_) and W (¢4+) have dimension 2 and M has dimension 3, so a transverse
intersection is 1-dimensional, in this case I'g.

Proof The equilibrium (0, 0, 0) of (7.4)—(7.6) has one negative eigenvalue, one positive
eigenvalue, and one zero eigenvalue, and the vector field is quadratic on the center man-
ifold. It follows that solutions (a3(t), a4(t), 6(¢)) that approach (0, 0,0) as t — —oo are
O(Jt|™"), and solutions of the linearized system along (a3(t), as(t), 5(¢)) that do not grow
exponentially as t — —oo are O(¢t~2). There is a 2-dimensional space of such solutions of
the linearized system, which we denote ES"(z).

Similarly, the equilibrium (1, 0, 0) of (7.7)—(7.9) has one negative eigenvalue, one positive
eigenvalue, and one zero eigenvalue, and the vector field is quadratic on the center manifold.
It follows that solutions (c3(¢), ca(t), y (¢)) that approach (1, 0, 0) ast — oo are O, and
solutions of the linearized system along (c3(t), ca(t), y (¢)) that do not grow exponentially
as t — oo are O(r~2). There is a 2-dimensional space of such solutions of the linearized
system, which we denote ES°(¢).

Each of these spaces corresponds to a space of solutions of the linearization of X along
I'o. More precisely, if [ is the set of points in the solution y(§) of yz = X (y) on M, then
the linearized equation Yz = DX (y(£))Y has a 2-dimensional space of solutions E< (&)
(respectively E<(£)) consisting of vectors tangent to W< (g_) (respectively W (g4)) at
v(&). These spaces correspond respectively to ES” (¢) in the chart for 1 < O and to ES° (¢) in
the chart for it; > 0. To prove the result we must show that E“*(§) N E“*(£) is 1-dimensional
(multiples of yg (£)).

In the chart on M for u; > O, fo corresponds to a solution (c3(2), ca(t), y(t)) of (7.7)—

(7.9). After a shift in time, we may assume y () = 33—*t The linearization of (7.7)—(7.9)
2
along this solution is
Cy —yusy(@) 1 —quies®) [Cs
Cu | = 3c3()? — 1 —u3y(t) —ujca(t) Cy |- (8.1)
Iy 0 0 —3uly (1) r
The inverse of the coordinate change (7.12) is
bi=y 3, by=y i, bi=y e (8.2)
Under this coordinate change, (7.7)-(7.9) becomes
_1
by, = u3b, *, (8.3)
_1
b3 = by *ba, 8.4
_1
ba = b, > (b3 — b1b3). (8.5)

_1
This system is just b, % times (7.1)=(7.3). Applying (8.2) to (c3(t), c4(t), y(¢)) yields a

2
solution (b (), b3(t), ba(t)) of (8.3)—(8.5) with b (r) = (%uﬁt) 3. The linearization of (8.2)
along (c3(1), ca(t), y(¢)), which is

B 0 0 —5v () Cs
By |=|y®™3 0 —iy® 3am ||Ca]. (8.6)
By 0y 3 =2y e \F
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converts (8.1) into the linearization of (8.3)—(8.5) along (b1 (), b3(t), b4(t)), namely

3
By, _%”31’1(?—2 0 0 1 Bj
By | = IO REIN0) 0 biy"2 || B3]
1 3 1
—$b1() 7 2b3(1) — b ()T 2b3(1)3 b1(1)T2Bb3 ()2 —b1) O Bs
(8.7)
The change of coordinates (8.6) converts ES*(¢) into a 2-dimensional space of solutions of
(8.7) that we denote E;° (7).
One solution of (8.7) is (B1 (1), B3(t), B4(t)) = (b1,(t), b3, (1), bay (1)) it lies in E}’ (¢).
There is a complementary 2-dimensional space of solutions of (8.7) with B{(#) = 0 and
(B3, By4)(t) a solution of

1
B3, 0 bi(t)~2 Bj
= . 8.8
(341) (bl(t)5(3b3(t)2—b1) 0 )(34) ©8

If E“(&) N E“(&) is not 1-dimensional, then E“ (&) = E (&) and corresponds, in the
chart for € > 0, to E}°(¢). Since two 2-dimensional spaces in a 3-dimensional space have
nontrivial intersection, E;*(¢) includes solutions with By (¢) = 0.

If (C3(2),C4(t),T'(t)) € E(t), then C3(t), C4(t), and I'(¢) are O(t72). Also,
c3(t) is O(1), and c4(t) and y(t) are O~ 1). Therefore we see from (8.6) that if
(B1(1), B3(t), B4(t)) € ES(r), then By(r) is O (f%) . B3(1) is O (f%), and By (1) is

4
0 (f?).
The rescaling of time ¢t = %(ué)%s% converts (8.3)—(8.5) to (7.1)—(7.3), for which b; =
u3s, and converts (8.8) to

Bss \ _ 0 1 B3
(345) B (3b3(s)2 —ujs 0) (34)- (8.9)

Thus a solution (0, B3(t), B4(t)) of (8.7) in Egs (t) becomes (0, B3(s), B4(s)) with
(B3(s), B4(s)) a solution of (8.9); moreover, B3(s) is O(s 1) and By(s) is O(s~2).
A similar argument in the coordinate system for i; < 0 leads to the following conclusion:

o W (g_) and W (g4 ) intersect transversally along f‘o if and only if (8.9) has no non-
trivial solution (B3(s), B4(s)) on R such that Bz is O(|s|~!), and By is O(s2).

Now (8.9) is equivalent to the second order linear system
Bigs = (3b3(s)? — u3s) Bs. (8.10)

By [1, Theorem 2], (8.10) has no nontrivial solutions in L2, hence no solution for which
B3(s) is O(Js|~1). This completes the proof. ]

Remark 8.2 Using Remark 7.2, one can obtain better estimates for (B3(s), B4(s)) as s —
—00, but they are not needed.

9 Proof of Theorem 5.2

Let N, denote the set of Points in blow-up space at which H=H (p—(€)) and € = e.
Away from equilibria of X, each N is a manifold of dimension 3.
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For the vector field X and € > 0, the equilibria p_(€) and p,(€) have 2-dimensional
unstable and stable manifolds. We will prove the theorem by showing that for small € >
0, W*(p—(e)) and W*¥(p4(€)) have a nonempty intersection that is transverse within Ne. It
will be clear that the intersection approaches _urloyu F+ ase — 0.

In the chart on blow-up space for i1 < 0, the system (6.8)—(6.12) has the 2-dimensional
manifold of equilibria E£_,. The linearization of (6.8)—(6.12) at a point y of E_,, taking into
account that vaz = u3 = O(uy) = O(vz), so that a3 = O(v), and that a4 = § = 0, has the
form

00 0 0 O®)
00 0 0 OW?)
00 0 1 O®©)

* 0 v g”( v2, vaz, 0) 0 gye(—v2, vas, 0)
00 0 0 0

The eigenvalues are +v ! (gyy(—vz, vas, 0))% = ﬂ:(1+3a§)%+- - - with multiplicity one and

0 with multiplicity three. The eigenvectors for +-v ! (gyy (—v2, vas, 0)) 2 span aza4-space, so
the generalized eigenspace V, (y) for the O eigenvalues is complementary to azas-space. From
[7] we deduce that given any compact subset K of E_,, there are a 3-dimensional normally
hyperbolic invariant manifold S_ and a number §y > O such that K C S_, T,S_ = V,(y)
for all y € K, and S_ is a smooth graph over {(v, u2,6) : (v, uz, v_le(—vz), 0,0) e
K and || < 8o}. For the model system, S_ C vup8-space. In the usual fibration of W*(S_),
each point of S_ has a 1-dimensional unstable fiber.
The equations for S_ have the form

a3 = v le(=v?) + OB), as = 0O(0).

Substituting these expressions into (6.8), (6.9), (6.12), we obtain the restriction of (6.8)—
(6.12) to S_. Once the system is restricted to S_, each equation has a factor of §, so we can
divide by §, obtaining

1

vy = —Evuz, ©.1)
uy = v7g:(—v?, e(—v%) + O(), v9), 9.2)
3
8 = §8u2. 9.3)
Note that on the invariant plane § = 0, (9.1), (9.2) with v > 0 is just (4.28), (4.29) with
u1 < 0 after making the change of coordinates #; = —v? and dividing by v?.

We shall use a”to designate objects related to (9.1)—(9.3). From assumption (P2), (9.1)—
(9.3) has a curve of equilibria p_,(8), with p_,(8) = (v, u2,8), v = (—x_)% +O6), uy =
0; this curve consists of equilibria that are normally hyperbolic for (9.1)—(9.3), with one
positive eigenvalue and one negative eigenvalue. Of course, the coordinates of p_,(8) are
just the vus§-coordinates of p_,(8). Note that p_,(§) € S—. Also, the line {(v, u3, ) : v =
8 = 0, up # 0} consists of equilibria; by direct calculation, they are also normally hyperbolic
for (9.1)—(9.3), with one positive eigenvalue and one negative eigenvalue. See Fig. 6.

Let F,a = {(v,u2,0) : (v, u2, vle(—v?),0,0) € T'_ } I « 1s a branch of the unsta-
ble manifold of p_,(0) for (9.1)—(9.3), which we denote wu (P—a(0)). It coincides with a
branch of the stable manifold of (0, 3, 0) for (9.1)-(9.3), which we denote W (0, u3,0).
W (0, u}, 0) is just the line {(v, u2, 8) : v =0, up = uj}.
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Fig. 6 Phase portrait of S
9.1)-(9.3)

up

Lemma 9.1 Consider the system 9.1)-(9.3). For p > 0 and k > 2, let Uy = {(v, uz,9d) :
vl < p,luzs —u3l < p, k < & < p}. If p is sufficiently small, then for each k > 2, as

o — O+, wu (p—a(80)) N Uy approaches W (0, u3,0) N Uy in the C! topology.

Proof This is a very simple case of the Corner Lemma in [17]. The statement here is a little
different, but the same proof applies. O

With considerable abuse of notation, we let W< (0, uz, 0, 0, 0) denote the set of points
in vusazasé-space through which the solution of (6.8)—(6.12) approaches (0, u3, 0, 0, 0) as
t — —oo. W(0,u3,0,0,0) is just {(0, u3, a3, a4, 8) : (a3, a4, 8) € W(0,0,0)}, where
We(0, 0, 0) was defined in Sect. 7. Recall that W< (0, 0, 0) is just W<“(g_) in the chart on
M for ity < 0; similarly, W (0, 3, 0, 0, 0) is just W (g_) in the chart on blow-up space
foru; < 0.

Alternatively, W (0, u3, 0, 0, 0) is just the union of the unstable fibers of points in the
linev =0,up; = u’zk, 8 > 0; this line is part of the normally hyperbolic invariant manifold
S_. Therefore Lemma 9.1 implies:

Lemma 9.2 Consider the system (6.8)—(6.12). For p>0 and k>2, let Uy, =
{(v,u2,a3,a4,8) @ |v| < p,lua —uj| < p,las| < p,lasl < p, 7 <8 < p. Ifpis
sufficiently small, then for each k > 2, as 9 — 04, W*(p_,(80)) N Uka approaches
We(0, u}, 0,0, 0) N Uyq in the C' topology.

In the chart on blow-up space for it; > 0, the system (6.14)—(6.18) has the 2-dimensional
manifold of equilibria F.. The linearization of (6.14)—(6.18) at each point y of F. has
eigenvalues :i:w_l(gyy (w?, m(w), 0))% =+(—1+ 3c§)% + - - - with multiplicity one and
0 with multiplicity three. (Note that c3 = 1 4 --- on Fy..) As in the chart for u; < 0,
given any compact subset K of F ., there are a 3-dimensional normally hyperbolic invari-
ant manifold S; and a number yp > O such that K C S; and S5 is a smooth graph over
{(w, uz,y) : (w, uy, wlm(w), 0,0) € K and vl < vo}-
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Fig. 7 Phase portrait of v
9.4)-(9.6) .

The equations for S have the form
ca=wlmw)+0(y) =1+0w)+O0(y), c=0).

Substituting these formulas into (6.14)—(6.15), (6.18), we obtain the restriction of (6.14)—
(6.18) to S+. Once the system is restricted to Sy, each equation has a factor of y, so we can
divide by y, obtaining

1

wt = Ewuz, (94)

uy = wgy(w?, m(w) + Owy), wy), 9.5)
3

Ve = —EVM% (9.6)

Note that on the invariant plane y = 0, (9.4)—(9.5) with w > 0 is just (4.30)—(4.31) with
u1 > 0 after making the change of coordinates u; = w? and dividing by w?.
As we did for the system (9.1)—(9.3), we shall use a"to designate objects related to (9.4)—

(9.6). From assumption (P3), (9.4)—(9.6) has a curve of equilibria p.(y), with pi.(y) =
1

(w,uz, ), w= x?r +O(y), up = 0; this curve consists of equilibria that are normally hyper-
bolic for (9.4)-(9.6), with one positive eigenvalue and one negative eigenvalue. Of course,
the coordinates of p4.(y) are just the wu,y-coordinates of po.(y). Note that po.(y) € S;.
Also, the line {(w, uz,y) : w = y = 0,uz # 0} consists of equilibria; by direct calcula-
tion, they are also normally hyperbolic for (9.4)—(9.6), with one positive eigenvalue and one
negative eigenvalue. See Fig. 7.

Let W (0, u3, 1,0, 0) denote the set of points in wusc3cay-space through which the
solution of (6.14)—(6.18) approaches (0, u3, 1,0, 0) as t — oo. W (0, u3, 1,0, 0) is just
W (g+) in the chart on blow-up space for u; > 0. An argument similar to that leading to
Lemma 9.2 yields:

Lemma 9.3 Consider the system (6.14)—(6.18). For p > 0 and k > 2, let Uy, =
{(w,u2,c3,¢4,7) 1 lwl < p,luz —u3|l < p,les =1 < p,lea| < p,% <y <pIf
p is sufficiently small, then for each k > 2, as yo — 0+, W¥(p4c(v0)) N Uk approaches
W0, u3,1,0,0) N Uy in the c! topology.

In t~he chart on blow-up space for | < 0, consider the solution of (6.8)—(6.12) that repre-
sents I'g. This solution lies in W<* (0, ué, 0, 0, 0). For a fixed large negative value of ¢, it also
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lies in Uy, for k sufficiently large. Now in Lemma 9.2, W¢*(0, u3, 0, 0, 0) is just W ()
in the chart under consideration, and W*(p_,(8o)) is just W*(p_(€)) in the chart under con-
sideration, with §g = (—x_ + O(€))™ 2€. Therefore Lemma 9.2 implies that each compact
subset K of f‘o has a neighborhood V such that, as € — 0+, W*(p_(€)) N V approaches
We(G_) NV in the C! topology.

Similarly, Lemma 9.3 implies that as € — 04, W*(p4(€)) NV approaches W (g+)NV
in the C! topology.

By Proposition 8.1, W¢(g_) and W (g+) meet transversally within the 3-sphere r =
0, up = u3, which is Ny.

In the part of blow-up space with € > 0, N, corresponds to the set of (b1, ua, b3, ba, r)
such that H, = H(p_(€)) and r = e%. The functions Hj, and r have linearly independent
gradients provided uy # 0. Therefore, where uy # 0, the sets Ne = N,3 depend smoothly
on r. Since W (g_) and W (g ) meet transversally within Ny, it follows that W*(p_(¢))
and W9 (p4 (¢€)) meet transversally within N, for € small.

This completes the proof.

Remark 9.4 Let (uf, u§, u§, uy) denote the solution (modulo translations) of (4.14)—(4.17)
corresponding to I'(e). In [18] it was shown that, after a time translation, u§(o) —
G%bg, (6%0') = O( lnel’%e%), lo| < |1n6|€’%, where b3(s) was defined in Sect. 7. Here
we derive an improved estimate: after a time translation,

1

Mmezszm—émG%)zo&ﬂ,kngmﬁ. 9.7)

To prove (9.7), fix a small p > 0 and a large integer k such that (1) in vuzazas§-space, the
curve corresponding to "o meets Uyg in a curve [og parameterized by §, £ < § < p, and (2)
in wusc3cay -space, the curve corresponding to [ meets Uy, in a curve [o, parameterized
byy. 2 <y <p.

For 8p small, we may assume that wu (P—a(8p)) intersects the plane v = p when t = 0.
The coordinates of the point of intersection are (p, u2(0), p3€). We divide (9.1)-(9.3) by
uy, obtaining

1
UZ = —EU’ (9.8)
Uz, = u5 v g (=02, e(—v?) + O(v8), v*8), 9.9)
3
§, = =4. 9.10
=3 (9.10)

Hence, by Lemma 9.1, if € is small, WH(p_a(80))isin Uy forz € I= [% In (g) , %ln (%4)]
In the proof of the Corner Lemma in [17] we take A = —%, "= %, and t € I. We deduce
that, in Uy, the v component of wu (P—a(80)) is O(*T) = O(e%)C]-close tov = 0, and
the u> component is O(e 7)) + O(e*?) = O(e%)Cl-close to up = uj. It follows that
W"(p—a(d0)) is O(e%)Cl—close to W<(0, u’z‘, 0,0,0) in Uy. In biuzb3bsr-coordinates,
these two manifolds are O (E%) C!-close when b; = —p’% (by the analog of (8.2)).

Let K be the compact portion of o consisting of the parts corresponding to o and Tog.,
together with the part between them, and let K, be the corresponding curve in buzb3bar-

. . . 1 .
coordinates. Near K}, the two manifolds remain O (6 3) C!-close, because the evolution of
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WH"(p—a(80)) is by (6.2)—(6.6) withr = € % that of W (0, u3, 0, 0, 0) is by (6.2)—(6.6) with
r = 0, and the manifolds are being followed for a finite time independent of €.

We do the analogous construction for W*¥(p4.(yp)). Since the heteroclinic orbit [(e) is
the intersection of W*(p_,(80)) and W* (p+.(y0)) for appropriate 8o and yp, we see that in

biusb3bsr-coordinates, f‘(e) is O (e%) distance from Iy for |by| < p’%.

Hence, after a time translation, b5(0) = e_%ug(a) and the special solution b3(s) corre-
sponding to Iy satisfy
BS(e35) —by(s) = O(e5), |s] < Cp 5.
Hence, by (6.1),
1

us(o) — e%b3 (E%U) —e3 (bg(o) — b3(6%0)) = O(e%), lo| < C,o_%f_f.

.. . e e e
Similarly we can estimate u{, u5, uj.

10 Transcritical Bifurcation

We again consider the system (4.6)—(4.7). We assume:

At (x,y,€) =(0,0,0), k=ky =k, =ke =0. (10.1)
Hence
k(x,y,0) :Ax2+pcxy+§y2+~-~. (10.2)
Therefore
8x(x,y,0) = hy(x,0) + yky(x, y,0) = hy(x,0) + y2ix + py +--+), (10.3)
gy(x, ,0) = k(x, y,0) + yky(x, y,0) = Ax> 4+ 2uxy +vy? + -+ ; (10.4)
We assume:

(T1) u? —iv > 0and v # 0 (without loss of generality we take v > 0).

Let m; <my be the roots of A + 2um + vim? = 0, which are real. Then the equation
gy(x,y,0) = 0 has two smooth solutions near (0, 0), givenby y = fi(x) =mjx+--- ,i =
1,2.

The slow system, fast system, first integral, and fast limit system are given by (4.10)—
(4.13), (4.14)—(4.17), (4.18), and (4.19)—(4.22) respectively.

From (T1), there exists #y > O such that the fast limit system (4.19)—(4.22) has two
2-dimensional manifolds of equilibria E;,i = 1, 2:

Ei = {(u1,u2,u3,0) : lui| < uy,up arbitrary, uz = fi(ui) = mjuj +---}.
E} and E; meet along the u;-axis. We have gy, (x, y, 0) = 2ux + 2vy + .. .. Therefore, on
E;,
. 1
gy (1, fi(ur), 0) =2 + vmiuy + ... = (=1)'2(u* = 2v) 2wy + ...

Hence (4.19)—(4.22) has two manifolds of normally hyperbolic equilibria:

Ei— ={(uy,u2,u3,0): —uy <uy <0anduz = fi(uy)},
Eyy = {(u1,u2,u3,0):0 <uy <uyanduz = fo(ur)}.
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Setting € = 0 in (4.10)-(4.13), we obtain the slow limit system (4.24)—(4.27). E|_ and
E>4 are manifolds of solutions of the system of Eqs. 4.26—4.27. Equations 4.24-4.25 then
give the slow system on these manifolds:

Uiy = U, (10.5)
urr = gx(u1, fi(ur),0), (10.6)
withi =1 for Ej_ andi =2 for E>.

We assume:

(T2) The system (10.5), (10.6) with i = 1 has a hyperbolic saddle equilibrium (x_, 0) with
—uy < x_ < 0. One branch of its unstable manifold arrives at a point (0, u3) on the
us-axis with u3 > 0.

(T3) The system (10.5), (10.6) with i = 2 has a hyperbolic saddle equilibrium (x4, 0) with
0 < x4 < uy. One branch of its stable manifold arrives at the same point (0, «3) on
the up-axis.

It follows that:

(1) System (4.14)—(4.17) has the smooth families of equilibria p_(€) and p4(€), with
p—(0) = (x_,0, f1(x-),0) and p4+(0) = (x4, 0, f(x4), 0). For € > 0 these equilib-
ria are hyperbolic, with two eigenvalues with positive real part and two with negative

real part.
(2) H(p-(0)) = H(p+(0)).
We assume:
(T4) H(p—(€)) = H(p(€)) fore = 0.
Let

e ['_ denote the set of (uy, uz, f1(u1), 0) such that (41, uz) € B_;
e I, denote the set of (i1, uz, fo(u1), 0) such that (uy, uz) € By.

Theorem 10.1 Assume (T1)—(T4). Then for small € > 0, there is a heteroclinic solution of
(4.14)—(4.17) from p_(¢€) to py(€) that is close to I'_ U {(0, u3,0,0)} UT'.

The proof is similar to that of Theorem 4.2. We give only a few key steps.
The blowup transformation is

up = rFlay, ur =un, u3=rliz, us=ris, €=Tr¢. (10.7)
Chart for € > 0:
= r2b1, Up = Uy, U3 = r2b3, Ug = r3b4, €= r3, (10.8)

with r > 0. After division by r, the system (5.1)—(5.5) becomes

bis = ua, (10.9)

upg = r’gy(r*by, ribs, r’), (10.10)

b3s = ba, (10.11)
bas = r =g, (r2by, r2b3, 1) = Ab? + 2ubyi by + vb3 + O(r)

= v(bs —m1by)(bs —maby) + O(r), (10.12)

ry = 0. (10.13)
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In calculating b4y we have used the assumption k. (0, 0, 0) = 0; without this assumption, b4
would include an O(r~!) term.
To establish the analog of Proposition 5.1 we make use of

Proposition 10.2 The equation
bgs = v(b — miu3s)(b — mau3s) (10.14)
has a solution b(s) such that for all s € R,

mouis, s >0,
b(s) > b(s) :=
miuys, s <0,

and
b(s) —b(s) = 0 as |s| — oo.
Proof Letb(s) = l;(s), s € R. Then, b’ (07) < b'(0™) and
—b,, +v(b—muss)(b —mauzs) =0<0, s#0,

i.e., b is a weak sub-solution of (10.14) in R.

Fix a continuous function 6(-) > 0 such that b+6c CZ(R) and 6(s) = 0 if |s| > 1.
Let u; > 0, 1 > 0 denote the principal eigenvalue and the corresponding L*°-normalized
eigenfunction of

— Vs + v(my —m)uils|¥ = py, ¥ € LA(R).

Such w1, ¥ exist since (my — mp)uj|s| — oo as |s| — oo, and

13
0 < Y1(s) < Cls|"Te~30m=mup2 12 ¢ e R (see [3, p. 100]),

where C > 0 is a generic constant. Let b(s) = l;(s) +0(s) + Myri(s), s € R,with M > 1
a large constant to be chosen. In [—1, 0],

—bgs +v(b— mlu;s)(l; —mauss) > —CM 4+ v(0 + My)(mu3s + 60 + My — mou3s)
—CM +vM?*y} > —CM +vM?c > 0,

\Y

provided M > Ois sufficiently large (C, ¢ > 0 are independent of M). We fix suchan M > 0.
In (—o0, —1],
—bys + V(b — myuis)(b — mauss) = —Mriss + VM (myuss + My — mouss)

> —Mriss + VMY (ma — m)ujls| = My > 0.

Analogous calculations also hold in [0, co). Hence bisa super-solution of (10.14) and b < b
in R.

By a well-known theorem (see [16] for example) it follows that there exists a solution
be Cz(R) of (10.14) such thatb(s) < b(s) < b(s) s € R. The assertions of the Proposition
follow immediately since b = b and b(s) = b(s) + M (s) if |s]| > 1. ]

Remark 10.3 Independently, Proposition 10.2 has been announced in [12].

The proof of the analog of Proposition 8.1 uses
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Proposition 10.4 For the function b(s) given by Proposition 10.2, the linear equation
— By +v(2b(s) — muys — mauss)B =0 (10.15)
has no nontrivial solutions in L*° (R).
Proof By Proposition 10.2 we have
2b(s) — miuss — mouys > (my —my)usls|, s €R. (10.16)

So it is easy to see that any bounded solution B of (10.15) satisfies B(s) — 0 super-expo-
nentially as |s| — oo (a similar estimate also holds for By, Byy).

Hence
oo oo
/ B2(s)ds +v / (2b(s) — myubs — mou’s) B> (s)ds = 0.
—00 —0o0
In view of (10.16) we obtain that B = 0 and the proof is concluded. O

Remark 10.5 Boundary value problems for pairs of second-order equations with transcrit-
ical slow-manifold bifurcation have been studied in [5] by constructing suitable sub- and
super-solutions (see also the review [6]). (This approach can only be applied to systems with
a special monotonicity property.) It is assumed that the reduced boundary value problem
has a nondegenerate solution. We expect that the approach of the present paper can also be
applied by adjoining time as a dependent variable (see [19]). The nondegeneracy assump-
tion is translated geometrically into the transversality required for establishing the analog of
Lemma 9.1 (see [17]).
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