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Composite Waves in the Dafermos Regularization*
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We show that composite-wave Riemann solutions of scalar conservation laws
have nearby scale-invariant solutions of the Dafermos regularization.
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1. INTRODUCTION

The result of this paper is that certain composite-wave solutions of scalar
conservation laws have nearby scale-invariant solutions of the Dafermos
regularization. This result supports the conjecture that all structurally
stable Riemann solutions have scale-invariant solutions of the Dafermos
regularization nearby. It thereby supports the validity of approximating
Riemann solutions by numerically computing scale-invariant solutions of
the Dafermos regularization, as advocated in [1].

A system of conservation laws in one space dimension is a partial
differential equation of the form

ur+ f () =0, (I.D

with 1 >0, xR, u(x,t)eR", and f:R"— R" a smooth map. The sim-
plest discontinuous solutions of (1.1) are the centered, piecewise constant
shock waves defined by
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u_ for x <st,
uy for x >st.

u(x,t):{ (1.2)

The triple (u—,s,uy) is required to satisfy the Rankine-Hugoniot condition

Jluy) = fu)—sy—u)=0. (1.3)

This condition follows from the requirement that (1.2) be a weak solution
of (1.1) [2]. We shall require in addition that the shock wave (1.2) satisfy
the viscous profile criterion for the viscosity u,,: The differential equation

ur+ fu)x =uxx (14)

must have a traveling wave solution u(x — st) that satisfies the boundary
conditions

u(—oo)=u_, u(+00)=u,. (1.5)

More general viscosities can be considered, as in [1] and [3], but we shall
not do so here.

A traveling wave solution u(x —st) of (1.4) that satisfies (1.5) exists if
and only if the ODE

u=f)— fu-)—su—u_) (1.6)

has an equilibrium at u# (it automatically has one at u_) and a connect-
ing orbit from u_ to uy. The condition that (1.6) have an equilibrium at
uy 1is just the Rankine-Hugoniot condition (1.3).

A Riemann problem for (1.1) is (1.1) together with the initial condi-
tion

u(x,O):{uL for x <0, 17

urp fo x>0.

One seeks piece wise continuous weak solutions of Riemann problems
in the scale-invariant form u(x,t) =u(§),& = x/t. Usually one requires
that the solution consist of a finite number of constant parts, continu-
ously changing parts (rarefaction waves), and jump discontinuities (shock
waves). Shock waves occur when

S1im_ Q&) =u_#uy =$lim_ ).

The triple (u_, s, u4) is required to satisfy the viscous profile criterion for
Uxyx.

The importance of Riemann problems is twofold. First, an under-
standing of Riemann problems leads to a more general understanding
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of initial value problems for systems of conservation laws. Second, solu-
tions of viscous conservation laws such as (1.4), with boundary conditions
u(—oo,t) =ur,u(+o0,t) =ur, when expressed in variables (x/¢,t), often
approach, as r — oo, solutions of the corresponding Riemann problem.

In [4], Dafermos proposed a different regularization of (1.1) which
has less physical motivation than (1.4) but which has a close relation to
Riemann solutions:

U+ f(u)y =€tuy,. (1.8)

Like the Riemann problem, but unlike (1.4) and (1.8) has many scale-
invariant solutions u(x,t)=1u(£), & =x/t. They satisfy the nonautonomous
second-order ODE

d%u
€=,
dg2

where we have written u instead of #. Corresponding to the initial condi-
tion (1.7). we use the boundary conditions

d
(Df (u) —sl>é= (1.9)

u(—oo)=ur, u(+00) =uR. (1.10)

Dafermos conjectured that solutions of the boundary value problem (1.9)-
(1.10) should converge to Riemann solutions in the L' sense as ¢ — 0.
This has been proved for ugr close to uy, by Tzavaras[S].

Recently Szmolyan [6] has taken the opposite point of view. He
regards (1.9)—(1.10) as a singular perturbation problem that has a given
Riemann solution #(x/t) of (1.1), (1.7) as a singular solution when ¢ =0.
Shock waves are assumed to satisfy the viscous profile criterion. For a Rie-
mann solution u#(x/t) that consists of n compressive shock waves and rar-
efactions, Szmolyan uses geometric singular perturbation theory to show
that for small € >0, (1.9)—(1.10) has a solution near (£). The result allows
ur far from up. A novel aspect of the singular perturbation problem is
that normal hyperbolicity is lost along rarefactions. Szmolyan deals with
this difficulty by a blowing-up construction.

In [7]. Schecter. Marchesin, and Plohr studied structurally stable Rie-
mann solutions. These are Riemann solutions that are stable to perturba-
tion of ur, ur and f: The nearby Riemann problem has a solution with
the same number of waves, of the same types; shock waves must satisfy the
viscous profile criterion. For example. Riemann solutions that consists of n
compressive shock waves and rarefactions are structurally stable. (This use
of the term “structurally stable” is consistent with its use in dynamical sys-
tems theory, but differs from Majda’s use of the term in [8].) In [3] Schec-
ter showed that structurally stable Riemann solutions consisting entirely
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of shock waves, including undercompressive shock waves, have solutions
of the Dafermos regularization nearby. We conjecture that for any struc-
turally stable Riemann solution #(x/r), the Dafermos boundary value
problem (1.9)—(1.10) has a solution near #(§) for small € > 0. For some
non-structurally stable Riemann solutions, see [9].

The correspondence between solutions of the boundary value problem
(1.9)—(1.10) and Riemann solutions of (1.1), (1.7) whose shock waves sat-
isfy the viscous profile criterion for u,, suggests that one can approximate
Riemann solutions by numerically solving the boundary value problem
(1.9)(1.10) for a small € >0 [1]. In order to justify such an approach to
interesting Riemann problems, one must show in greater generality that
Riemann solutions of (1.1), (1.7), are close to solutions of (1.9)—(1.10).

Structurally stable Riemann solutions can contain composite waves,
which are combinations of rarefactions and adjacent shock waves [7,10-
12]. In this paper we study the simplest composite wave, a combination
of one rarefaction and one adjacent shock wave, in the simplest situation,
that of a scalar conservation law, for the simplest viscosity, u,,. We do not
require that up and ur be close. We show that for small € >0, the Da-
fermos boundary value problem has nearby solutions. We believe that the
method of this paper applies to all structurally stable Riemann solutions
with composite waves.

The proof is based on Szmolyan’s geometric approach to the Dafer-
mos regularization and his application of the blowing-up construction to
rarefactions. We must analyze the flow past a normally hyperbolic “corner
equilibrium” of the blown-up vector field that was not relevant to [6]. At
such an equilibrium, the vector field cannot be viewed as a parameterized
family, so the exchange lemma [13,14] is not relevant. We use instead the
“corner lemma,” proved in [15], which plays of role the exchange lemma
in tracking the flow past such points.

The rest of the paper is organized as follows. Precise assumptions are
given in Section 2, and our result is stated in Section 3. The blow-up
construction for rarefactions is reviewed in Section 4, and relevant invari-
ant manifolds are identified. The result is proved in Section 5. For the
reader’s convenience, the corner lemma is reviewed in Section 6.

2. PROBLEM STATEMENT
We consider the scalar conservation law
ur+ f(u), =0. 2.1

A rarefaction wave is a smooth solution u(¢),& = x/t, of (2.1), with
du/d& # 0. It therefore satisfies f/(u(§)) =&, from which we see that
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du/dé =1/f"(u). In particular, if f”(u) >0 for u; <u <up, then there is
a rarefaction u(§), f'(u;) <& < f'(uy), from u; to us.

We assume that the solution of the Riemann problem consisting of
(2.1) and the initial conditions

u(x,O):{ZL for x<0, 2.2)

R for x>0.

is a composite wave consisting of a shock wave followed by a rarefaction.
More precisely, we assume that up <ur and that there exist s and upy
with up <up <ugr, such that the following assumptions are satisfied.

(A1) fum) — fQurL) —s(um —ur) = f@r) — f(urL) —s(@r —ur) =0.
(A2)  f'(ur)>s=f"(um).

(A3) fw)— fur)—su—ur)>0 for up<u<upm.

(A4 f"u)>0 for wuym<u<ugr.

See Fig. 2.1.
These assumptions imply (see Fig. 2.1):

(W1) There is a shock wave with speed s and viscous profile from up,
to up. The corresponding connecting orbit of i = f(u) — f(ur) —
s(u —ur) has a hyperbolic repeller at uyp and a nonhyperbolic
equilibrium at upp.

(W2) There is a rarefaction (&), s = f'(um) <& < f'(ur), from up to
UR.

The solution of the Riemann problem (2.1)—(2.2) is the first of these waves
followed by the second. More precisely, it is (&), & =x/t, with

ug  for &< f'(um),
aE)=qu@E for f'um) <& f'(ur), (2.3)
ur  for  f'(ur) <§.
See Fig. 2.1.
Without loss of generality we may assume

(1) um=0,

2 fO=0

3) s=0.

@ f1o=1/2.

Thus we have up <0 <ugr such that

(A1) fur)=f0)= fur)=0.
(A2)  f'(ur) > 0= f'(0).
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Figure 2.1. (a) Graphs of the curve y = f(u) and the line y = f(ur) + s(u —ur). (b) Phase
portrait of u= f(u) — f(ur) —s(u —ur). (c) Riemann solution.

(A3) fu)>0 for up<u<DO.
(A4) f"(u)>0 for O0<u<ugr.
(A5) f"0)=1/2.

See Fig. 2.2.
Therefore:
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Figure 2.2. After the simplifying assumptions (1)—(4): (a) Graph of f. (b) Phase portrait of
= f(u). (c) Riemann solution.

(W1’) There is a shock wave with speed 0 and viscous profile from
ur, to 0. The corresponding connecting orbit of &= f(u) has
a hyperbolic repeller at u; and a nonhyperbolic equilibrium at
0.

(W2') There is a rarefaction #(£),0= f'(0) <& < f'(ug), from 0 to
UR.
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Figure 2.3. The Dafermos system (2.6)—(2.8) with € =0. The plane v = 0 consists of equi-
libria, which are normally repelling for & < f’(u), not normally hyperbolic for & = f’(u), and
normally attracting for & > f/(u). The union of the sets S, ..., Sy is thickened.

The solution of the Riemann problem (2.1)—(2.2)

ur, for &£<0
uE)=4uaE) for 0<&< f(ur), (2.4)
UR for f/(ur) <&.

See Fig. 2.2.
The Dafermos ODE (1.9) in the scalar case is
du d*u
") —&)— =e—. 2.5
(' =) g =€ 42 (2.5)

Let £ =€, and let a dot denote differentiation with respect to ¢. Then
(2.5) can be rewritten as an autonomous first-order system as follows.

=, (2.6)
U= (f (u)—§)v, (2.7)
£E=e. (2.8)

For € =0, each plane & =k is invariant, and the plane v =0 consists
of equilibria. The equilibria are normally repelling for & < f’(u), not nor-
mally hyperbolic for & = f'(u), and normally attracting for & > f'(u).

Fig. 2.3 shows part of the flow for ¢ =0. The Riemann solution (2.3)
corresponds to the union of the following sets:
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S; The line of equilibria {(u,v,&):u=up,v=0,& <0}.

S»> A heteroclinic orbit of (2.6)—(2.8) with ¢ =0 from (uy, 0, 0) to (0,
0, 0). This orbit corresponds to the connection of it = f(u«) from
ur, to 0. It is an open subset of the invariant curve {(u, v, &):v=

f@)— f(ur) —&@m—ur),& =0}

S3 The curve of nonhyperbolic equilibria {(u,v,&) : 0 < u < uR,
v=0,& = f'(u)}, which corresponds to the rarefaction #(§),0 <
E< f/(ur).

S4  The line of equilibria {(u,v,&):u=ur,v=0, f'(ur) <&J.

We shall show that for small € >0 there is a solution of the Dafermos sys-
tem (2.6)—(2.8) that lies near this set and is asymptotic to it as & — Fo0.

3. MAIN RESULT
We add to the system (2.6)—(2.8) the differential equation

é=0 3.1)

and we regard the system (2.6)—(3.1) as an ODE on R* We make the
change of variables & = f/(u) +o. The system (2.6)—(3.1) becomes

i =, (3.2)
V= —0v, 3.3)
o =¢c— "W, (3.4)
¢ =0. (3.5)

Each 3-dimensional space € =k is invariant, and in the 3-dimensional
space € =0, the plane v=0 consists of equilibria. Within the space € =0,
the equilibria are normally repelling for o <0, not normally hyperbolic for
o =0, and normally attracting for o > 0. However, in the space ¢ =0, the
planes o =k are not invariant. See Fig. 3.1.

In these coordinates, we wish to show that for small € >0 there is a
solution of (3.2)—~(3.5) that lies near the union of the following sets:

Ty The line of equilibria {(u,v,0,€):u=upL,v=0,0 < —f'(ur),
€ =0}

T, The heteroclinic orbit from (ur, 0, — f'(ur), 0) to (0,0, 0, 0).

T3 The line {(u,v,0,¢):0<u<ur, v=0=€=0}.

T4 The line of equilibria {(u,v,0,€¢):u=ur,v=0,0<0,€=0}.
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Fix a small § > 0. For the system (3.2)—(3.5), the sets

M® = {(u,v,0,0): |lu—ur| <8,v=0,0 <—3§},
M?L ={(u,v,0,0):|lu—ur|<8,v=0,6 <o}
are 2-dimensional manifolds of equilibria that are uniformly normally
hyperbolic within the space € =0. (M is repelling, Mﬂ)r is attracting.) By
[16,17] they perturb to 2-dimensional invariant manifolds M€ and MS
that are normally hyperbolic within the 3-dimensional space ¢ = constant.
In fact, for fixed e,
ME ={(u,v,0,€):v=0,0 <-4, € fixed},
M ={(u,v,0,€):v=0,8 <—o0, ¢ fixed}.

The flow on MY is

Thus each line
ME () ={(u,v,0,¢):u fixed ,v=0,0 <—36, ¢ fixed},
M (u) ={(u,v,0,€):u fixed ,v =0,8 <—o0, € fixed}

is invariant. Note that 7; ¢ M° (ur) and T4CM9F(uR).
From Fenichel’s theory of normally hyperbolic invariant manifolds
[16,17] the lines M€ (1) have 2-dimensional unstable manifolds W* (M€ (u)),

u=uy -2

o

M=MR
u

Figure 3.1. The transformed Dafermos system (3.2)—(3.4) with € =0. The plane v = 0 con-
sists of equilibria, which are normally repelling for o <0, not normally hyperbolic for o =0,
and normally attracting for o > 0. The union of the sets 71, ..., T4 is thickened.
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and the lines M¢ (1) have 2-dimensional stable manifolds W*(MS (u)). Both
depend smoothly on (u, €). Of course, W* (M2 (w)) is just the union of the
unstable manifolds of the equilibria that comprise it, and W* (M?L (u)) is just
the union of the stable manifolds of the equilibria that comprise it. For small
€ >0, we seek a solution in W* (M€ (ur)) N W*(MS (uRr)).

The result of this paper is:

Theorem 3.1.  For small € >0, W"(M€ (up)) N W*(MS (ur)) contains
an orbit of (3.2)—(3.5) that is near the set T\ U---UTy and that is asymp-
totic to it as € — 0.

4. BLOW-UP

Following [6]. we shall blow up the u -axis in uvoe-space, which con-
sists of non-normally hyperbolic equilibria of (3.2)—(3.5). to a spherical
cylinder, i.e., the product of R with a 2-sphere. The 2-sphere is a blow-up
of the origin in voe-space.

Let Ry =[0, 00). The blow-up transformation is a map from R x S x
R4 to uvoe-space defined as follows. Let (u, (v,0,€),7) be a point of R x
$% x Ry; we have 924652 +&>=1. Then the blow-up transformation is

u=u, 4.1)
v = P20, 4.2)
o =7d, (4.3)
€ = ile. (4.4)

Under this transformation the system (3.2)-(3.5) becomes one for which
the spherical cylinder 7 =0 consists entirely of equilibria. The system we
shall study is this one divided by r. Division by r desingularizes the sys-
tem on the spherical cylinder ¥ =0 but leaves it invariant.

We shall use three charts.

4.1. Chart for € >0

This chart uses the coordinates u, vy =1v/€, 03 :6/«/? and r3 =7e
on the set of points in R x $Z x R, with € > 0. Thus we have

u=u, 4.5)
v = rivs, (4.6)
o = r3o3, (4~7)

e=r3, 4.8)
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with r3 > 0. After division by r3 (equivalent to division by 7 up to multi-
plication by a positive function), the system (3.2)—(3.5) becomes

i = ryv3, (4.9)
U3 = —0o3V3, (4.10)
6’3 =1- f”(u)vg,, (4.11)
i3 = 0. 4.12)

Each 3-dimensional space r3 =k is invariant. The space r3 =0 corresponds
to the u-axis crossed with the top of the 2-sphere. with v3os-coordinates. It
contains all equilibria of (4.9)—(4.12). Within the space r3 =0, each plane
u=k is invariant. For a fixed u with f”(u) >0, the flow in this plane is
pictured in Fig. 4.1. In this figure, the line v3 =0 is invariant, and there is
a hyperbolic saddle at (v3, o3)=(1/f"(u),0).

4.2. Chart for v>0

This chart uses the coordinates u, r; =7+/v,01 =6 /+/7 and € =&/v
on the set of points in R x §2 x R, with ©>0. Thus we have

u=u, (4.13)
v=ri, (4.14)
o =roq, (4.15)
€= rlzel. (4.16)
V3

Figure 4.1. Chart for € > 0. Flow of (4.9)—(4.12) in the invariant plane r3 =0, u =k.
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with r; > 0. After division by r; (equivalent to division by 7 up to multi-
plication by a positive function), the system (3.2)—(3.5) becomes

i=r, (4.17)
1
Fp= —5"01 (4.18)
1
cﬁ:q—f%m+§#, (4.19)
é1 = €. (4.20)

Each set rlzel =k is invariant. For k=0, the 3-dimensional spaces r; =0
and €; =0 are each invariant. The space r; =0 corresponds to the u -axis
crossed with the back of the 2-sphere, with oj¢j-coordinates. It contains
all equilibria of (4.17)—(4.20). Within the space r; =0. each plane u =k is
invariant. For a fixed u with f”(u) >0, the flow in this plane is pictured in
Fig. 4.2. In this figure, the line €] =0 is invariant, and there are a hyper-
bolic saddle at (oy,€;) = (0, f”(u)), a hyperbolic attractor at (oy,€) =

—(/2f"(u),0), and a hyperbolic repeller at (o1, €1) =(/2f"(u),0).

4.3. Chart for 0 >0

This chart uses the coordinates u, v =9/62, r, =75, and e;=¢&/5% on
the set of points in R x §? x R, with & >0. Thus we have

u=u, (4.21)
v =riv, (4.22)
o =r, (4.23)
€ =rie. (4.24)
€1

f(u)

—
o | e

Figure 4.2. Chart for v >0. Flow of (4.17)~(4.20) in the invariant plane r} =0, u =k.
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with r, > 0. After division by r; (equivalent to division by 7 up to multi-
plication by a positive function), the system (3.2)—(3.5) becomes

Il = v, (4.25)
0 = —va(l+26 —2f" (w)v)), (4.26)
P2 = (e — f(W)va), (4.27)
é = —2er(ex — f”(u)UZ)- (4.28)

Each set rzzezzk is invariant. For k = 0, the 3-dimensional spaces r; =0
and €y =0 are each invariant. The space €, =0 contains the plane of equi-
libria v =€»=0. The space r, =0 corresponds to the u-axis crossed with
the right side of the 2-sphere, with vo€r-coordinates. It contains all other
equilibria of the system (4.25)—(4.28). Within the space r; =0, each plane
u=k is invariant. For a fixed u with f”(u) >0, the flow in this plane is
pictured in Fig. 4.3. In this figure, the line ¢ =0 and v, =0 are invari-
ant. There are a hyperbolic repeller at (vs, €)= (1/2f"(u),0) and a nonhy-
perbolic equilibrium at the origin. The latter’s stable manifold is the line
€» =0, and one center manifold is the line v; =0. The origin is quadrati-
cally attracting on the portion of this line with €; > 0.

Fig. 4.4 shows the flow in the portion of blow-up space R x $% x R
with € >0, as reconstructed from these coordinate charts and the corre-
sponding ones for v <0 and 6 <0. A value of u is fixed, with f”(u) > 0;
in the figure we look straight down the e-axis. We see the top of the

&

1%

1/2f(u)

Figure 4.3. Chart for 6 > 0. Flow of (4.25)—(4.28) in the invariant plane r, =0, u =k.
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!
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Figure 4.4. Flow in blow-up space.

sphere u =k, r =0, and, outside it, the plane u =k, € =0, in which the
origin has been blown up to a circle. There are equilibria e(u, o) along
the u-axis. However, we distinguish e (u,0), where the o-axis meets the
circle; e4 (u,0) is the origin in the Fig. 4.3.

There are also two equilibria py(u) elsewhere on the circle—they are
the equilibria on the oj-axis in Fig. 4.2, and py(u) is also the equilib-
rium to the right of the origin in Fig. 4.3; and an equilibrium ¢(u) on
the sphere—it is seen in Fig. 4.1 and 4.2. The eigenvalues are given in
Table 4.1. Fig. 4.4 shows the curves W*(p_(u)), W¥(p+(u)), unstable man-
ifolds of e(u,o0) for o =ro <0, and stable manifolds of e(u, o) for o =
r& >0 although none of these curves lies in u =k.

We shall often use the same symbol to denote a subset, of blow-up
space and its representation in different charts.

We note:

Table 4.1. Eigenvalues of equilibria.

e_(u,0) + 0 0 0
e+ (u,0) — 0 0 0
p—(u) - - + 0
P+ (u) + + - 0
q(u) + - 0 0
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1. The set Py ={p+(u): f"(u) >0} is a normally hyperbolic curve
of equilibria. Its 3-dimensional unstable manifold is an open sub-
set of the spherical cylinder 7 =0, and its 2-dimensional sta-
ble manifold is contained in € = 0. The unstable manifold of
P, is the union of the 2-dimensional unstable manifolds of the
points p4(u), and the stable manifold of P, is the union of the
I-dimensional stable manifolds of the points p (u).

2. The set Q" ={q@u): f"(u) >0} is a curve of equilibria that is
normally hyperbolic within the spherical cylinder » =0, with
2-dimensional unstable manifold and 2-dimensional stable mani-
fold. Using the chart for € >0, we see from [16,17] that any com-
pact portion of QU perturbs to a family Q¢ of invariant curves
that are normally hyperbolic within € =72 = constant (corre-
sponding to r3 =constant in the chart for € >0). The unstable and
stable manifolds of Q¢ depend smoothly on .

3. The point ey (ugr,0) has a 3-dimensional center manifold, which
we denote E. In the chart for 6 >0, FE can be taken to be an
open subset of {(u, vy, 1, €2): vy =0}. E is foliated by 2-dimen-
sional invariant manifolds

My (u)={(u, v2, 12, €) € E :u fixed},
Each M, (u) contains the line of equilibria
MY () ={(u, v2, 2, €) :u fixed, v2=0,0<r2, €2=0},
and the invariant curves
A;Ij_(u) ={(u,v2, 12, €):u fixed, v, =0,0<r, rzzez, =€}

Using the invariant foliation [16,17] of the Stable manifold of E, which is
an open set, we see that E is foliated by the 3-dimensional stable man-
ifolds of each M., (u). Moreover, the stable manifold of M, (x) contains
2-dimensional stable manifolds of each curve Mj(u).

The subsets M (1) of uvoe-space defined in the Section 3 correspond
to subsets of blow-up space, which we continue to denote M (u). Note
that for € >0, M$(u) and W*(MS(u)) extend MS(u) and W*(MS(u)),
respectively.

5. PROOF OF THEOREM 3.1

We work in blow-up space R x 2 x R,
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By (W1’), the 2-dimensional manifold W* (M° (u1)) contains a branch
of the curve W*(p4(0)).
To prove Theorem 3.1, we shall show:

(1) Within the 3-dimensional space € =0, W*(M® (u1)) is transverse
to the 2-dimensional manifold W*(Py) along W*(p(0)).

(2) Let g be a point in the curve W¥(g(0)) that is near py(0). Near
qo, for small € > 0, the 2-dimensional manifold W*(M€ (uy))
meets the 2-dimensional manifold W*(Q€) transversally within
the 3-dimensional manifold € =72 = constant. The transversal-
ity is uniform as € — 0.

(3) Let gr be a point in the curve W"(gr) that is near e;(ug,0).
Near gr, for small € >0, W*(M€ (ur)) meets the 3-dimensional
manifold WS(A;IJF(uR)) transversally.

(4) Since e =72¢ is constant on solutions, the I1-dimensional intersec-
tion must lie in WS(Mi(uR)), which completes the proof.

We shall prove (1) at the end of this section.

To show that (1) implies (2), let Uy be a small neighborhood
of gop in blow-up space. By (1) and the Corner Lemma, for small
€>0, W(MS (ur)) N Uy is C'-close to W*(p4(0)) N Uy, i.e., to {0} x S x
{0}. Since {0} x 2 x {0} is transverse at gy to the 2-dimensional manifold
W*(Q") within the 3-dimensional space 7 =0. (2) follows.

To show that (2) implies (3), let Ur be a small neighborhood of
gr in blow-up space. By (2) and the Exchange Lemma, for small
€>0, WM (ur)) NUR is Cl-close to W*(Q% N Ug. Since W*(Q?) is
transverse to W* (M, (ur)) near gr. (3) follows.

Since (4) is self-explanatory, this completes the proof.

In the remainder of this section, we give the proof of (1).

The Dafermos system (2.6)—(2.8) in uv&-space with € =0 has the first
integrals & and f(u) — &u —v. Thus the unstable manifold of the point
(ur,0,8),& < f'(ur), is an open subset of the curve

S — fur) —§u—ur)—v=0, (5.1
& =constant, (5.2)

in uvé-space. W (M° (uy) is the union of these curves over all £ <—§, an
open subset of the surface (5.1) in uv&-space. By (W1’), the curve defined
by (5.1) and & =0 contains a solution of the Dafermos system (2.6)—(2.8)
with € =0 from (ur,0,0) to (0, 0, 0). In blow-up space this solution is the
branch of W*(p4(0)) that is contained in W (MO (ur)).

In the chart for ¥ > 0, we must show transversality of W*(P,)
and W*(M°(up)) along W*(p4(0)) in the space €; = 0. In this chart,
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w4 (M° (ur)) is an open subset of the surface

Fa) — fur) —(f ) +rio)@—ur) —ri =0, (53)
€ =0. (5.4)

The tangent space to W*(M°(u1)) at a point (u, ry,01,0) is the set of all
(u, 71,01, €1) that satisfy the equations

(f" )@ —ur)+rio)ia+ Q2ry +o1(w—up)ry +ri(w—up)o; =0, (5.5)
¢ =0. (5.6)

In the chart for v> 0, the equilibrium py (u) is the point (u, rq, o1, €1)

=(u,0,/2f"(u),0). Thus
Py={(u,0,v/2f"w),0): f”"(u)>0}.

Recall that f”(0)=1/2. Therefore p,(0)=(0,0,1,0) e Py.
The linearization of the system (4.17)—(4.20) at p4(u) has the matrix
representation

0 1 0 0
0 =32y 0 0 5.7)
—f"(u) 0 V2f'w) 1 ’ ‘
0 0 0 V27" (w)

with eigenvalues 0, —1/2,/2f"(u), and /2 f”(u) twice. An eigenvector for
=1/22f"W) is (=/2/ "), 1, =2f" ) /3 f" (w), 0).

The tangent space to W¥(P4) at py(0)=(0,0,1,0) is spanned by a
stable eigenvector of the equilibrium and a tangent vector to Py, i.e., by

(-2,1, —%f’”(O),O) and (1,0, £"(0),0).

As (u,ry,o1,€1) approaches p4(0)=(0,0,1,0) along the branch of
its stable manifold that is contained in W*(M°(uy)). TW*(M°(ur))
approaches the linear space

1
§ﬁ+f1=0, €, =0.

Since the vector (1,0, f”/(0),0) is not in this space, we see that W*(Py)
and W*(M° (ur)) are transverse within the space €, =0.
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6. CORNER LEMMA

In blown-up geometric singular perturbation problems, at manifolds
of normally hyperbolic corner equilibria such as P, the following prob-
lem arises: Given a normally hyperbolic manifold P of equilibria and a
manifold N that is transverse to W*(P), track the flow of N past P. At
corner equilibria the differential equation cannot be regarded as a param-
eterized family, so the exchange lemma [13,14] is not relevant. The follow-
ing lemma, proved in [15]. plays the role of the exchange lemma for such
points. Like the exchange lemma, it is a consequence of a result of Deng
[18] about solutions of Silnikov problems near nonhyperbolic points.

The notation of this section is independent of that of the remainder
of the paper.

Consider a differential equation w = f(w) on a neighborhood of 0 in
RP that is C"™*,r>1, and:

(1) The origin is an equilibrium.

(2) There are integers k>0,£>0,m > 1, and n > 1 such that Df(0)
has k+ ¢ eigenvalues equal to 0, m eigenvalues with negative real
part, and n eigenvalues with positive real part, with k+¢+m +
n=np.

(3) A codimension one subspace S of R? is invariant.

(4) The restriction of Df(0) to S has k+ £ eigenvalues equal to 0,
m eigenvalues with negative real part, and n— 1 eigenvalues with
positive real part.

(5) The origin is part of a k + £-dimensional manifold of equilibria
P.

P is a normally hyperbolic manifold of equilibria. Each point of P
has a stable manifold of dimension 7 and an unstable manifold of dimen-
sion n. The union of the stable manifolds of points of P is W*(P), which
has dimension k + ¢ +m; the union of the unstable manifolds of points of
P is W*(P), which has dimension k+£+n. P and W¥(P) are necessarily
contained in S.

Let N be a C’t* manifold of dimension k +n that is transverse to
W*(P) at a point p in W¥(0)\{0} and such that 7, N NT, W*(0)={0}. Then
the intersection of N and W*(P) is a manifold of dimension k that pro-
jects along fibers to a k-dimensional submanifold R of P. Let y, be a
coordinate on R? that vanishes on S, and, for § >0, let Ny=NN{y, =48}, a
manifold of dimension k+n—1. Let ¢ be a point in W*(R) with y,(g) >0.
Notice that W*(R) has dimension k +n. Under the flow of w= f(w), Ns
becomes a manifold Ns of dimension k4 n that passes near ¢ Let U be a
small neighborhood of g.
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' o] T Y Y
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Yn
Figure 6.1. Corner lemma with k = 0 and / = m = n = [. Thus Q ={0}, N is l-dimen-
sional and Ns is a point. In this simple situation, the corner lemma just says that the solu-

tion through this point passes near ¢ and is C,-close to the 1-dimensional unstable manifold
of the origin near ¢. In the application of the corner lemma in this paper, n=2.

Theorem 6.1. (Corner Lemma). As §— 0, NsNU — W*(R)NU in the
C" topology.

See Fig. 6.1

In the application of the corner lemma in Section 5, we work in the
chart for v >0. We have k=0, £=m =1, and n=2; S is the space ¢; =0,
and y, is €. P is Py and R is the origin. N is the union of the unstable
manifolds of M€ (uy1), € near 0, intersected with a plane r; = constant.

REFERENCES

1. Marchesin, D., Plohr, B. J., and Schecter, S. (2002). Numerical computation of Riemann
solutions using the Dafermos regularization and continuation, preprint.

2. Smoller, J. (1983). Shock Waves and Reaction—Diffusion Equations, Springer, New York.

3. Schecter, S. (2002). Undercompressive shock waves and the Dafermos regularization, Non-
linearity 15, 1361-1377.

4. Dafermos, C. M. (1973). Solution of the Riemann problem for a class of hyperbolic sys-
tems of conservation laws by the viscosity method, Arch. Ration. Mech. Anal. 52, 1-9.

5. Tzavaras, A. E. (1996). Wave interactions and variation estimates for self-similar zero-vis-
cosity limits in systems of conservation laws. Arch. Ration. Mech. Anal. 135, 1-60.

6. Szmolyan, P, in preparation.

7. Schecter, S., Marchesin, D., and Plohr, B. J. (1996). Structurally stable Riemann solutions.
J. Diff. Eq. 126, 303-354.

8. Majda, A. (1984). Compressible Fluid Flow and Systems of Conservation Laws in Several
Space Variables. Applied Mathematical Sciences, Vol. 53, Springer, New York.



Composite Waves in the Dafermos 867

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Liu, W. (2002). Multiple Viscous Wave fan Profiles for Riemann Solutions of Hyperbolic
Systems of Conservation Laws, preprint. University of Kansas.

Oleinik, O. A., (1957). On the uniqueness of the generalized solution of the Cauchy prob-
lem for a non-linear system of equations occurring in mechanics (Russian), Uspehi Mat.
Nauk 12, 169-176.

Wendroff, B. (1972). The Riemann problem for materials with nonconvex equations of
state. II. General flow. J Math. Anal, Appl. 38, 640-658.

Liu, T. P. (1975). The Riemann problem for general systems of conservation laws. J. Diff.
Eq. 18, 218-234.

Jones, C. K. R. T., and Kopell, N. (1994). Tracking invariant manifolds with differential
forms in singularly perturbed systems. J. Diff. Eq. 108, 64-88.

Jones, C. K. R. T., and Kaper, T. (2001). A4 Primer on the Exchange Lemma for Fast—slow
Systems. Multiple Time-Scale Dynamical Systems (Minneapolis, MN, 1997), IMA Vol.
Math. Appl. Vol. 122, Springer, New York, pp. 85-132.

Schecter, S. (2003). Existence of Dafermos profiles for singular shocks, preprint.

Fenichel, N. (1979). Geometric singular perturbation theory for ordinary differential
equations. J Diff. Egs. 31, 53-98.

Jones, C. K. R. T. (1995). Geometric Singular Perturbation Theory. Dynamical sys-
tems (Montecatini Terme. 1994), Lecture Notes in Math. Vol. 1609, Springer, Berlin.
pp. 44-118.

Deng, B. (1990). Homoclinic bifurcations with nonhyperbolic equilibria. SIAM. J. Math.
Anal. 21, 693-719.



