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Abstract

Exchange lemmas are used in geometric singular perturbation theory to track flows near normally hy-
perbolic invariant manifolds. We prove a General Exchange Lemma, and show that it implies versions of
existing exchange lemmas for rectifiable slow flows and loss-of-stability turning points.
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1. Introduction

This paper is the second in a series of three; the others are [11] and [12]. An introduction to
the series is in [11]. In this paper, we state and prove a General Exchange Lemma, and show that
it implies versions of existing exchange lemmas for rectifiable slow flows and loss-of-stability
turning points.

We begin in Section 2 by reviewing exchange lemmas for rectifiable slow flows and loss-of-
stability turning points. In Section 3 we state the General Exchange Lemma. In Section 4 we
show that it implies versions of existing exchange lemmas. We then state in Section 5 a version
of the Implicit Function Theorem that is useful in proving the General Exchange Lemma. The
proof of the General Exchange Lemma is given in Section 6. In addition to the Implicit Function
Theorem, the proof uses the generalization of Deng’s lemma that was proved in [11].
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In the third paper in this series [12], we shall use the General Exchange Lemma to prove an
exchange lemma for gain-of-stability turning points.

2. Exchange lemmas
2.1. Slow—fast systems [4,5]

A slow—fast system has the form

a= f(a,b,e), (2.1)

b=eg(a,b,e), 22)
with a e R", b € R”, and € > 0 a small parameter. The variable a is fast; the variable b is slow.
The dot represents derivative with respect to ¢, the fast time.

Let T = €t, the slow time. Using prime to denote derivative with respect to 7, the system
(2.1)—(2.2) becomes

cd' = f(a,b,e), 2.3)
b =g(a,b,e). (2.4)

System (2.1)—(2.2) is the fast form of the slow—fast system; system (2.3)—(2.4) is the slow form.
The fast subsystem is obtained by setting € = 0 in (2.1)—(2.2):

a= f(a,b,0), (2.5)
bh=0. (2.6)

The slow subsystem is obtained by setting € = 0 in (2.3)—(2.4):

0= f(a,b,0), 2.7)
b'=g(a,b,0). (2.8)

The fast subsystem (2.5)—(2.6) can be viewed as a parameterized family of differential equa-
tions on R”. Its equilibria are pairs (a, b) such that f(a, b, 0) = 0. Suppose there is a manifold
Eq of such equilibria parameterized by b, each a hyperbolic equilibrium for the differential equa-
tion (2.5) with b fixed. More precisely, suppose:

(SF1) There is an open set V in R, and a smooth function a(b) defined on V, such that
(a) forallb eV, f(a(b),b,0)=0, and
(b) there are numbers Ay < 0 < pg such that for all b € V, D, f(a(b), b, 0) has k eigen-
values with real part in (—00, Ag) and [ = n — k eigenvalues with real part in (g, 00).
(SF2) The differential equation b’ = g(a(b), b, 0) # 0 is rectifiable on V.

According to Fenichel theory [4,5], after an e-dependent change of coordinates, (2.1)—(2.2)
takes the form
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xX=Ax,y,c, €e)x, (2.9)
y=B(x,y,c,€)y, (2.10)
¢=¢((1,0,...,0) + L(x, y,c,€)xy), (2.11)

with x € R, y € R!, ¢ € R™; the matrices A(0,0,c,0) and B(0,0, c,0) have the real parts of
their eigenvalues in (—o00, Ag) and (o, 00), respectively.

2.2. Exchange Lemma of Jones and Kopell in the case m =1

Consider the system (2.9)—(2.11) with m, the dimension of c-space, equal to 1. The third
equation is then just ¢ = e(1 + [(x, y, ¢, €)xy).
For each € > 0, let M, be a submanifold of xyc-space of dimension /. Assume

JK1) M ={(x,y,c,€): (x,y,c) € M} is itself a manifold.
(JK2) My meets the space y = 0 transversally at a point (x4, 0, 0).

In applications one usually has x, # 0, but this is not necessary to the statement of the result.
Under the forward flow of (2.9)-(2.11), M. becomes a manifold M} of dimension / + 1.

Theorem 2.1. (See [7,8].) Assume (2.9)—(2.11) is a C™*! system and M is a C"T' manifold,
r>1. Let 0 < c*, and let y* # 0 be small. Let A be a small neighborhood of (y*, c*) in yc-
space. Then for €g > 0 sufficiently small there is C” function % : A x [0, €g) — RX such that:

(1) x(y,c,0)=0.

(2) As € — 0, X — 0 exponentially, along with its derivatives through order r with respect to all
variables.

(3) For0<e <ep, {(x,y,0): (y,c) € Aandx =X(y, c,€)} is contained in M.

See Fig. 1(a) and (b). When we say that a function h(e) — 0 exponentially as € — 0, we

mean that there are numbers K > 0 and L > 0 such that for small € > 0, ||h(€)|| < K e_%.
We remark that using [3], one can show that if (2.1)—(2.2) is C" 13 then the coordinate change
can be chosen so that (2.9)-(2.11) is C" 1.

2.3. Reformulation of Jones and Kopell’s Exchange Lemma as an Inclination Lemma

In the formulation of Jones and Kopell, the subject of the Exchange Lemma is the entrance
of a manifold of orbits into a neighborhood of a normally hyperbolic invariant manifold and
the subsequent exit of these orbits from that neighborhood. In Brunovsky’s reformulation, the
subject is the entrance of a manifold of orbits into a neighborhood of a normally hyperbolic
invariant manifold and their subsequent behavior, whether or not they exit the neighborhood.

Theorem 2.2. (See [1].) Assume (2.9)—(2.11) is a C" ! system and M is a C" ' manifold, r > 1.
Let 0 < c¢*. Let A be a small neighborhood of (0, ¢*) in yc-space. Then for €y > 0 sufficiently
small there is C" function X : A x [0, €g) — R such that:
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(a)

Fig. 1. Jones and Kopell’s Exchange Lemma in the case m = 1. (a) € = 0. (b) € > 0, Jones and Kopell’s formulation.
(c) € > 0, Brunovsky’s formulation.

(1) x(y,c,0)=0.

(2) As € = 0, X — 0 exponentially, along with its derivatives through order r with respect to all
variables.

(3) For0<e <ep, {(x,y,0): (y,c) € Aandx =Xx(y, c,€)} is contained in M.

See Fig. 1(c). We shall give exchange lemmas in Brunovsky’s formulation rather than the
original formulation of Jones and Kopell.

2.4. Exchange Lemma of Jones and Tin

Consider the system (2.9)—(2.11) with m, the dimension of c-space, greater than or equal to 1.
For each € > 0, let M, be a submanifold of xyc-space of dimension [+ p, 0 < p <m — 1.
Assume

JT1) M ={(x,y,c,€): (x,y,c) € M} is itself a manifold.
(JT2) My meets the space y = 0 transversally at a point (x,, 0, 0).
(JT3) T(x*,0,0)Mo contains no nonzero vectors with y=0and co =--- =¢,, =0.

From (JT2), each M. meets the space y = O transversally in a manifold N, of dimen-
sion p. From (JT3), N, projects to a submanifold P, of c-space of dimension p, and the vector
(1,0, ...,0) is not tangent to Py at the origin.

After an e-dependent change of coordinates c(u, v, w, €), (u, v, w) € R x R? x R™=1=P that
takes each P. to v-space, (2.9)—(2.11) can be put in the form

X=AX,y,u,v,w,€)x, (2.12)
y=B(x,y,u,v,w,e)y, (2.13)
n=e(l+elx,y,u,v,w, exy), (2.14)
v=€eF(x,y,u,v,w,€)xy, (2.15)

w=€eG(x,y,u,v,w,e)xy. (2.16)
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Fig. 2. The Exchange Lemma of Jones and Tin. The first picture shows xyc-space with € = 0. The second shows a more
detailed view of c-space for € > 0. In uvw-coordinates on c-space, Pe corresponds to v-space and P to uv-space.

Under the forward flow of (2.9)—(2.11), M, and P. become manifolds M and P} of dimen-
sion/+ p + 1 and p + 1, respectively. P} corresponds to uv-space. See Fig. 2.

Theorem 2.3. (See [6,13].) Assume (2.12)—(2.16) is a C"+! system and M is a C"t! manifold,
r > 1. Let O < u*. Let A be a small neighborhood of (0, u*, 0) in yuv-space. Then for €n > 0 suf-
ficiently small there are C” functions % : A x [0, €g) — R¥ and W : A x [0, €9) — R"™~1=Psuch
that:

() x(y,u,v,0)=0.

2) w(y,u,v,0)=w0,u,v,e)=0.

(3) Ase — 0, (x, w) — 0 exponentially, along with its derivatives through order r with respect
to all variables.

(4) For 0 <€ <e€q, {(x,y,u,v,w): (y,u,v) € Aand (x,w) = (X, w)(y,u, v, €)} is contained
in M}.

The original Jones—Kopell Exchange Lemma, which we stated only in the case m =1, is
actually the Jones—Tin Exchange Lemma in the case p = 0, in which case assumption (JT3) is
automatic.

We remark that using [3], one can show that if (2.1)-(2.2) is C" 13, then coordinate change
can be chosen so that (2.12)—(2.16) is C" 1.

2.5. Normally hyperbolic manifolds of equilibria

We consider a differential equation £ = F(&,€) on R” such that £ = F (&, 0) has an m-dimen-
sional normally hyperbolic manifold E¢ of equilibria. We assume there are numbers Ao < 0 < g
such that for all § € Ey, D¢ F'(§, 0) has k eigenvalues with real part in (—o0, A¢) and [ eigenvalues
with real part in (ng, 00), with k +1 4+ m =n.

Such a system can be put in the form

x=A(x,y,c, ex, (2.17)
y=B(x,y,c, €y, (2.18)
b=eK(b,€)+ L(x,y,b,e)xy, (2.19)
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with x € R, y € R!, ¢ € R™; the matrices A(0,0,c,0) and B(0,0, c,0) have the real parts of
their eigenvalues in (—o0, A¢) and (ug, 00), respectively.
Near a compact nontrivial orbit segment of b’ = K (b, 0), the system can be put in the form

xX=A(x,y,c,eé)x, (2.20)
y=B(x,y,c,€)y, (2.21)
c=¢€(1,0,...,0)+ L(x,y,c, €)xy. (2.22)

For each € > 0, let M, be a submanifold of xyc-space of dimension/+ p,0 < p <m — 1, that
satisfies (JT1)—(JT3) of Section 2.4. Define N, and P, as in that section. After an e-dependent
change of coordinates c(u, v, w, €), (u, v, w) € R x RP x R™—1=P_that takes each P; to v-space,
(2.20)—(2.22) can be put in the form

X=Ax,y,u,v,w,é€)x, (2.23)
y=B(x,y,u,v,w,e€)y, (2.24)
u=e¢+e(x,y,u,v,w,e)xy, (2.25)
v=F(x,y,u,v,w,€)xy, (2.26)
w=G(x,y,u,v,w,€)xy. (2.27)

Under the forward flow of (2.23)—(2.27), M. becomes a manifold M} of dimension/ + p + 1.
Theorem 2.3 holds exactly as stated. (This fact is remarked in [7] and [1].)

2.6. Loss-of-stability turning points

Liu [9] considers a slow—fast system

a= f(a,b, €)= fe(a,b), (2.28)
B:eg(a,b,e) =€ge(a,b), (2.29)

witha e R+ and b e V c RV open, and m > 2. The system has the following proper-
ties.

(L1) £(0,b,e)=0. Hence {0} x Vis locally invariant for each €, and consists of equilibria for
e =0.

(L2) There are numbers Ao < 0 < 19, and a codimension-one submanifold \V/o of V, such that
forall b € V, D, f5(0, b) has
e k eigenvalues with real part less than Aq;
e [ eigenvalues with real part greater than 1q;
e one eigenvalue v(b) with Ag < v(b) < wo;
e v(b)=0ifbe V.

(L3) For b € Vy, Dv(b)go(0, b) > 0.
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(L1)—(L3) imply that for € =0, the (m — 1)-dimensional manifold of equlhbrla {0} x V loses
normal hyperbolicity along {0} x Vo. More precisely, as one crosses {0} x Vo along solutions of
b= g0(0, b), an eigenvalue of D, fo(0, b) changes from negative to positive (loss of stability).

From [9], for each small €, the (m — 1)-dimensional invariant set {0} x V is contained in an
m-dimensional normally hyperbolic invariant manifold K. Let K = {(a, b, €): (a,b) € K¢}, an
(m + 1)-dimensional normally hyperbolic invariant manifold of abe-space.

Let by € Vo Accordmg to [9], near (0, by, 0), we can choose coordinates (x, y, z, w, €) on
a neighborhood of {0} x V x {0} in abe-space, with x € R, yeR!, zeR, weR"! and
(z, w, €) coordinates on K, such that (0, by, 0) corresponds to the origin, and the system (2.28)—
(2.29) becomes

X=Ax,y,z,0,€)x, (2.30)
y=B(x,y,z,0,6)y, 2.31)
Z=fvl(z,a),€)z—|—l;(x,y,z,a),e)xy, (2.32)
w= 6((1, 0,...,0)+ L(z, w, €)7 + M(x, v, 2z, o, e)xy), (2.33)

with sgnivz(O, (w1, w2, ..., 0n-1),0) = sgnw and (() O, w2, ...,wm-1),0) > 0. The ma-

trices A(O, 0,z,w,0) and E’(O, 0, z, w, 0) have the real parts of their eigenvalues in (—o0, Ag)

and (uo, 00), respectively. After dividing by the positive function 1 + L{(z, w, €)z, we have

w1 = €(1 4 terms of order xy), i.e., L1(z, w, €)z = 0; we shall assume that this has been done.
Let

I = {w e R™!: w; <0 and there exists w} > 0 such that

(1) (t, w2, ..., 0m_1) €V forw; <t <o, and
@1
2) /12(0, (t, 2, ..., om—1),0)dt =01.

Define amap 7 : I — R as follows: 7 (w) is the smallest number w7} such that

ol
fﬁ(o, (t, 2, ..., wm—1),0)dt =0.
w1
For later use we define [Ty : [ — R™~! by Ily(w1, w2, ..., 0n—1) = (T(w), w2, ...,WH—1).

Choose numbers Sy > 0 and n > 0, and a neighborhood V of the origin in w-space, such that

e forall (z,w,e) with |z| <n,w € V,and le| <n, a%(zfz) < Bo;

® Ao+ o+ rBo <0 < g —max(6,2r + 1)Bo;

° ifa)ve V with w1 < 0, then w € I, and the points (¢, @», ..., wyu—1) With w; <t < 7 (w) are
inV.
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Fig. 3. The mapping 1 with € > 0 and m = 2.

(The numbers Ag and pqo used ir} assumption (L2) may need to be adjusted to allow this.) Let
V={(izw,2): |zl <nand w € V}.

Choose a small number §; > 0. Let W, = {w € V: w1 < —41}. Then for the system (2.30)—
(2.33) with € = 0, the subset {0} x {0} x {0} x W, of xyzw-space is a normally hyperbolic
invariant manifold of equilibria, with stable manifold equal to an open subset of xzw-space,
and unstable manifold equal to an open subset of yw-space. Similarly, let W* = {w € V:w >
(=681, w2, ...,wn-1)}. Then for the system (2.30)—(2.33) with € = 0, the subset {0} x {0} x
{0} x W* of xyzw-space is a normally hyperbolic invariant manifold of equilibria, with stable
manifold equal to an open subset of xw-space, and unstable manifold equal to an open subset
of yzw-space. For € > 0, W, and W* remain normally hyperbolic invariant manifolds with the
same properties.

For a given §, 0 < § < n, let I5 denote the set of points in zw-space with z =§ and w € W,,
and let J5 denote the set of points in zw-space with z =§ and w € W*.

For € > 0 there is a Poincaré map from a large open subset of I to Js given by (6, w) —
(8, I (w)). See Fig. 3.

For each € > 0, let M, be a submanifold of xyzw-space of dimension/ + p,0< p <m — 2.

Assume:

L4) M={(x,y,z,w,€): (x,y,z,w) € M.} is itself a manifold.

(L5) My meets the space y = 0 transversally at a point (x4, 0, §, w,) in the stable manifold of
{0} x {0} x {0} x W,.

(L6) Tix,.0,5,0,) Mo contains no nonzero vectors with y =0and w2 = --- = w;—1 =0.

We may assume that M C {(x, y, z, ®, €): z =4§}. See Fig. 4.

Each M. meets the space y = O transversally in a manifold N, of dimension p. Each
N¢ projects along stable fibers to a p-dimensional submanifold P, of zw-space, which in
turn projects along stable fibers to a p-dimensional submanifold Q. of w-space. The vector
(1,0, ...,0) is not tangent to Q.

Under the flow, M, and P become manifolds M} and P} of dimensions/+ p+1and p+1,
respectively.

For each € > 0 the mapping (8, w) — (3, Il (w)) takes P. to a p-dimensional submanifold
P] of Js.

Assume:

(L7) The functions fz(z, w, €) and i(z, w, €)z are C" 1.
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Fig. 4. A loss-of-stability turning point with k =0,/ =1, m =2, p = 0. The flow for ¢ = 0 is shown. Since k = 0,
No = Py.

Then by [2], the mappings IT, € > 0, fit together to form a C" ! mapping IT(w, €) = I, (w),
€ > 0. Therefore the sets P;, € > 0, fit together to form a C” +1 manifold P of Js x R.

On a neighborhood V* of (§, ITh(wy)) in zw-space, there is an e-dependent change of coor-
dinates (z, a))(ul, vl wl,e), (ul, !, wl) € R x RP x R™~1=P_gsuch that:

z=24if and only if u'! = 0.
(z,w)(0,0,0,0) = (8, [o(w)).
(z,w)(0,v!', w', €) € P} if and only if w! =0,
In the new coordinates, (2.32)—(2.33) becomes

See Fig. 5. In these coordinates, P is ve-space.

Theorem 2.4. (See [9].) Assume (2.30)—(2.33) is a C"T! system and M is a C"! manifold,
r 2= 1. On a neighborhood of (0, 0, §, I1y(wy), 0) in xyzwe-space, with € > 0, use the coordinates
(x,y, ul vl wl, €).

Let A be a small neighborhood of (0,0, 0) in yu'v!-space. Then for eq > 0 sufficiently small
there is a C" function (x,w) : A x [0, €9) — RK x R™=1=P such that:

(1) x(y,u',v',0)=0.

) w(y,u',v!,00=w0,u', vl e)=0.

(3) Ase — 0, (x, w) — 0 exponentially, along with its derivatives through order r with respect
to all variables.

(4) For 0 <€ < eo, {(x,y,ul,v',wh): (y,u',v)) € Aand (x,w") = &, ®)(y,u',v', €)} is
contained in M.

See Fig. 5.

We remark that using [3], one can show that if (2.28)—(2.29) is C" +4 r > 1, then the coordi-
nate change can be chosen so that (2.30)—(2.33) is C” *2 in which case (L7) and the differentia-
bility assumption of the theorem are both satisfied.

I would like to emphasize the importance of the fact that the mappings 71, € > 0, fit together
to form a C"*! mapping defined for € > 0, which is essential to the proof of this theorem that
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Fig. 5. Theorem 2.4 withk =0,/ =1, m =2, p = 0. The flow for € = 0 is shown. Since p = 0, there is no v!-coordinate.

we will give in Section 4. This fact was recently proved by Peter De Maesschalck; to the best
of my knowledge, it was not previously in the literature. The asymptotic expansion of 1 () is
calculated in [10], but the existence of an asymptotic expansion does not imply the result. Liu [9]
makes a weaker assertion, namely that [T, approaches ITj in the C" ! topology if (2.30)-(2.33)
is sufficiently differentiable, but he does not give a reference even for the weaker result.

3. General Exchange Lemma
On R” we use coordinates & = (x, y, c), with x € R, y € RLoceR", k+1+m=n. Let

V be an open subset of R”. We consider a C" +1 differential equation 5 =FE,e),r>1,0ona
neighborhood of {0} x {0} x V x {0} in R” x R of the following form:

X =A(x,y,c,é)x, (3.1)
y=B(x,y,c,€)y, 3.2)
c=C(c,e)+ E(x,y,c,ée)xy. (3.3)

Let ¢ (¢, ¢) be the flow of ¢ = C(c, €). For each ¢ € V there is a maximal interval /. contain-
ing O such that ¢ (¢, c) € V forall ¢ € I... Let the linearized solution operator of (3.1)—(3.3), with
€ =0, along the solution (0, 0, ¢o(z, c°)) be

(1) ®3(t, s, V) 0 0 x(s)
y@) | = 0 o1, s, V) 0 y(s) |- (3.4)
é(t) 0 0 d°(t, s, ) é(s)

We shall make five types of assumptions: (1) assumptions on the linearized solution opera-
tor (3.4); (2) assumptions on the incoming manifolds M; (3) assumptions on the flow on V
near the starting points; (4) assumptions on the flow on V near the ending points; and (5) an
assumption on the time spent flowing.

Assumptions on the linearized solution operator (3.4).

(E1) There are numbers Ao < 0 < o, Bo > 0, and M > O such that for all deVands,relo,
C

HCDS (t, s, CO) H < MM >, 3.5)
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|®“(t,5,°)|| < M=) ifr s, (3.6)

|®¢(2, 5, )| < MePol'=SI forally, s. (3.7)

(E2) o+ mo+rPo <0 < o — max(6, 2r + 1) By.

After slightly changing Ao, o, Bo, and M, we may assume that these estimates also hold for
linearization around solutions of ¢ = C(c, €) on V for € small.

Assumptions on the incoming manifolds M. For each € > 0, let M, be a C"*! submanifold
of xyc-space of dimension/ + p,0 < p <m — 1.

(E3) M ={(x,y,c,€): (x,y,c) e M.} isitself a C"T! manifold.
(E4) My meets the space y = 0 transversally at a point (x,, 0, c,).
(E5) T(x,,0,c,)Mo contains no nonzero vectors (x, y, ¢) with y =0 and ¢ =0.

From (E3) and (E4), each M, meets the space y = O transversally in a manifold N, of di-
mension p. From (ES), each N projects to a submanifold P of c-space of dimension p. Let
P ={(c,e): c e P}.

Assumptions on the flow on V near the starting points. There is an open neighborhood V,, of
¢« in V, and coordinates ¢(u?, v9, w?, €) on V,, with (uO, Y, wO) cU, CR x R? x Rn—1=r
and € > 0 small, such that ¢(0,0,0,0) = ¢, and P is contained in voe—space. After shrinking
M if necessary, we may assume that U, contains the closed ball of radius 3y about the origin,
and each P. c {(u°, v°, w%: °, w®) = (0,0) and ||V < y}. We assume the coordinates can
be chosen so that:

(E6) W’ =0.

(E7) #" is a function of € only. Moreover, there are numbers a > 0 and K3 > 0 such that for
small € > 0, g > Kze?.

(E8) The coordinate change c(uo, v
ordinates is C’ 1.

0 w9, €) is C"*!, and the differential equation in these co-

Assumptions on the flow on V near the ending points. For € > 0 we have the following:
From (E7), under the flow of ¢ = C(c, €), each P. becomes a manifold P of dimension p + 1.
Similarly, under the flow of 5 = F(&,¢€), each M, becomes a manifold M} of dimension / +
p+1

We assume there is an open subset V* of V with the following properties:

(E9) There are coordinates c(v!, w!, €) on V*, with (v}, w!) € U* ¢ RPT! x R™~1=P apnd
€ > 0 small, such that for each € > 0, the set P* N V* is given by w! =0.
(E10) The coordinate change c(v!, wl, €) is C"1, and the differential equation in these coordi-
nates is C" 1.

See Fig. 6.

Assumption on the time spent flowing. For each ¢! € PX N V* there is a positive number
7(c', €) such that ¢ (—z(c!, €), c!) € P..
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wo wl
(D,VU,}V”) . time=1 (VI,WI)
1o
*
Pe Pe
Po vl
Ve v*

Fig. 6. Coordinates on Vy and V*. Note that vo-space is p-dimensional (it is P¢) but vl-space is (p + 1)-dimensional.

(E11) There are positive numbers 8, 81, K1, and K3 such that (1) o < B8 < B1, (2) 0 < g —
max(6,2r + 1)B1, 3) K| < Kp < &Kl, and (4) for small € > 0 and all ¢! € PXNV*,

B
K K
A<l e) < 52
We are now ready to state the General Exchange Lemma.

Theorem 3.1. Let (v'*,0) € U*. Let A be a small neighborhood of (0, v'*) in yv'-space. Then
for €g > 0 sufficiently small there are C" functions X : A x [0, €g) — R¥ and w : A x [0, €g) —
R™=P~Lsuch that:

(1) %(y,v!,00=0.
() w(y,v!,0)=w(0,v!, e)=0.
(3) As e — 0, (x, w) — 0 exponentially, along with its derivatives through order r with respect

K
to all variables. More precisely, any first partial derivative of (x, w) is of order e~ e (o—4p D,

K .
and, for 2 <i < r, any partial derivative of (x, w) of order i is of order ¢~ et o=+ Dp1)
(4) For 0 < € < €, {(x,y, v, wh: (y,v)) € Aand (x,w) = (&, ®)(y,v',€)} is contained
in M}.

Remark 3.2. Two of the assumptions of the General Exchange Lemma deserve comment.

Assumption (E7) requires that one be able to choose coordinates on V, in which (¢ depends
only on €. It would be desirable to remove this assumption.

Assumption (E11) only requires looking at the time of transit from P, to points of P} in V*.
It does not require looking in general at the time of transit from V, to V*. This is important
because it may be impossible to define an open set V* in which, for small € > 0, every point
comes from a point in V,. The proof will show, however, that points in V* with w! exponentially
small as € — 0O (i.e., points in V* that are very close to P}) do come from points in V,, and this
is essential to the proof.

4. The General Exchange Lemma and existing exchange lemmas
4.1. Normally hyperbolic manifolds of equilibria
As in Section 2.5, we consider a differential equation £ = F (&, €) such that § = F(&,0) has an

m-dimensional normally hyperbolic manifold of equilibria, and the assumptions of Section 2.5
on the eigenvalues and the manifold M, are satisfied. (The situations described in Sections 2.3
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and 2.4 are special cases of this one.) We write the system in the form (2.23)-(2.27), and let
c=(u,v,w).

By decreasing uq if necessary, we can make Ao + o < 0. Then for any sufficiently small
Bo > 0, (E1) and (E2) are satisfied.

Let ¢, be the origin of uvw-space. Then (E3)—(ES) are satisfied. Let V, be a small neighbor-
hood of c,, with coordinates (u, v, w) = (uo, Y, wo). Since w =0 and # = € on V,, (E6)—(E8)
are satisfied; in (E7) weuse a = 1.

Let u* > 0 and let V* be a small neighborhood of (u*,0,0) in uvw-space. For € > 0,
PeNVie={(u,v,w) € Vi (u,w)=(0,0)}, so PNV*={(u,v,w) e V*: w=0}. Hence
(E9) and (E10) are satisfied with the coordinates

u:l)o, U1=U1, ceey Up:v
We have 7(u, v, 0, €) = Z, so (E11) is satisfied if V* is small enough.
4.2. Liu’s Exchange Lemma

As in Section 2.6, we consider a differential equation (2.28)—(2.29) that satisfies (L1)—(L3).
We write the system in the form (2.30)—(2.33), let c = (z, ), and choose By and V as described
in Section 2.6. Then (E1) and (E2) are satisfied.

Given a family of manifolds M, that satisfy (L4)—(L6), let ¢, = (6, w4). Then (E3)—(ES) are
satisfied.

On a neighborhood Vi of (§, w,) in zw-space, there is an e-dependent change of coordinates
(z, w)(uo, 9, wo, €), (uo, Y, wo) € R x RP x R™~1=P_guch that:

z =24 if and only if u® = 0.
(z,0)(0,0,0,0) = (8, ws).
(z, )(0,v°, wP, €) € P, if and only if w® =0.
In the new coordinates, (2.32)—(2.33) becomes

Thus (E6)—(E8) are satisfied. In (E7) we could use any a > 0; we use a = 1.

Let V* be as defined in Section 2.6. The e-dependent coordinates (u',v!, w') defined on V*
there show that (E9) and (E10) are satisfied; (!, w!) plays the role of w! in the statement of
those conditions. Note that assumption (L7) was used to construct this coordinate system.

(E11) is satisfied if V* is small enough because in the system (2.30)-(2.33), @] = €.

5. Implicit Function Theorem

Let Y be an open set in R/, let Z be an open neighborhood of 0 in R”, and let s : ¥ x Z — R
be a positive continuous function. Let

2= {(x,y,z) eRF xR x R™: (y,2) €Y x Z and ||x]| gs(y,z)}.

Let G : 2 — RF be a C" function.
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Theorem 5.1. Assume there are real-valued functions m on Y x Z, nonY, and p on 2, and a
number A, 0 < A < 1, such that:

1) |G, y, )|l <m(y,z) forall (y,z) €Y x Z.

(I12) D,G(0, y,0) is invertible and || DG (0, y,0)~!|| <n(y) forall y € Y.
(I3) IDxG(x,y,2) — DxG(0,y,0)| < p(y,2) forall (x,y,z) € £2.

(I4) n(y)p(y,2) <Aforall (y,z) €Y x Z.

Let

_ n(y)m(y,z)
1—n(y)p(.2)’

8(y,2)

Assume:
(I5) Foreach (y,z) €Y x Z, §(y,2) <s(y,2).

Then for each (y,z) € Y X Z there is a unique x with ||x|| < 8(y, z) such that G(x, y,z) =0. If
we let x = g(y, z), then g is C".

Proof. Write
G(x,y,2)=G(0,y,2) + DxG(O,y,0)x + R(x, y, 2).
G(x,y,z)=0if and only if
x=T(x,y,2)=—DyG(0,y,007'(G(0,y,2) + R(x, y,2)).
Note that for ||x|| < 3(y, 2),

|R(x,y,2)| = |R(x,y,2) — R(0,y,2) + R0, y,2)|| = | R(x, ¥y, 2) — R(0, y,2) |

< sup || DLRGY,y, )|l < p(y. 2)8(y, 2).
I1<8(7,2)

Hence, if ||x|| <8(y, z), then
1Ty, 2| <n (MG, 2)+ p(r, 280, 2)) =8(y, 2).
In addition, if [|x1|| <8(y, z) and ||x2]| < 38(y, 2), then
T (x1,y.2) = T(x2,y.2)| < | DG, 5,07 |R(x1.y,2) — R(x2, ¥, 2)||
<n(p(y, Dllxg — x2fl < Allxr — x2f|.

Hence for each (v, z), T is a contraction of {x: ||x|| < &(y, z)}. The result follows from the C"
Contraction Mapping Theorem. O
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6. Proof of the General Exchange Lemma

We consider the system (3.1)—(3.3) with assumptions (E1)—(E11). On V, and V* we use the
coordinates (1°, v?, w?) and (v!, w') defined in Section 3. On R* x R! x V, x R, we set x = x9
and y = yo, obtaining coordinates (xo, yo, u®, 10, WO, €).On RF x Rl x V* x R, we set x = x!
and y = y!, obtaining coordinates (x!, y!, v, w!, €).

In our coordinates on R¥ x R! x V, x R, M takes the form

(x%u® w%) = @&, a,)(y°, 0% €), 2(0,0,0)=x,, (@@, D)(0,0%€)=(0,0). (6.1)

We have used the fact that P is contained in v’e-space. The mapping (%, &, W) is C"+1.
We wish to consider Silnikov’s second boundary value problem, i.e., (3.1)—(3.3) together with
the boundary conditions

x(0)=x" y@ =y, cx)=c"

The solution is denoted (x, y, c)(t, 7, xY, yl, cl €) and is C"t!. We shall always take cleve
and values of 7 such that ¢(0, 7, x9, yl, ¢! €) € V.. Hence we will write ¢(0, 7, x9, yl, cle)=
u?, 0%, w% and ¢! = (v!, w'). Thus for 7 near 0 we will denote the solution of the bound-
ary value problem by (xo, yo, u®, 0, wo)(t, 7, x0, yl, vl wl, €). Deng’s lemma (Theorem 2.2
of [11]) provides estimates on the solution, which remain valid despite the coordinate changes.

To prove the General Exchange Lemma, given (y!, v!) € A and a small € > 0, we want to
find (z, x%, w!) such that

(xo, (uo, wo)(O, 7, x°, yl, vl w!, 6)) = (X, u, ﬁ))((yo, vo)((), 7,10, yl, vl w!, e), 6). (6.2)

Once (z, x°, w!) is found, the desired functions ¥ and W are

x(yl,vl,e)zx(t, t,xo,yl,vl,wl,e), u?(yl,vl,e)zwl. (6.3)

The estimates on X and w required by conclusion (3) of the General Exchange Lemma are ob-
tained with the help of Deng’s lemma (Theorem 2.2 of [11]).

Recall the function 7(c!, €) defined in Section 3. In our coordinates on V* it becomes a
function 7 (v!, 0, €).

We gather some simple facts in the following lemma.

Lemma 6.1.

(D) @, v, w%(0,7,0,0, v, wl,e) = @, 00, w0, z,x% 00!, wh, e) = @° v°, w0, ,
O,yl,vl,wl,e).

2) yO(O, T,xO,O,vl,wl,e):O

3) u%0,t(',0,€),0,0,v!,0,¢)=0.

4) w®0, r(!,0,€),0,0,v!,0,€)=0.

Proof. To show (1), note that (uO, Y, wo)(O, 7,0,0, v, wl, €) is given by the backward flow in
c-space; it is just ¢¢ (—7, c(v!, w!, €)). From (3.3), the evolution of the ¢ variables is unchanged
as long as y =0 or x = 0. (2) follows from (3.2): if y =0, then y =0, so y remains 0. (3) is just
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the definition of r(vl, 0, €). (4) says that for the flow in c-space, if w! =0, then w® = 0; this is
a consequence of our choice of coordinates on V*. O

We wish to extend the function r(vl, 0, €) to a function t(vl, wl, €) with the property
uO(O,r(vl,wl,e),O,O,vl,wl,e):0. (6.4)

Lemma 6.2. t(v!, w!, €) satisfying (6.4) is defined and C"™t! for ', wh) e U* with |w!| <

2K
e~ @B gnd e > 0 sufficiently small. Moreover, for slightly smaller K1 and slightly larger K>,
still satisfying (3) of (E11),

K1
<
Ea

2K
Proof. For ||w!| < e_e_“zﬁo and small € > 0, (3.7) and assumption (E11) imply

[ (uo, 0, wo)(O, t(vl, 0,¢),0,0, ol w!, €)— (uo, 0, wo)(O, r(vl, 0,¢),0,0, !0, e)|

0.0 ..0
< sup M(O,r(vl,O,e),0,0,vl,awl,e) HwIH
oel0,1] ow
< MPr 00 |yl | < Mo Pop= " Po = po— o, 6.5)

From the description of the u®, v?, w0 -coordinate system in Section 3, w®,v?, w0, T (v!,0,
€),0,0,v!,0,¢€) = (0,v°,0) with ||[v° < y. Therefore for (u°, v, w?)(0, t(v',0,¢€),0,0, v!,
w!, €) with € sufficiently small, (6.5) implies

O [0 = v, [w0]) < Mem o <y, 6.6)

max(|u

Choose L such that for (u°, v, w?) in the closed ball of radius 3y about the origin and €
small, || (L'to, 9, u')o) || < L. Then for (uo, Y, wo) in the closed ball of radius 2y about the origin,
de (t, (10, v0, w?)) is defined for 7] < % For (1%, v?, w?) satisfying (6.6), on the other hand,
assumption (E7) implies that the value of ¢ for which ¢ (¢, @?, 00, w)) has u®-coordinate equal
to O satisfies

K]

L9)
7] < Me @ Po L Ko aho

9

K3e@

which is smaller than % for € small. Therefore, for (u°, v°, w?) satisfying (6.6), we can define

. _K
10,00, WY, €), with |£ ®, v°, w0, €)] < Ke™ @0 such that ¢ (£ (1, v0, w?), @0, v°, w°)) has

u-coordinate equal to 0.

Let
t(vl, wl,e) = f(vl,O, e) —|—t((u0, vO, wo)((), r(vl,O, e),O, 0, vl, wl,e),e).

Then (6.4) holds, and T (v!, w', €) satisfies the required estimate. [
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2K
Because of Lemma 6.2, we shall always assume lw!| < e_e_“zﬁo.
From Lemma 6.1, we see that a family of solutions of (6.2), with (vl, €) arbitrary, is

t=1(v',0,¢), (6.7)
x0=3%(0,v°(0,7(v',0,€),0,0,0',0,¢€), ¢), (6.8)
yl =0, (6.9)
w! =0 (6.10)

Let
x0=£(0, vO(O, t,0,0,vl,wl,e),e)—Fio, (6.11)
t:r(vl,wl,e)—l—f. (6.12)

Let (7, X%, v!, w!, €) be the composite of (6.11) and (6.12):

XOI

=<

(f,fo, ol w!, €) =x(0, vO(O, r(vl, w!, €)+1,0,0, !, wl,e),e) +x%. (6.13)

Let Y be the product of a neighborhood of 0 in R”*! and an interval (0, €p), and let Z be a
neighborhood of 0 in R!. For (7, x°, w!) near (0, 0,0) and ((v', €), yl) €Y x Z, define

G((f,)'co, wl), (vl, e), yl)
0= 2% 000, 7. 1%y vl w6, e)
= «%0, 7, 2%y, v, wl, &) —a(OY, v, 7,20y, vl wle),e) |, (6.14)
w20, 7,20,y vl wl ) — (2, v2)(0, 7, xV, y, vl wl, €), €)
with x? and © given in terms of (7, 0ol wl, €) by (6.13) and (6.12). G is crtl, According to
(6.2), we need to find solutions of G = 0.
We will prove the General Exchange Lemma in the following steps, in which the notation

of Section 3 is used. We use the letter K to denote a variety of different constants. Let t1(¢) =
inf1 1 T, wl,e), ne) = SUP (1 1y T, wl,e).

(1) G((0,0,0), (!, €), y))|| < Ke ot @".0.),
(2) ”D(f’i()’wl)G((O, 0, 0)’ (vl’ 6), O)_l ” < Keﬂt(vl,o,e).

3) | D¢ 501G ((7. X% w'), 0!, €), y!) = Dz 50.,1,G((0,0,0), (v',€),0)|

< Ke~mo=2B)(m(e)—1T]) 4 g o2B(ma(e)+IT]) H (f’ %Y, wl) ”

(4) Using the Implicit Function Theorem (Theorem 5.1), we show that for each (W', e), yl) €
Y x Z, the equation G((t, 70 wh), Wl e), yl) = 0 has a unique solution with
I1(Z, X%, wh| < Ke~ @ W0=8) Moreover, (7, %% w') is a "t function of (v, €), y1).

(5) For ||(T, %%, wh)|| < Ke™ Ie(_“l(“()_ﬂ D (consistent with step (4)), any first partial derivative of G

) ) LS .. )
with respect to ((v', €), y') is of order e~ @ (1o=3P1) (i.e., is bounded in norm by a constant
times this function), and, for 2 <i < r, any partial derivative of order i of G with respect to

K .
((v!, €), y!) is of order ¢ e (0=2if1)
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K
(6) For ||(7, %%, wh)|| < Ke™ e “0=F1) (consistent with step (4)), 1D 50,1, G((F, 5%, wh),

K
(vl,e),y Y~ is of order ee_azﬂ.
(7) Any first partial derivative of (7, % wl) with respect to (W', e), yl) is of order

e e“ Ho—=4p1) ,and, for 2 <i <r, any partial derivative of order i of (7,x", w!) with re-

spect to ((v', €), y!) is of order e~ & (o Qi+DA)

The last step implies the result: using (6.3), the desired estimates on w for 0 < € < €p are imme-
diate, and those on x for 0 < € < ¢q follow from Deng’s lemma. If we extend w and X to be 0
for € = 0, then these estimates, together with 1’Hopital’s rule, imply that the extended w and X
are C".

We gather some more useful facts in the following lemma. Here and throughout this section,
we shall use, for example to denote the matrix of partial derivatives more properly denoted

by D,

> a a1

Lemma 6.3.

1) 2 (0 7,0,0,v!, w!, €) depends only on € and is > Kz€“.

2) 2 (OrOvae)_

3) For 1 <i <r+ 1, any partial derivative of (uo, Y, wO)(O, 7,0,0,v!, w!, €) of order i that
includes j derivatives with respect to t is of order ¢! —FoT.

(4) For 1 <i <r+1, any partial derivative oft(vl, w!, €) of order i is of order eiPT

(5) For 1 <i <r, any partial derivative of x° given by (6.11) of order i that includes j deriva-
tives with respect to T is of order ¢! =707,

(6) For 1 <i <r, any partial derivative of X of order i is of order ¢'P*

Proof. The functions uO(O, 7,0,0, v!, wl,e), etc., are just components of ¢ (—t, c(ul, !, €)).
(1) and (2) follow from (E7) and (E6). (3) is based on (3.7) and is a general fact about the deriv-
atives of the flow of a C"*! differential equation; compare [11, Proposition 3.2]. To prove (4),
note that from (6.4),

0
aLT(O,r(vl,wl,e),O,O,vl,wl,e)%(vl,wl,e)
+8—”0(0 (v, w' €),0,0,0", w' e)=0 (6.15)
dw! R ' '
Therefore
T du° -
ﬁ(vl,wl,e):—(W(O,r(vl,wl,e),O,O,vl,wl,e)>
ou”

X W(O r(v1 w1 6) 0,0,v1,w1,e).
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Then from (1), (3), and Lemma 6.2,

dT < 1 KePoT — K Kl ﬁot K rePoT — K T +pot < KePT.
dw! K3e4 K3K1 Ga K3K1 K3K;
The same estimates hold for and . The general result follows by induction using (3).

To prove (5) fori =1, note that part1a1 derivatives of x are bounded, and partial derivatives of
v0(0, 7,0,0, v, w!, €) can be estimated by (3). The general result follows by induction. (6) fol-
lows from (4) and (5). O

It is convenient to write

with

1((z,%% w'), (v!, €)) = (G((z, %% w'), (v), €),0) = G((0,0,0), (v', €),0)),

J(#50 "), (0 €).y") = (G((2. 2% 0). (). »') - G((2.5% w)). (o) ). 0).

Using (6.1) and Lemma 6.1, we see that

G((0,0,0), (v',€),0)
£(0,v°(0, T(v1,0,€),0,0,v',0,¢€),€) — £(0,0°00, T (v',0,¢€),0,0,v!, 0, €), €)
= u%0,7(v!,0,€),0,0,v',0,¢) — (0, v°(0, T (v',0,€),0,0,v!,0, €), €)
w?(0, T(v',0,€),0,0,v',0,€) — (0, v°(0, T (v',0,€),0,0,v!,0,¢), €)
0

—|o]. (6.16)
0

Equation (6.16) expresses the fact that (6.7)—(6.10) is a family of solutions of (6.2). It follows
that G=1+J.

Again using (6.1) and Lemma 6.1, we obtain

1.2 '), (v €)
(£(0,0°00,7,0,0,v", wh, €), &) + 70 = £(0,0°(0, 7, x°, 0, v, w, €). €)
= u%(0,7,x%,0, v, w', €) — (0,020, 7, x%,0,v', w!, €), €)

\ w20, 7,x%,0, 0", w',€) — (0,120, 7, x°,0, 0", w', €), €)
( X0
=1 490, 7,0,0,v', wl,e) |, (6.17)

\ w0(0,7,0,0,v", w!, )
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with 7 given by (6.12). From Lemma 6.1(1) we have

0
=1 u%0,7,x% y, vl w, ) —u®0, 7,x%,0, 0!, w!, €)
w20, 7,20, vy, vl wl, e) — w0, 7, x°, 0, 0!, w!, €)
(Y, v, 7, x0, y!, v, wl, €), e) — (0, v°(0, 7, x0,0, v!, w!, €), €)
— | a0 v, 7, x% y vl wle), e) —a(0,v°(0, 7, x°,0,v', w!, €), €)
(0, 90, 7,x°% yh vl wl e), €) — w(0,v°0, 7,x°, 0, v!, w, €), €)
0
=1 420, 7,x° y', v!, w!, e) —u%0,7,0,0, 0", w!, €)

w?(0, 7, x%, y!, v, w!, e) —w%0,7,0,0,v!, w', €)

(%090, 7,x% y vl wl€),€) —£(0,0°(0,7,0,0, v, wl, €), €)
— | 40 00,7, x% yh vl wl€), ) —i(0,v°(0,7,0,0, v, wl,€),e) | (6.18)
lb((yo’ UO)(O’ T’XO’ yl, vl’ wl’ 6)’ 6) - ﬁ)(o’ UO(O, T, Oa Oa vl’ wl’ 6)9 6)

with 7 given by (6.12) and x° given by (6.13).
Step 1. Using G =1 + J, (6.17), and (6.18), we have

G((0,0,0), (v',€), »")

0 0
= | u%0,7,0,0,v',0,¢) | +| u°0,7,x% y',v!,0,€) —u0,7,0,0,v',0,¢)
wO(O’T’O’O7UI’O’€) wO(Ovrs-xovylvvl’O’e)_wO(O’T70’Oav1’O7€)

(090, 7,x% y1, 01,0, €), €) —£(0,0°(0,7,0,0,0',0,€), €)
- ’2(()’0,1)0)(0’ ra-xov ylv UI’O’ 6)96)_12(07 UO(O’T7O’ 07 UI,O,G),G) (619)

UA)(()’O, UO)(07 T, xo’ yl9 vlv 0’ 6)9 6) - li)(o’ UO(O’ T, 09 0’ vla Oa 6)7 6)
with x0 = x(0, vo((), 7,0,0,v!,0, €),€) and T = ‘L’(Ul,(), €). The first matrix is 0 by Lem-
ma 6.1(3) and (4). The second is of order e~ HoT(®!,0,6) by Deng’s lemma (Theorem 2.2 of [11]).

As for the third, let us consider its first line. In norm it is at most a bound on the first partial
derivatives of x times

H (yo, vo)(O, t,xo, yl, vl, wl, e) — ((), UO(O, 7,0,0, vl, wl, e))

| ’

which by Deng’s lemma is of order ¢~H0T(®'.0.6) The other lines of the matrix are treated analo-
gously.

Step 2. Since J = 0 when y! =0, we have G((7, X", w!), (v', €),0) = I (T, x°, w!), (v!, €)).
Dz 50 ,1)G((T, 0, wh), (!, e), yl) can be regarded as 3 x 3 block-partitioned matrix. Us-
ing (6.17) and Lemma 6.3(2) we have
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0 1 0

0 0 0
_ | 220,7,0,0,0 , wle) 0 %(0,7,0,0,v!, w!,e) 2 v, w!,e) + 2-(0,7,0,0, 0!, wl,€)
ot it dw! dw!

0
0 0 g%T«xzxxoﬂﬂ,whe)

with T = 7(v!, w!, €) + 7. From (6.15), it follows that

D 50.,1,G((0,0,0), (v', €),0)
= D(f,fo,wl)l((()’ O, O), (Ul, E))

0 I
= [ 350.70"0,0.0,0,v",0,¢) 0 0 . (6.20)
0 0 %(O’T(vl’O,é),O,O,vl,O,e)

0. . )
If % is invertible, we have

(D 20,4, G((0.0.0). (v, €).0) "

0 (220, 7(v',0,¢).0,0,v',0,€)""! 0
0 0 (%52(0,r(vl,O,e),0,0,vl,o,e))—l

(6.21)

K
By Lemma 6.3(1), (%—L;O(O, t(',0,€),0,0,v',0,€))~! is of order e, hence of order e @ ¥,
hence of order #7(1:0.€)

For c € V, and ¢ (¢, ¢) € V*, let us write ¢ (¢, ¢) as (vl, wl)(t, u® 00, wo, €). Then

wl(t(vl, w!, €),0, (vo, wo)(O, r(vl, wl,e),O, 0,v!, wl,e),e) —w'.

Therefore

dw! ot awl(auo a1 Bvo) awl(awo T awo)zl' 6.22)

ot dw! + 0v0 \ 97 dw! + dw! dwd\ 9t dw!  ow!

From Lemma 6.3(2), % = 0. From the definition of w! in Section 3, if w! = 0, the terms

1 1 .
%LT and % also vanish. Hence, for w! = 0, (6.22) reduces to

ow! dw?

— =
dwY dw!
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. 0 )
We therefore see that the inverse of g% (0, ‘L’(Ul, 0,¢€),0,0, vl 0, €) 1s

1
%(r(vl,O, €).0,0°(0, 7(v',0.€),0,0,v",0.€). 0. €).
w

By the analogue of Lemma 6.3(3) for the forward flow ¢ (¢, ), this expression is of order
Br(v',0,€)
e .

Step 3. We have
Dz 50,1, G((7,5%, w'), (v', €). y') = D(z.50.,1,G((0,0,0), (v', €),0)

= D(fjoswl)l((‘c X » W )’ (vl’e)) D(‘L’ X ((O’ 0’ 0), (Ula 6))
+ Dz 50,01/ (7,20, w'), (v €), yl)

We will show in Step 5 that all first partial derivatives of J are of order e~ (#0=2A)T (see Proposi-
tions 6.6 and 6.7). We therefore consider

= -0 1 1 1
D(f’io,wl)l((t, X, w ), (v ,6)) — D(.E’)E()’wl)l((o, 0,0), (v ,e)).
Both matrices were calculated in Step 2. The difference has three nonzero terms:

(1) 22(0,7,0,0,v!, w!, ) — 220, f(v 0.€).0.0.v'.0, ).
2) aB—MTO(O,I,O,O,U w!, )25 (v, w! e)+8”1(0100v w!, €),
3) %(O,I,0,0,v W ,6)—%(0,1’(1) ,0,€),0,0,v1,0,¢),

with T = r(vl, w!, €) + 7. We consider each term.
(1) By Lemma 6. 3(1), a—"o depends only on €, so this term is 0.

(2) 1(0 7,0,0, v, w!, ) is independent of 7, because

92u0 92u0
drow!  owlor

Since aa” is also independent of 7, we rewrite this term as (6.15) and see that it is 0.

(3) We rewrite this term as

owY _ awY
57 (0, 7(v! wl,e)+t,0,0,v1,w1,6)—ﬁ(0 7(v',0,€),0,0,v',0,€)
A (Or( wle)—i—fOOvlwle) aO(Or( 1e)()()vlwle)
~ w! ’ R dw! B
owY awY
8w1(0 r(v1 w!, €), 0,0,vl,wl,e)—w(() r(v1 w! ,€),0,0, !, 0, €)
0

dw? Jw
+m(0 ‘L'(vl w 6) 0 0 U O E) aw] (Ovt(vl,o,é),o,o,vl,(),e).
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In norm this 1s at most

sup M(O r(vl w! e)—l—a 0,0,v', w! 6) |T|
cef0.z] dTdw! 7N T R
92w?
+ sup |—=I(0,7 vl,wl,e,0,0,vl,w,e w!
we[o,wl] a(wl)Z( ( ) ) ” ”
+ sup Pu’ (0 0,0,0,v',0 e) |‘L’(U1 w! e)—r(vl 0 e)‘
oelt(v!,0,6), (0", w!,e)] drow!

By Lemma 6.3(3), the first two summands are at most

KeZﬁ(t(vl,wl,e)Jrlfl) H (f’ )EO, wl) ”

By Lemma 6.3(3) and (4), the third summand is at most

3%w’ ot
0,0,0,0,v',0, — (v, w, !
ae[r(v',O,SeglE'(vl,wl,e)] 3‘Cawl( ’ ’ 6) wes[l(:,l?v]] dw! (U Y 6) Hw H
< KePn© . KePT0'whe le H
Putting everything together, we have the result.
Step 4. From Step 1 and (E11),
K
G((0,0,0), (v,e),y )| < Ke 0, (6.23)
[6(0,0,0, (v", ), )| Ho 623
From Step 2 and (E11),
| Dz 50,1, G ((0,0,0), (v, €),0) ™| < Keeth. (6.24)

From Step 3 and Lemma 6.2, if || (7, x°, w!)|| <8, then
H D(f’io,wl)G((f,XO, wl), (vl, e), yl) — D(f’io’wl)G((O, 0,0), (vl, e), 0) H
< Ke_("o_zﬁ)(f_“l_‘s) + Kezﬂ(f_“h”s)é. (6.25)
For § < 1 and € small, using 8 < B1 and K78 < K181, (6.25) implies
H D(f,fo,wl)G((f’ )EO, wl), (Ul, 6), yl) — D(f’io’wl)G((O, O, O), (Ul, 6), 0) H
< Ke~ e to=26) | gt big (6.26)
We define

K K K 2K
m=Ke @h p=Keal p=[Ke a2 q:Kee_“]ﬂl, p=r-+qs.
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With these definitions, (6.23), (6.24), and (6.26) show that hypotheses (I1)—(I3) of Theorem 5.1
are satisfied.

Motivated by the proof of Theorem 5.1, we wish to choose § to be the smaller of the two
solutions of the equation

s — nm . nm
Cl—np 1—n(@r+gd)
Therefore
§= L(1 —nr — ((1 —=nr)* — 4n2qm)%). (6.27)
2nq

Using K> < K181, we have

K
nr = K2ear (Kaf=Kino42K11) < g2~ (no=3p1)

4n’qm = AR 4o ca 2K2B+2K1B1—K1p0) < AR 4~ (Mo—4BDK1

Therefore nr and 4n*qm approach 0 as € — 0, so for small € > 0 the definition (6.27) yields a
positive number for §.

We now easily see that § < !

m,SO
1 1

np=nr +nqé <nr +nq— =nr + —.
2nq 2

Therefore np < % for small € > 0, so hypothesis (I4) of Theorem 5.1 is satisfied. Then

nm

S <dnm = 4[(266%(1(25—[(1#0) < 4[(266%(1(1/31—1(1#0) — 2[(26_%(“0_’31). (6.28)

T 1- np
By (E11), o — 681 > 0, so in particular g — B1 > 38;. Therefore

3K 3Ky 2Ky
§ <2K2e~@h g2, @B o b

for € small. Recall from Lemma 6.2 that t(v!, w!, €), and hence G, is defined for |w!| <

2K
e~ b, Therefore, for small €, hypothesis (IS) of Theorem 5.1 holds. Therefore Theorem 5.1
applies, and the desired estimate on § is given by (6.28).

Step 5. We use G = I + J, and consider separately / and J. From (6.17),

(7,5, wh), !, €)) 50
LT, 5% wh, whe) | =1 u®0, 1 w'e)+7,0,0, 0, wl e
L((F, %%, wh), !, €) w0, (', w!,€) +7,0,0,v!, w!, €)

Proposition 6.4. For 1 <i <r:

i K .
(1) 1221 is of order e~ to=(+DBY),
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(2) Any ith partial derivative of I, with respect to (v', €) in which I, is differentiated at least
once with respect to v' is 0.

K .
(3) Any ith partial derivative of I, with respect to (v, €) is of order ¢~ et o—(+Dp1)

Proof. (1) We first consider 312 . From Lemma 6.3(1), 2 3 - (O 7,0,0, v}, wl, €) is independent
of 7. Using this fact and Lemma 6.1(3), we have

(@), (0 e)
du® at  oud
= (()r(v1 wl e)—l—tOOv w1 e) + — (0 r(v1 w1 e)—i—rOOv wl 6)
ot o€ o€
_ou? . L a0t dud . |
_W(O,r(v , W ,e),0,0,v , W ,e)a——i— oe (O t(v w! e) 0,0, p! , W e)
0 0
+88LE(0,r(v1,w1,e)+f,0,0,v1,w1,6)—aai(o,r(v ,€),0,0, ol w! ,€)
au” 1 1 ou” 1 1
= (Or(v w! e)—l—tOOv w e)—E(Or(v w! e)OOv w e) (6.29)

In norm this is at most
92u0

Tl 6.30
979¢ 7] (6.30)

sup
0€[0,7]

(O,r(vl,wl,e) +0,0,0, vl,wl,e)

Lemma 6.3(1) implies that gig:

0,7,0,0, vl wl, €) depends only on €, because

82 0 2.0
2 (0,7,0,0,0", w' €)= ——
0T o€ 0€0T

(0,7,0,0,v", w', €).

Therefore, using Lemma 6.3(3) and K78 < K181, (6.30) is at most

82 0
—M(O,t(vl,wl,e) 0,0, v, w! e) |t|<Kee”’3 Ke™ e“(“ P < K26 (“_2’81).
0t de
Next we consider 88122 Since 2 5 ta < (O 7,0,0,v!, w!, €) depends only on €, (6.29) yields
3212 = =0 1 1
2 (@), ()
3%u” 3%u°

= (0, r(v1 w! ,€)+17,0,0, vl w!, €) — (O,r(vl,wl,e),0,0,vl,wl,e),

€2

de?

K
which by a similar argument has norm of order e a (o=3p1)
The general result follows by induction.
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(2) (0 7,0,0,v!, w!, €) is independent of 7, because, from Lemma 6.3(1),

92u0
dtov!

3%u"
(0,7,0,0,v", w', €) =0.
ovlat

(0,7,0,0,v", wh, €)=

Therefore, from Lemma 6.1(3),

a1

O (2w, (0 0)
_ou’ ot oul )
=5 (O r(v1 w! 6)+‘L’ 0,0, ! w1 G)Bv +m(o,t(vl,wl,e)+t,0,0,v1,w1,e)
du® ) ar  ou® |
ar(OT(vwe)OOvwe)av—|—av(0r(vwe)()vae) 0.
The result follows.
(3) From Lemma 6.3(2),
ol ,,_ _
(2w, ()
qwY ot dw’
_81' (O‘L’(U w! e)—l—rOOv le)m—l—al(()r(v w! e)—i—t()Ov wl,e)
8w (() r(v w! e)—l—tOOv wl,e).

!

Since %—'l‘jlo 0, 7,0,0, !, 0, €) = 0 (from the choice of the coordinate w! in Section 3),

"2f (0,7(v', w',e)+7,0,0,0", w,¢)
82w0 1 1 - 1 1
gwes[lolr;l] m(O,r(v ,whe)+7,0,0,v, w, )|l |w'|

< KB W O+ | g o—d o—B1) g 2BCEHD | g o (o—B)

— KZee—a(25(K2+6a)—K1M0+K151) < Kze < 3B1—po) _ = K?e™ l(Mo 381

We have used Lemma 6.3(3), T < 1 for € small, and K78 < K.
The same estimate holds for 38%3 (7,30, wh), (v!, €)). Proceeding inductively, we find that for

1<j+k<r,

8j+k13 P . §J+k 0 L . 1 1
P T,x0,w'), (v ,e)):m(o,r(v ,w',€)+7,0,0,v , w',€),

K .
and || =222° 0, 7 (0!, w', €) +7,0,0,v!, w', €)|| < Ke™ o Ho=UH+k+DB) 4

a(vl)kef
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Before continuing, we record the following immediate consequence of Deng’s lemma (Theo-
rem 2.2 of [11]).

Lemma 6.5. For 1 < k < r, any partial derivative of a component of u®, v°, w®)(0, z, x°, y!,

v!, wl, €) of order k, provided we differentiate at least once with respect to x° or y°, is of order

e~ (ro—kpo)t
Next we turn to J, which is given in (6.18) as the sum of two matrices.

Proposition 6.6. For the first of the two matrices that sum to J in (6.18), any ith partial deriva-
tive, 1 <i <r, is of order e~ (0—2P)T

Proof. We first consider the expression
w0, 7, x% y vl wl ) —u®(0,7,0,0, 0", w',€) (6.31)
in (6.18), with 7 and x as given by (6.12) and (6.13). The partial derivative with respect to v'! is

ou | au’ |
((%(Otx y vl w 6)—¥(0‘L’00U w e))

0T
vl

du® 9%
_(O’ tv-xov ylvvl’wlve)_l
av

8u0 BMO
+ (m(o, T,xo’yl’vl’ wl’e) _ m(()’ 1,0, O,Ul, wl’€)>.

By Deng’s lemma (Theorem 2.2 of [11]), the two differences are of order e~(*0=F0)T and
37”8(0, 7, x0, yl, vl wl, €) is also of order e~ (h0—Po)T From Lemma 6.3, 5’9_: and ax] are of
order 7. We conclude that the entire expression is of order e~ (“0=27 A similar argument
applies to the partial derivative of (6.31) with respect to any variable.

The result follows by induction. It is important to note that according to Lemma 6.5, any
partial derivative of Y O, t, xY, yl, vl wl, €) of order k, provided we differentiate at least once
with respect to x¥ or y?, is of order e~ (#o—kho)T

The same argument applies to wO(O, 7, x0, yl, vl wl, €) — wO(O, 7,0,0, v, wl, €)

in (6.18). O

Proposition 6.7. For the second of the two matrices that sum to J in (6.18), any ith partial
derivative, 1 <i <r, is of order e~ (H0=2B)T

Proof. We consider the expression
(0% 09)(0, 7, 2%y vl wh€),€) —£(0,0°(0,7,0,0, v, w', €), €) (6.32)

in (6.18), with 7 given by (6.12) and x0 given by (6.13).
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The partial derivative with respect to v! of this composite function is

ax (ay? ot ay0 ax 9y ax (90 at N av0 ax N av°
9y0\ 9t dv!  9x09vl  av! 00\ 9t dv!  9x0avl  av!

ax (9v° ar 3
— + , (6.33)

0v0\ 9t gv! = 9vl

where we have suppressed the points at which partial derivatives are evaluated; thus terms that

appear to cancel do not.

In the term =5 (%Lr aaTt gi 2 aa;‘ ) is bounded; by Deng’s lemma (Theorem 2.2 of

[11]), partial derlvatlves of y are of order e (“0 P)t. and by Lemma 6.3, partial derivatives of t
and ¥ are of order ¢#7. Therefore this term is of order e~“0=28)T_QOne can see inductively that
for 2 <i < r, if one differentiates this term i — 1 more times with respect to any combination of
the variables, the result is of order ¢~ (#0—2A)T

9z 910 9x

A similar argument applies to the product 300 550 9oT in the middle term. It is important to
note that according to Lemma 6.5, any partial derivative of v°(0, 7, x°, y!, v!, w!, €) of order «,
provided we differentiate at least once with respect to x° or y, is of order e~ (#o—kfo)T

The remaining terms in (6.33), taking into account where they are evaluated, are

(000 7 ot w0,
v
0
X (881; (0,7, x% y! vl wl, 6);:1 (v!, wl, 6)+%(0,T,x0,yl,vl,wl,e)>

- %(0 v°(0,7,0,0,0", w', €), ¢)

0 0
X (8v (0 7,0,0, p! w1 e)aat (vl,wl,e)—i—%(O,I,0,0,vl,wl,e))
v

0T vl
9%
=8—;C()((y0 v )(0 7, x0 yl ol w! ,€),€)
v 0 11 ov’ 11 )3_7 (.
X<<8t (0,7, x", yhoolw J€) — " —(0,7,0,0,v',w', €) 81)l(v,w,e)
81) 1 81)0 1
+81(0‘L'X y U U),E)—m(OTOOU w €)>
0x ax
+ (m((yO’UO)(O, 7.x% y vl wl€),€) — S5 (0 0(0,7,0,0,v", w', ), ))
x (avo(o 7,0,0,v", w' €) — T (v' w' e)—i—ﬁ(O 7,0,0,v", w' e)) (6.34)
ot 81)1 ’ ’ 81)1 s Ly Uy Uy , , . .

We consider (6.34) to be the sum of three terms. The first summand,
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;—XO((yO, ) (0,7, 2% y' vl wl€), €)
v

v avY aT
X(E)r (0, X9yl vl wl, e)—g(O 7,0,0, v, w!, e))m(vl,wl,e), (6.35)

is itself a product of three terms.

The first is bounded; the second, by Deng’s lemma (Theorem 2.2 of [11]), is of order
e~ (0=P)T. the third is of order ¢fT. Thus the product is of order e~ (h0=2P)T Moreover, for
2 <i < r, if one differentiates this product i — 1 more times with respect to some combination
of the variables, the result is a sum of products; each product is a jth derivative of the first term
times a kth derivative of the second times an /th derivative of the third, with j +k +/ =i — 1.
These derivatives are respectively of order e/A7, ¢~ (W=Ck+DAIT "and ¢(+DBT: hence each prod-
uct is of order e~ W= U+2kHADAT Since j+2k+1+2=(j+k+1+ 1)+ (k+ 1) <2i, each
product is of order e~ (#—2A)T

The second summand in (6.34),

(000020 o w' ). )

dv 0 1,1 ov’ )
x(av(Otx y v, w e) ™ (OtOOv w! e)

can be treated similarly.
The third summand in (6.34),

0x 0x
(m((yo, vo)((), t,xo, y], vl, wl, e),e) — W(O v (0, 7,0, 0, vl, wl,e), e))

avY 0T avY
X ( P (O 7,0,0, p! w1 e)avl(vl,wl,e)—i—m(o,t,(),(),vl,wl,e)),

is a product of two terms. The first is at most a bound on the second partial derivatives of x times

H(yo 0)(() T, %0 y vl w! e)—(O,vo(O,t,0,0,vl,wl,e)) ,

which by Deng’s lemma is of order e #07. Using Lemma 6.3, we see that the second is of
order ¢#7. Thus the product is of order e~ (#0=A)T

For 2 < i < r, if one differentiates this product i — 1 more times with respect to some combi-
nation of the variables, the result is a sum of products; each product is a jth derivative of the first
term times a kth derivative of the second, with j + k =i — 1. Any kth derivative of the second
term, 2 < k < r — 1, with respect to some combination of the variables, it is of order ek+DAT
As to jth derivatives of the first term,

ox

30

((yo,vo)(O, t,xo,yl,vl,wl,e),e) 3850 (O v (0, t,0,0,vl,wl,e),e),
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one must essentially repeat the study performed thus far on derivatives of (6.32). One thus sets
up an induction that yields the result. Note that, just as our estimate on the size of this term used
a bound on the second partial derivative of x, a bound on

I3 I3
%((yo, vo)(O, t,xo, yl, vl, wl, e), e) — %(G, vO((), 7,0,0, vl, wl,e), e)
will use a bound on the (I 4 1)st partial derivative of x. Since x is C” *1 we have such bounds
through rth partial derivative of x.

This completes the argument for partial derivatives of (6.32) where we differentiate at least
once with respect to v! (since the argument began by differentiating (6.32) with respect to v').
Other partial derivatives of (6.32), and partial derivatives of the other entries of the matrix, are
treated similarly. O

1

Step 6. Note that if a linear operator A is invertible and |C — A|| < then C is invertible,

IA=1)”
and
—11201 _
e — A < A7l ]||C Al . (6.36)
L —[[ATH[IC — All
From (6.26) and our estimate for 4§,
[ D(f,;o’wl)G((f,io, wl), (vl, €), yl) — D; 30 ,1)G((0,0,0), (vl,e), 0)]
< Ko~ @020 4 g o7 B g o=t (o—B1) < o g2 e (mo—3p) (6.37)

Since wo—4p1 > 0, K1(uo—3pB1) > K181 > K2B. Then from (6.37) and (6.24), for small € > 0,

” D(f,XO’wI)G((‘E, )EO, wl), (Ul, 6), yl) — D(f’io,wl)G((O, O, 0), (Ul, 6), O) ”

1 K8 1
S —e ¢ <

K T ID 50.1,G((0,0,0), (1, €), 07"

Then from (6.36), (6.24), (6.37), and o — 681 > 0,
= =0 1 1 11 1 —1
HD(f’;o7w1)G((‘L’,x , W ),(U ,6),y ) —D(f,io,wl)G((O, O, 0),<U ,6),0) ”
<2 K20 @ aK2em @ 03B « gt 0=5B) < o g B

The conclusion follows.

Step 7. Let X = (7,x", w!), ¥ = ((v!, €), y'), and let the solution of G(X,Y) = 0 be
X = g(Y). Differentiating G(X, Y) =0 yields

Gx(g(Y),Y)gr + Gy(g(¥),Y) =0, (6.38)

SO

gr =—Gx(g(¥).Y) " Gy (s(1). 7).
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Therefore
-1 B2 ko o-3) < g2, (o—4BD)
lgrll < [Gx(g(), Y)  |[|Gr(g(¥).Y)| < Ke'e - Ke™ e Wo=3PD) L g2e™ et o3P,
Differentiating (6.38) yields

Gxgyy+ Gxxgy +2Gxygy + Gyy =0,

SO

8yy = —G}l(Gxxg% +2Gxygy + Gyy).

For small € > 0, the term in parentheses of largest norm is Gyy, so

K»B K K
lgyyll <3| Gy [IGyyl < Ke'@ . 3Ke™a (om0 < 3g 2= tro=5P),
The general result follows by induction.

References

[1] P. Brunovsky, C”-inclination theorems for singularly perturbed equations, J. Differential Equations 155 (1999)
133-152.

[2] P. De Maesschalck, C" transition maps through turning points in singular perturbation problems with one fast
variable, University of Hasselt, 2007, preprint.

[3] N. Fenichel, Asymptotic stability with rate conditions II, Indiana Univ. Math. J. 26 (1977) 8§1-93.

[4] N. Fenichel, Geometric singular perturbation theory for ordinary differential equations, J. Differential Equations 31
(1979) 53-98.

[5] C.K.R.T. Jones, Geometric singular perturbation theory, in: Dynamical Systems, Montecatini Terme, 1994, in:
Lecture Notes in Math., vol. 1609, Springer, Berlin, 1995, pp. 44-118.

[6] C.K.R.T. Jones, T. Kaper, A primer on the exchange lemma for fast-slow systems, in: Multiple-Time-Scale Dynam-
ical Systems, Minneapolis, MN, 1997, in: IMA Vol. Math. Appl., vol. 122, Springer, New York, 2001, pp. 85-132.

[71 C.K.R.T. Jones, T. Kaper, N. Kopell, Tracking invariant manifolds up to exponentially small errors, SIAM J. Math.
Anal. 27 (2) (1996) 558-577.

[8] C.K.R.T. Jones, N. Kopell, Tracking invariant manifolds with differential forms in singularly perturbed systems,
J. Differential Equations 108 (1994) 64-88.

[9] W. Liu, Exchange lemmas for singular perturbation problems with certain turning points, J. Differential Equa-
tions 167 (2000) 134-180.

[10] E.E. Mishchenko, Yu.S. Kolesov, A.Yu. Kolesov, N.Kh. Rozov, Asymptotic Methods in Singularly Perturbed Sys-
tems, translated from the Russian by Irene Aleksanova, Monogr. Contemp. Math., Consultants Bureau, New York,
1994.

[11] S. Schecter, Exchange lemmas 1: Deng’s lemma, J. Differential Equations 245 (2) (2008) 392-410.

[12] S. Schecter, P. Szmolyan, Rarefactions in the Dafermos regularization of a system of conservation laws, North
Carolina State University, 2007, preprint.

[13] S.-K. Tin, N. Kopell, C.K.R.T. Jones, Invariant manifolds and singularly perturbed boundary value problems, STAM
J. Numer. Anal. 31 (1994) 1558-1576.





